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Outline of the talk

Sear
hing for billiards with arbitrarily slow mixing rates � a

family of billiards with �at points;

Stable law (with Paul Jung);

Levy jump-di�usion (with Paul Jung, Fran
oise Pene)

Hong-Kun Zhang, De
ay of 
orrelations for billiards with �at points II: 
usps e�e
t.

Contemporary Mathemati
s, 2017.

Paul Jung and Hong-Kun Zhang, Stable laws for 
haoti
 billiards with 
usps at �at points,

Annales de I'Institute Henri Poin
are, 2018.

Paul Jung, Fran
oise Pene, Hong-Kun Zhang, Convergen
e to α-stable Lévy motion for 
haoti


billiards with several 
usps at �at points, submitted.
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Statisti
al properties of 
haoti
 billiards

F : M → M is the billiard map that preserves µ.

Let f : M → R
d
be a ni
e observable, say f = ∆ being the

displa
ement fun
tion in the 
on�guration spa
e, then

Xn := f ◦ Fn

de�nes a stationary pro
ess on (M, µ), whi
h are dependent.

Question: Will the limiting theorems for i.i.d. random variables

hold for this stationary pro
ess {Xn}?
What is Cov(Xn,X0

)? How fast will Xn forget its initial state

X
0

?

CLT:

X
1

+···Xn−nµ(X
1

)
σ
√
n

→ N(0, 1) 
onverges in distribution, as

n → ∞, provided

σ2 =

∞
∑

k=−∞
Cov(Xk ,X0

)
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Di�usion of Lorentz gas with dispersing s
atterers

q(n) = q ◦ Fn
� position ve
tor;

∆(n) = ∆ ◦ Fn
� displa
ement;

q(n)− q(0) = ∆(1) + · · ·∆(n);

Ergodi
ity

⇒ ∆(1)+···+∆(n)
n

→ E(∆)

Isotropi
 ⇒ E(∆) ≡ 0;

J := limn→∞
q(n)−q(0)

n
= 0;

CLT/WIP ⇒ the di�usion

{q(n)} is driven by Brownian

motion:

q(n) = q(0)+σB(n)+ o(n−1/2)

Question: What if

Cov(Xn,X0

) = O(n−a) with
a ∈ (0, 1)?
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Various types of di�usion

Investigate the di�usion for systems with slow de
ay rates of


orrelations Cov(Xn,X0

) = O(1/na). And �nd the di�usion


onstant σ.

(1) a > 1 
ase, CLT ⇒ qn
dist

= q
0

+ σN(0, n) + o(n
1

2 );

(2) a = 1 
ase, CLT ⇒ qn
dist

= q
0

+ σ(ln n)
1

2N(0, n) + o(n
1

2 );

(3) a ∈ (0, 1), CLT ⇒ qn
dist

= q
0

+ σn1/αZ + o(n1/α), where Z

has a α-stable law.
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History work on billiards: a = 1 
ase

P. Bálint and S. Gouezel, Limit theorems in the Bunimovi
h

Stadia, Comm. Math. Phys., 263 (2006), 451�512.

D. Szasz, T. Varju, Laws and Re
urren
e for the Planar

Lorentz Pro
ess with In�nite Horizon. Journal of Statisti
al

Physi
s, 2007, Volume 129, 59-80.

N. Chernov and D. Dolgopyat, Anomalous 
urrent in periodi


Lorentz gases with in�nite horizon, Russian Mathemati
al

Surveys, 64 (2009), 651�699.

P. Bálint, N. Chernov, and D. Dolgopyat, Limit theorems for

dispersing billiards with 
usps, Comm. Math. Phys. 308

(2011), 479�510.

Luke Mohr and Hongkun Zhang, Di�usion 
onstants for

nonuniformly hyperboli
 systems with singularities, (2017)

submitted.
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A long journey to sear
h for billiards with arbitrarily slow

mixing rates

Can one 
onstru
t a physi
ally meaningful billiard system, with

arbitrarily slow de
ay rates of 
orrelations, of order O(n−a),
with a ∈ (0, 1)? and what is the di�usion behavior? (as now

CLT fails);

Main idea: we would like to add some �at points on the

boundary of the billiard table, to 
hange the de
ay rates of


orrelations.
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Dispersing billiards with �at points

PSfrag repla
ements

Q

Q

y = |x |β + 1 y = |x |β + 1

y = −(|x |β + 1)

x

y

Fig.: Dispersing billiards with walls where the 
urvature vanishes, β > 2.
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PSfrag repla
ements

