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Kantorovich Problem
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Kantorovich Problem a la francaise




Optimal Transport




Wasserstein on Discrete Measures

Consider 1 = Z a;0,, and v = Z b0y, .
1—=1 71=1
det

Mxy = |D(xi,y;)"]i;
U(a,b) < {P ¢ R"*"™|P1,, = a,PT1, = b}

Detf. Optimal Transport Problem
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Solving the OT Problem
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Early application: Earth Mover’s
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Earth Mover’s

Early application

— Wl(“»’/)

diSt(]l, IQ)

|Rubner’98]
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Word Mover’s Distance
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Variational OT Problems in ML

Up to 2010: OT solvers Wp( p,v) =7
used mostly for retrieval
in databases of histograms ~ Wy (p,v) < ---7

The field has now transitioned to OT
as a loss or fidelity term

argmin F'(Wp, (1, v1), Wy (i, v2), ..o p) =7
peEP(2)
ccv“nW (Hf, Vl) 7

Recent spike in interest for [Ambrosio’05]
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“Wasserstein + Data” Problems

* Quantization: k-means problem [Lloyd’82]

- 2
min Ws (1, Vdata)
peP(RY)
| supp p|=k

* [McCann’935] Interpolant

min (1 —¢)W5 (n, v1) +tW5 (1, v2)
pneP(€2)

 [JKO’98] PDE’s as “gradient” flows in (P(£2), W).

pre+1 = argmin J (p) + AW (1, p1e)
pneP(S2)
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Example: Barycenters
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Example: Barycenters
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Ex: Barycenters for shapes

Graphics: simple testing ground for
relevance of Wasserstein geometry

[SDPC.."15]
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Ex: Barycenters for shapes
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Example: Learning with aW Loss

Dataset {(z;,y:)},z: € RP,y; € R?

L ————

husky
sSNow
sled

slope
men

Yi

Goal is to find fp : Images — Labels
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Example: Learning with aW Loss
N

min 2 L(fo(xi),yi)

husky
sSNow
sled

slope
men

Yi
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Example: Learning with aW Loss

N
min L Ti). Y
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Example: Learning with aW Loss

N
min L(fo(x:),y:)
1=1
4o husky
ari J SNOW
rver Sled
Wl'nter slope
e men
f@ (QZ‘Z) Yi

Use for £ a Wasserstein type loss.
17 |Frogner’15]



Example: Generative Models

We collect data
N
1 5 o
Vaata = 37 ) O

ata N . €T o
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® O
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Example: Generative Models

We collect data
1 N
_ = o
Vdata — N Z 5:1:,,, .
1=1
o o
e Vdata
o ®
O o o0 ©
We fit a parametric |® o o
family of densities o *
o
{p99 0 - @}

e.g. 0 = (m,X);psg =N (m,

. / ¢
///
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Statistics 0.1: Density Fitting

pedone!

\ al fo% “good” fit




Maximum Likelihood Estimation

ON AN ABSOLUTE CRITERION
FOR FITTING FREQUENCY CURVES.

By K. A. Fisher, Gonville and Caius College, Cambuidge.

1. IF we set ourselves the problem, in its
frequent oceurrence, of finding the arbitrary
function of known form, which best suit a
observations, we are mect at the outset by
which appears to invalidate any results we m
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Maximum Likelihood Estimation

ON AN ABSOLUTE CRITERION
FOR FITTING FREQUENCY CURVES.

By B. A. Fisher, Gonville and Caius College, Cambuidge.

1. IF we set ourselves the problem, in its
frequent ocenrrence, of finding the arbitrary
function of known form, which best suit a
observations, we are met at the outset by w
which appears to invalidate any results we m

max — Zlogpg( i)

oce N




Maximum Likelihood Estimation

Equivalent to a KL projection in
the space of probability measures
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In higher dimensional spaces...

»

\A\Igbffeﬁt space: hypercube d = 30.000

Vdata.
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(Generative Models
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(Generative Models
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(zenerative Models

c—————

fo : latent space — data space
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data space
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(zenerative Models

fo : latent space — data space
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Generative Models
l"l' A
g : latent space — data space
z G—
latent Vdata
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enerative Models

g : latent space — data space
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(zenerative Models

c—————

fo : latent space — data space

latent

space

data space
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(zenerative Models

fo : latent space — data space

=

latent
space

data space

Goal: find @ such that fgsp fits vgata
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(zenerative Models

fo : latent space — data space
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latent
space

data space

Goal: find @ such that fgsp fits vgata
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latent
space

MLE

(zenerative Models

=

fo

>

. latent space — data space

data space

max - Z log pe ()

25

— gélél KL(VdataHpﬂ)



latent
space

(zenerative Models

c—————

fo : latent space — data space
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(zenerative Models

fo : latent space — data space

c—————

latent
space

data space

Need a more flexible discrepancy
function to compare Vgat, and fogpe
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Workarounds?