Dispersing billiards with �nite horizon

Semi-dispersing (in�nite horizon in unfolding spa
e)

Remark: We add symmetri
 �at points for both tables.
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Theorem

For the dispersing billiards with �at points, the 
orrelations for the

billiard map F : M → M and pie
ewise Hölder 
ontinuous

fun
tions f , g on M de
ay as

(1) (Finite horizon 
ase - Chernov & Zhang (2005))

|Cn(f , g ,F , µ)| ≤ 
onst · n−1− 4

β−2 , β > 2

(2) (Semi-diserpsing 
ase - Zhang (2017))

|Cn(f , g ,F , µ)| ≤ 
onst · n−1, β > 2

If β = 2, then this is stri
tly dispersing billiards, whi
h has

EDC: |Cn(f , g ,F , µ)| ≤ Cf ,g · ϑn, for some ϑ ∈ (0, 1).

When β → ∞, this is a semi-dispersing billiards, with

Cn(f , g ,F , µ) = O(n−1).
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Semi-dispersing billiards with �at points on a re
tangle

PSfrag repla
ements

p
p x

p

B

B

(a). Billiards on a re
tangle with 4 �at points, for Qβ, the

boundaries have zero derivatives up to β − 1 order at �at points;

(b). The limiting table as β → ∞.

As β → ∞, (b) is integrable;

For β = 2, the semidispersing billiard has 
orrelation rates

O(n−1);

We guessed that as β ∈ (2,∞), the de
ay rates should be

O(n−a), with a ∈ (0, 1)?
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Billiards with �at points and in�nite horizon.

We �x the s
atterer B and label all other 
opies of the s
atterer in

the 
hannel as B

′
, B

1

, · · · ,Bn, et
. Sin
e the r -
oordinate of p is

0, we have x
0

= (0, π/2) ∈ M.

PSfrag repla
ements

Q

1

2

3

2

p

x
0

B

B

′

B

1

B

2

B

1

Bn

Figure.: Periodi
 traje
tories with 
ollisions only on �at points.
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Billiard maps with 
usps at �at points

∃ε
0

> 0, β > 2, the ε
0

−neighborhood of the 
usp P satis�es:

z
1

(s) = β−1sβ, z
2

(s) = −β−1sβ, ∀s ∈ [0, ε
0

] (1)
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Fig.: A table with 1 
usp at the �at point for β ∈ (2,∞)

Hong-Kun Zhang Levy di�usion of dispersing billiards with �at points



Theorem (Zhang, 2017)

Consider the family of billiards with 
usps at �at points on Qβ

de�ned above, with β > 2. Then for any γ ∈ (0, 1], any observables

f , g ∈ H(γ) on M, there exists Cf ,g = C (f , g) > 0, su
h that

|µ(f ◦ Fn · g)− µ(f )µ(g)| ≤ Cf ,gn
− 1

β−1 = Cf ,gn
−(α−1),

for n ≥ 1.

For the 
ase when β = 2, the system 
orresponds to the

dispersing billiards with 
usps and enjoys mixing rates of order

O(n−1) (by Chernov, Markarian, 2005)

Note here

1

β−1

∈ (0, 1), whi
h 
overs all rates slower than

O(n−1). Let α = β
β−1

∈ (1, 2).

Hong-Kun Zhang Levy di�usion of dispersing billiards with �at points



Billiard maps with 
usps at a �at point

We de�ne M 
ontaining all 
ollisions on the opposite side of the


usp, R : M → N as the �rst return time, and F : M → M as the

indu
ed map.
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Hong-Kun Zhang Levy di�usion of dispersing billiards with �at points



Right: Singularity 
urves of F near xD (east wall midpoint)

Left: Same 
urves under F near the 
usp in M (
osϕ = ±Cx−β
)
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Power law return times via strip estimates

Let Mn := {x ∈ M : R(x) = n}

Mn has width ∼ n−
α2+α+1

α+1
, length ∼ n−

α
α+1

, density ∼ 1.

µ(Mn) ∼ n−1−α

µ(x ∈ M : R > n) ∼ n−α

µ(x ∈ M : R > n) ∼ n−(α−1) = n
− 1

β−1

,

We assume f ∈ Hγ is Holder 
ontinuous on M, and there

exists a neighborhood of U (resp. U ′′
) 
ontaining the 
usp

r = r ′ (resp. r = r ′′), su
h that f has the same sign on

U ′ ∪ U ′′
.

f̃ (x) := f (x) + f (Fx) + · · ·+ f (FR(x)−1x), x ∈ M.
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Right: Singularity 
urves of F near xD (east wall midpoint)

Left: Same 
urves under F near the 
usp in M (
osϕ = ±Cx−β
)
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Indu
ing s
heme:

For {f ◦ Fn} in (M, µ), we 
onsider {f̃ ◦ F n} in (M, µM), with

f̃ (x) := f (x) + f (Fx) + · · · + f (FR(x)−1x), x ∈ M.

Let Snf = f + · · · + f ◦ Fn−1

, Sn f̃ = f̃ + · · ·+ f̃ ◦ F n−1

.

Theorem

If {f̃ ◦ F n} satis�es a stable law, then {f ◦ Fn} satis�es a stable

law too:

Sn f̃
α
√
n

d−→ Sα,σ̃f
⇒ Snf

α
√
n

d−→ Sα,σf

with σ̃α
f µ(M) = σα

f .

Here Sα,σ is a stable random variable with 
hara
teristi
 fun
tion

E

(

e iuSα,σ

)

= exp

(

−|uσ|α
(

1− isign(u) tan
πα

2

))

. (2)
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Stable law for f̃ [Jung & Zhang (2017)℄

If =
1

4

∫ π

0

(f (r ′, ϕ) + f (r ′′, ϕ)) 
os
1

α ϕ dϕ

I
1

=

∫ π/2

0


os

1

α ϕ dϕ.

where r ′, r ′′ are r 
oordinates of the 
usp point on both boundary.

Theorem

Suppose If > 0. Then σ̃f̃ = If
I
1

· σ̃R , and for n → ∞,

Sn f̃
α
√
n

d−→ Sα,σ̃
f̃

(3)
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Di�usion 
onstant σ̃R and σ̃f̃ .

µ(x ∈ M : R > n) ∼ n−α ⇔ µ(x ∈ M : R > n
1

α ) ∼ n−1

⇔ nµ(x ∈ M : R > n
1

α ) ∼ 1

Theorem

The di�usion 
onstant satis�es

σ̃α
R := lim

n→∞
nµM

(

x ∈ M : R(x) > n
1

α

)

=
1

µ(M)

2Iα
1

β|∂Q|

σ̃α
f̃
=

1

µ(M)

2Iαf
β|∂Q| ∝

Iαf
β

where

If = 1

4

∫ π
0

(f (r ′, ϕ) + f (r ′′, ϕ)) 
os
1

α ϕ dϕ, I
1

=
∫ π/2
0


os

1

α ϕ dϕ.
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PSfrag repla
ements

Q

z

s

B

Fig.: A table with 3 identi
al 
usps at �at points for β ∈ (2,∞)

Ifi =
1

4

∫ π

0

(f (r ′i , ϕ) + f (r ′′i , ϕ)) 
os
1

α ϕ dϕ, I
1

=

∫ π/2

0


os

1

α ϕ dϕ.

where r ′i , r
′′
i are r 
oordinates of the 
usp point Pi on both

boundary, i = 1, 2, 3.
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Theorem (3 identi
al 
usps 
ase � Jung, Pene & Zhang (2018))

Suppose Ifi 6= 0. Then σ̃f̃ ,i =
If ,i
I
1

σ̃R , and for n → ∞,

SnR − nµM(R)
α
√
n

d−→ Sα,σ̃R
;

Sn f̃
α
√
n

d−→ Sα,ξ,σ̃
f̃

Sα,ξ,σ̃
f̃
:=

3

∑

i=1

Sα,ξi ,σ̃f̃ ,i

is the sum of independent stable variables with

E

(

e iuSα,ξ,s
)

= exp

(

−|us|α
(

1− iξsign(u) tan πα
2

))

, u ∈ R.

σ̃α
f̃ ,i

:=
1

3

· 2

µ(M)|∂Q| ·
Iαf ,i

β
and ξi := sign(If ,i ).

σ̃α
f̃
=

3

∑

i=1

σ̃α
f̃ ,i
, ξ =

1

σ̃α
f̃

· (ξ
1

σ̃α
f̃ ,1

+ ξ
2

σ̃α
f̃ ,2

+ ξ
3

σ̃α
f̃ ,3

)
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Skorohod topologies

The Skorokhod spa
e D = D([0, 1] : R) 
onsists of all 
atlag
fun
tions x : [0, 1] → R that has a left limit x(t−) and right


ontinuous. Remark: Skorohod spa
e 
onsists of path of Levy

pro
esses.