* Formulation as adversarial problem [GPM...’14]

| A 1 aaa_]-
min | ax Accuracyy ((fogtt, +1), (Waata, —1))
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Workarounds?

* Formulation as adversarial problem [GPM...’14]

| A 1 aaa_]-
min | ax Accuracyy ((fogtt, +1), (Waata, —1))
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Workarounds?

* Formulation as adversarial problem [GPM...’14]

| A 1 aaa_]-
min | ax Accuracyy ((fogtt, +1), (Waata, —1))
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Workarounds?

* Formulation as adversarial problem [GPM...’14]
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* Formulation as adversarial problem [GPM...’14]

| A 1 aaa_]-
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Workarounds?

* Formulation as adversarial problem [GPM...’14]

| A 1 aaa_]-
min | ax Accuracyy ((fogtt, +1), (Waata, —1))

low classification
accuracy...
is the goal.
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Another 1dea?

I
L :

° 1./ data
latent
space ’ ~

data
space

e Use a metric A for probability measures, that can
handle measures with non-overlapping supports:

min A(Vdata, Pg), nNoOt i KL(Vdatal|Po)

* The original GAN paper can be interpreted in
that light using the Jensen-Shannon divergence.

31



Minimum A Estimation
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Available online at www sciencedirect.com

l SCIENCE @DIREOT' STATISTICS &
1 PROBABILITY
el LETTERS
ELSEVIER Stutistios & Prahahility Tetlers 76 (2006) 1298 1302

wyww clsevier.com, locate/stapro

On minimun®K antorovich Mistance estimators

Federico Bassetti*, Antonella Bodini®, Eugenio Regazzini™™*
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Optimal Transport in ML

OT is establishing itself as a generic toolbox
to handle probability measures in ML tasks
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OT Computations

Discrete - Discrete

1] a

Discrete - Continuous

A

Continuous - Continuous




OT Computations

Network flow solvers

Discrete - Discrete

Auction algorithm
(Entropic) regularization

I J< I Discrete - Continuous

—
—
- —
—_

[Mérigot’ 11][K1tagaia’16][Levy’15}w -

Continuous - Continuous

- ‘ ﬂ FoE

[Benamou’98]

Stochastic
Optimization

|Genevay’16]




Solving the OT Problem

. min cost flow solver
Mxy S used in practice. /'\
O(n”log(n)) =

U(a,b)
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Solving the OT Problem

min cost flow solver
Mx ¥ used in practice. /'\
O(n”log(n)) =
Ulab)

' Solution P™ unstable
and not always unique.

0“
‘0
’0
P ’.

WP(u,v) not differentiable.
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Discrete OT Problem

c| amd.c
P Ferdae6.l » <No oseleceu symbuol > <
/%
end. c
Last updat=: 3/14/98
An implemzntation of the Earth Movers Distance.
Bacsed of tnz solution fcr the Trancportation proktlem as described in
"Int-oduction to Mathematical Prog-amming" by F. €. Hillier and
G. J. Liz2ozrman, McGraw-Hill, 21008,
Copy~ight () TYYR Yrssi Huhner
Conpute~ Srience NDepartment, Stanfa~1 Infversity
E-Mall: ruolerecs.starfcrd.edy URL: Attp://visicr.stanford.equi~rjoner
*/

f4#Fincude <stdio.h=-
#Finclude ~stdlio.h=s/
#include <matn. >

finc.ude "emd.n'

| #define DEBUSG_LEVEL @

J*
DFRUG_I FYFI =

NO MESSAGES

PRINT THE NUMBER CF ITERATZONS AND THE FINAL RESLLT

PRINT THE RESULT AFTER EVERY ITERATION

PRINT ALS0 THE FLCW AFTER EYERY ITEXIATION

PRINT A LOT OF INFCRMATIOMN | PRODAJLY JSEFUL(}*N FOR THE AUTHOR)

WA

"~
|

4/

#define MAX_SIG_SIZE1 (MAX_SIC_SIZE+1| /+ SOR THE FCSIBLE DUMMY FEATJURE +/

/+ NEW TYPES DJEFINITION =/
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PR T AL e W LrALI Lt R T

/+ THE EASIC VARIABLES VEITOR »/
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Solution: Regularization

U(a,b)

Wishlist:
faster & scalable, more stable,

robust, differentiable.
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Entropic Regularization [Wilson’62]

Def. Regularized Wasserstein, v > 0

det :
W, — P. M —~vE(P
’Y(N’v V) PEHUl'l(I(},,b)< 9 XY > Y ( )

det —
E(P) = — Z sz(lOng — 1)

2,)=1

Note: Unique optimal solution because of strong concavity of entropy
40




Entropic Regularization [Wilson’62]

def
W’y(ua V) —

min
PeU(a,b)

Def. Regularized Wasserstein, v > 0
<P7MXY> _ ”VE(P)

ANrv A A NN

J
iz P,

\

\

Note: Unique optimal solution because of strong concavity of entropy
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Entropic Regularization [Wilson’62]

def
W’y(ua V) —

min
PeU(a,b)

Def. Regularized Wasserstein, v > 0
<P7MXY> _ ”VE(P)

ANrv A A AN

<

\

\

Note: Unique optimal solution because of strong concavity of entropy

40
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Entropic Regularization [Wilson’62]

def
W’y(ua V) —

min
PeU(a,b)

Def. Regularized Wasserstein, v > 0
<P7MXY> _ ”VE(P)

ANrv A A AN

<

\

\

“static” problem associated with Schrodinger problem

40



Fast & Scalable Algorithm

det

Prop. If P, = argmin (P, Mxy )—vE(P)

then -

lu € R,

PcU (a,b)
v € R, such that

P, = diag(u)Kdiag(v), K e~ Mxy /7

41




Fast & Scalable Algorithm

Prop. If P, = argmin (P, Mxy )—~vFE(P)

PcU (a,b)
then Jlu € R, v € R, such that

L(P,Oz,ﬁ) — ZP’L]MZ] SN ’}/PZJ(IOgPZ] — 1) -+ aT(Pl — (L) (N BT(PT]_ — b)
]
aL/an — Mij —+ ’)/lOg Pfij + o + 5]'

o;  Mi; By
(BL/QPm:O) =>Pij:€7 e 7 eV =u, Kij’vj

41



Fast & Scalable Algorithm

Prop.

then -

P, =

If P, < argmin (P, Mxy )—vE(P)

PeU(a,b)
lu € R, v € R, such that

diag(u)Kdiag(v), K T e~ Mxv /7

P, EU(a,b)@{

diag(u)Kdiag(v)l,, =a
diag(v)K " diag(u)1l,, =b
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Fast & Scalable Algorithm

Prop.

then -

P, =

If P, < argmin (P, Mxy )—vE(P)

PeU(a,b)
lu € R, v € R, such that

diag(u)Kdiag(v), K T e~ Mxv /7

P, EU(a,b)@{

diag(u)Kdiag(v)l,, =a

diag(v)K'diag(u)l,, =0b
\———

wu
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Fast & Scalable Algorithm

Prop.

then -

P, =

If P, < argmin (P, Mxy )—vE(P)

PeU(a,b)
lu € R, v € R, such that

diag(u)Kdiag(v), K T e~ Mxv /7

P, EU(a,b)@{

(¥

e
diag(u)Kdiag(v)l,, =a
diag(v)K'diag(u)l,, =0b

\———

wu

42




Fast & Scalable Algorithm

Prop.

then -

P, =

If P, < argmin (P, Mxy )—vE(P)

PeU(a,b)
lu € R, v € R, such that

diag(u)Kdiag(v), K T e~ Mxv /7

P, EU(a,b)@{

diag(u)K v = a
diag(v)K" u =

42




Fast & Scalable Algorithm

Prop.

then -

P, =

If P, = argmin (P, Mxy )—~vFE(P)

PeU(a,b)
lu € R, v € R, such that

diag(u)Kdiag(v), K T e~ Mxv /7

P, EU(a,b)@{

u ® Ko = a
v o K'u —

42




Fast & Scalable Algorithm

then -

det

lu € R,

Prop. If P, = argmin (P, Mxy )—vE(P)