(D, ‖ · ‖∞) is nonseparable spa
e;

J
1

and M
1

norms 
an make D into separable spa
e. J
1

topology is the �nest one, whi
h is 
lose to the uniform norm.

xn → x in (D, J
1

) topology, if there exists a sequen
e of

in
reasing homeomorphisms λn : [0, 1] → [0, 1], su
h that

sup

t∈[0,1]
|λn(t)−t| → 0 ⇒ sup

t∈[0,1]
|x(λn(t))−x(t)| → 0, as n → ∞

dJ
1

(x, y) = inf

λ∈Λ
| sup

t∈[0,1]
|λ(t)− t|+ sup

t∈[0,1]
|x(λ(t))− x(t)|
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M
1

topology makes the spa
e D to be 
omplete linear

normalized spa
e.

A 
omplete graph of x is obtained by 
onne
ting x(t−) and
x(t) using the line segment along the path. Let

Γ
x

= {(u, t) : u ∈ R, t ∈ [0, 1]} be a parametrization of its


omplete graph. Let Π
x

= {Γ
x

} be all parametrization of the


omplete graph of x.

dM
1

(x
1

, x
2

) = inf

(ui ,ti )∈Π(xi ),i=1,2
max(‖u

1

− u
2

‖, ‖t
1

− t
2

‖)

Then dM
1

satis�es the triangle inequality.

Let the graph of xn → x, su
h that x = I[1/2,1] and xn = x on

[0, 1/2 − n−1] ∪ [1/2, 1], and is linear 
ontinuous in between.

Then xn → x in M
1

but not J
1

.
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Wn(t) := n−1/αS[nt]f , W̃n(t) := n−1/αS[nt]f̃

Theorem (P.Jung, F.Pene, Zhang (2018))

(W̃n)n =
S[nt]f̃

n
1

α

→ W (t)


onverges in distribution, in the Skorokhod J
1

-topology, where

W (t) is an α-stable Lévy motion with jumps, and

W (1) =
∑

3

i=1

Sα,ξi ,σ̃f̃ ,i
, su
h that Sα,ξi ,σ̃f ,i

are independent stable

random variables with 
hara
teristi
 fun
tion

E

(

e iuSα,ξ,s
)

= exp

(

−|us|α
(

1− iξsign(u) tan
πα

2

))

, u ∈ R.

σ̃α
f̃ ,i

:=
1

3

2Iαf ,i

βµ(M)|∂Q| and ξi := sign(If ,i).
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f̃
0

= (R− µ̃(R))

3

∑

i=1

If ,i IM(i),Zn,j =
f̃
0

◦ F j

n1/α
, Zn(t) =

S[nt] f̃0

n1/α

De�ne the family of point pro
esses (Nn)n on

(0,∞)× (R \ {0})

Nn :=
∑

j≥1

δ( j
n
,
Zj−1

n1/α

), σα
x :=

3

∑

i=1

2

3

|If ,i |α
βµ(M)|∂Q|1{xIf ,i>0}

N is a Poisson point pro
ess with intensity measure η having

density dη(x , t) = α|x |−α−1σα
x dxdt w.r.p.t. Lebesgue measure

on (0,∞)× (R \ {0}).

(Nn)n
d−→ N, as n → ∞

�- we provided two proofs for this arguments. One follows

from Fran
oise Pene and Benoit Saussol. Spatio-temporal

Poisson pro
esses for visits to small sets, 2018.
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Theorem (Marta Tyran-Kaminska, 2010)

Assume the following two 
onditions.

Condition I. (Point pro
ess 
onvergen
e). (Nn)n
d−→ N.

Condition II (Vanishing small values). For all η > 0

lim

ε→0

lim sup

n→∞
µ̃





max

0≤k≤n

∣

∣

∣

∣

∣

∣

k−1

∑

j=0

(

Zn,j · I|Zn,j |<ε − µ̃
(

Zn,1 · I|Zn,1|<ε

)

)

∣

∣

∣

∣

∣

∣

> η



 = 0.

Then

1

n1/α
Sn f̃ 
onverges in distribution (in the J

1

-metri
) to an

α-stable Lévy motion (W(t)) su
h that W(1) has the same

distribution as Sα,ξ,σ with

σα :=
3

∑

i=1

2

3

|If ,i |α
βµ(M)|∂Q| and ξ :=

∑

3

i=1

sign(If ,i)
2

3

|If ,i |α
βµ(M)|∂Q|

σα
.
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Condition II

Condition II ⇐
Kolmogorov's maximal inequality + EDC of related pro
esses.

Let X
1

, · · · ,Xn, · · · be i.i.d with zero mean, and �nite varian
e

σ2. Then

P( max

1≤k≤n
|Sk | ≥ λ) ≤ 1

λ2
Var(Sn)
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In R\{0}, we �x a subset I = Ic,c′ with c , c ′ > 0. Our 
orrelation

bounds will depend on sets of the form

Dn,j := {x ∈ M :
1

α
√
n
(R(x) − µ̃(R)) ◦ F j ∈ I}.

Lemma (Exponential de
ay of 
orrelations for q-point marginals)

For every , there is a 
onstant C > 0 and θ ∈ (0, 1) su
h that

|µ̃(Dc
n,1 ∩ · · · ∩ Dc

n,q ∩ Dc
n,q+k+1

∩ · · · ∩ Dc
n,2q+k)

−
(

µ̃(Dc
n,1 ∩ · · · ∩ Dc

n,q)
)

2 | ≤ Cθk

for all k , n, q ∈ N satisfying 2q + k ≤ n. Also, there exists ε > 0

su
h that for all 1 ≤ i < j ≤ n

µ̃(Dn,i ∩ Dn,j) ≤ o

(

1

n1+ε

)

. (4)
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Levy di�usion for the indu
ed pro
ess

(W̃n)n =
S[nt]f̃

n
1

α

→ W (t)


onverges in distribution, in the Skorokhod J
1

-topology;

W (t) is an α-stable Lévy motion with jumps.

W (1) =
∑

3

i=1

Sα,σf ,i ,ξi is a summation of 3 independent stable

variables.

Question: How to extend it to the pro
ess asso
iated to the

original map?
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Levy 
onvergen
e for the orginal system

Wn(t) := n−1/αS[nt]f , W̃n(t) := n−1/αS[nt]f̃

Theorem (Melbourne and Zweimüller(2015))

If (W̃n(t), t ≥ 0) 
onverges weakly in the M
1

-topology, as n → ∞,

to an α-stable Lévy motion (W (t), t ≥ 0) and

n−1/α

(

max

0≤k≤n
f ∗ ◦ Fk

)

d−→ 0. (5)

then (Wn(s), s ≥ 0)
d−→ (W(sµ(M)), s ≥ 0) in the M

1

-topology.

f ∗(x) =

(

max

0≤ℓ′≤ℓ≤R(x)
(Sℓ′ f − Sℓf )(x)

)

∧
(

max

0≤ℓ′≤ℓ≤R(x)
(Sℓf − Sℓ′ f )(x)

)

.

Remark: If f has the same sign in a neighborhood of ea
h 
usp,

then (5) holds.
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Theorem (P.Jung, F.Pene, Zhang (2018)� billiard with 3 identi
al


usps)

(Wn)n =
S[nt]f

n
1

α

→ W (t)


onverges in distribution, in the Skorokhod M
1

-topology, where

W (t) is an α-stable Lévy motion with W (1) =
∑

3

i=1

Sα,ξi ,σf ,i
, su
h

that Sα,ξi ,σf ,i
are independent stable random variables with


hara
teristi
 fun
tion

E

(

e iuSα,ξ,s
)

= exp

(

−|us|α
(

1− iξsign(u) tan
πα

2

))

, u ∈ R.

σα
f ,i :=

1

3

2Iαf ,i

β|∂Q| and ξi := sign(If ,i).

Question: Will they 
onverge in J
1

topology?
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Non-
onvergen
e for the J
1

-metri
 for f ◦ Fn

Theorem

Let (Wn)(t) :=
S[nt]f

n
1

α
. Then (Wn) 
an not 
onverge to a α Levy

pro
ess W (t) with jumps in the Skorokhod J
1

-topology.

Proof.

Let wn(t) be the 
ontinuous pro
ess obtained by linearization:

wn(t) := Wn(t) +
(nt − ⌊nt⌋)f ◦ F⌊nt⌋

n1/α
, t ≥ 0.

Sin
e f is uniformly bounded, we also have

sup

t≥0

|wn(t)−Wn(t)| ≤
‖f ‖∞
n1/α

−→ 0, as n → ∞ .

Wn(t) → W (t) in J
1

would imply wn(t) → W (t) in J
1

. Thus

W (t) is a 
ontinuous pro
ess, whi
h is a 
ontradi
tion.
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