PcU (a,b)
v € R, such that

P, = diag(u)Kdiag(v), K e~ Mxy /7

P, EU(a,b)@{

u=a/Kv
v=b/K"u

42




Fast & Scalable Algorithm

Sinkhorn’s Algorithm : Repeat
1. u=a/Kv
> v=b/K"u

42



Fast & Scalable Algorithm

Sinkhorn’s Algorithm : Repeat
1. u=a/Kv
> v=b/K"'u

* [Sinkhorn’64| proved convergence for the first time.
* [Lorenz’89] linear convergence, see |[Altschuler’17]

e O (nm) complexity, GPGPU parallel [Cuturi’13].

e O(n log mn) on gridded spaces using convolutions.
[Solomon’15]
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Sinkhorn in between Wand MMD
p= Zaiémi v = Zb 5y,




Sinkhorn in between W and MMD

™m

K = Zaiémi VvV = Z bj0y,

1=1 71=1
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Sinkhorn in between W and MMD

™m
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Sinkhorn in between W and MMD

™m
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Sinkhorn in between W and MMD

E(p,v) = (ab" , Mxy )
MMD(a,v) = (. v) — 5 (1 1) + E(v,w))

W, (u,v) = {
W, (1) = W, (1, v) —

P’WMXY>

(W5 (e, o) + Wy (v, v))

WP (p,v) =(P", Mxy )



Sinkhorn in between W and MMD

1

MMD(p,v) = E(p,v) = S (E(w, p) + EW, 1))

)

’Y%OOT

_ 1
W, v) = Wy (p,v) = 5 (Wy (i, 1) + Ws (v, v))

W%Ol

WP( = (P*", Mxvy)




How to compare them?

1.1.d samples 1,..., Ty ~ by Y19eeesYm ~ UV,
i def 1 . def 1
E O, s U = E Oy,

Computational properties

Effort to compute/approximate A(fiy,, V)’

Statistical properties

A, V) — A(fin, On)| < f(n)7

47




Sinkhorn in between W and MMD

1
/\/l/\/lDul/ E(p, V) E(p, p —|—5(1/ V))

P* MXY



Sinkhorn in between W and MMD

MMD(p,v) = E(p,v) ;(5(% p)+E(v,v))

rsvATIs
W (“’7”) — <P*7MXY>
O((n +m)nmlog(n + m) O(l/nl/d)



Ditfferentiability of W

W(a, X),(b,Y))




Ditfferentiability of W

W((a + Aa, X),(b,Y)) = W((a, X), (b, Y))+77




Ditfferentiability of W

W((a + Aa, X),(b,Y)) = W((a, X), (b, Y))+77




Sinkhorn > Differentiability

W((a, X + AX),(b,Y)) =W((a, X),(b,Y))+77




Sinkhorn > Differentiability

W((a, X + AX),(b,Y)) =W((a, X),(b,Y))+77




Sinkhorn: A Programmer View

Def. For L > 1, define

WL(“’?’/) d§f<PL7MXY >7

where P < diag(uy)Kdiag(vr),

def def
Vo = 1m;l Z (),ul — a/K’Ul,’UH_l — b/KTul.
Prop. %V;/(L, ag[; L can be computed recur-

sively, in O(L) kernel K xvector products.

51




Sinkhorn: A Programmer View

Def. For L > 1, define
def
Wr(w,v) =(Pr, Mxy ),

uf( K ® Mxy)vL

o Inf L Myy —{ K
XKT Vi+1
1, —*{%}@ ~Wr,
U; Ul+1
C—10+1

Sinkhorn /=1,...,L —1

52




Sinkhorn: A Programmer View

Def. For L > 1, define

Wr(p,v) d§f<PL, Mxy ),

Prop. %VL/(L, ag{; L can be computed recur-

sively, in O(L) kernel K xvector products.

|[Hashimoto’16] [Bonneel’16][Shalit’16]
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Primal Descent on Regularized W

aenéihn h NiW4(a, b;)
o @ e | ©
© @D ©® @G
©  ©o© ' @
DO O
D0 © g @

|Cuturi’14]



Primal Descent on Regularized W
N

min MWala.b;
ACEXpxh 4 ] ’ 7( ’ z)
1=

|Cuturi’14]



Primal Descent on Regularized W

|Cuturi’14]



On Regularizing or Not

—N(2,1)

- /\ —N(=21/4) | qoal
0.06 _W(: N(/() 7)5/8 0.06

N —

0.04; 10.04¢

0.02} 10.02;

o4



On Regularizing or Not

0.06} —DPw | 0.06|

0.04; 10.04+

0.02} 10.02;

True barycenter Barycenter using
regularized OT

95



On Regularizing or Not

|ISchmitzer’16]



On Regularizing or Not

multi-marginal

|ISchmitzer’16]
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Dictionary Learning

: N K i
1111 Dima W (b,,;, 2 k=1 Akak)

AE(En)K 7AE(EK)N

Data samples Data samples

0.1 0.1
:298
0.08| - 0.08 —b100
0.06; 1 0.06;
0.04; 1 0.04;
0.02; 1 0.02¢
0 0

_6 0 5

|[Sandler’11] [Z(Se7n’14] |Rolet’16]



Dictionary Learning

min fo\;l W (b’iv Zle }Lcak>

AE(En)KaAE(EK)N

Wasserstein NMF
0.1 ' ' ,

008 i —CL2: |

0.06}

0.04

0.02

0 \-J_

0.1

0.08¢

0.06 |
0.04
0.02}

0

K. NMF

e (1 1

/u_u&

[Sandler’ll] [Zen’14] [Rolet 16]




OT Dictionary Learning

* |[Hoffman’98| proposed to learn dictionaries
(topics) for text, seen as histograms-of-words.

() = {words}, |Q]~ 13,000

* Vector embeddings tor words [Mikolov’13]
|Pennington’14] defines geometry:

D (public, car) = ||Zpublic — a:carHQ

* Data: 7,034 Reuters, 737 BBC sports news articles
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Topic Models

2 >~NINE
> = FEBRUARY %’VT%R&[T)
BACK 2 DSEPTEMBER
WIN CREAT™m WIN AGO E NOVEMBER Zl—

NUARY: .

CRAI;IID
§z
§
M-
e:|
rn
>J

WoRLDi.T .

4 EASON FlN?\Lﬂ

=
JO— S
L 410 Nm’z APRI P50 Cakeer
<t COMPET\TIONDOUBLE OUNTRY RIT lN‘LO Ll DECEMBER
ZE"A&S,!-EONDON TRE RN sice () — Y RMAKE
JROPEGOLD  RU A L,
COMPETE SECONDS OCTORER
LLl
—
: "O(_ iLLg FFICIALMINISTER ~  APPEALCOACH £ £
SNBALE 8, =0 o GUILTY Gty
" ZPENALTY- <ﬁ'EEE€T'MEE““ ECOURTCASEE DENC Ebostivers.
PASS Jf.- sme:ﬁNﬁ SU PERBCORNERI BREAEEE’ LINE__ CROSS § el ES 3 gBAMNDB"U G&'}?\‘aff}
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|Rolet’16]
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Inverse Wasserstein Problems

e consider Barycenter operator:

def
b(\) = argmmZ)\ W, (a,b;)
* address now Wasserstein inverse problems:

Given a, find argmin & (\) « Loss(a, b(\))
AEDN

60



Wasserstein Inverse Problems

P3 ‘

b S

o
)

| o

¢

£

&~

X

<
o Y AO

X

X

X

N

1

Euclidean Simplex: {ZL] AiDi, A € 23}

Wasscrstein simplex: {P(A), A € X3}



Barycenters = Fixed Points

Prop. [BCCNP’15] Consider B € X
and let Uy = 14« ~, and then for [ > 0:

v, def b'1y
b' L exp (log (KTU) A):{ T K00

1€. B
U1 =

62




Using Truncated Barycenters

* instead of using the exact barycenter

argmin £(\) < Loss(a, b(\))
AED N

e use instead the L-iterate barycenter

argmin £ (\) € Loss(a, b (\))
AED N

* Differente using the chain rule.

vED () = (9617 (g), g = VLoss(a, )|y (-
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Gradient / Barycenter Computation

function SINKHORN-DIFFERENTIATE((ps )5-1, g, \)
Vs, b « 1
(w,7) = (0%,05Y)
for/=1,2,...,L //Sinkhorn loop
V s, cp,(f) — K —Ps

Kng—l)
A
Y, s
p < Il (cpg ))
(£) ,
VS, bS \ (pe)
Ps

g< VL(p,q) Op
for/=L,L—1,...,1 //Reverse loop
V'Sa Ws < Ws + <10g ‘70-(9£))g>

sg—Ts s £—
Vs, Ts < _KT(K(A:gE) ) © (Kbgzz_l)ﬂ) © b~(9 Y
g — Zs T's
return PX)(\) < p, VEL(N) < w
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Application: Volume Reconstruction

Input shape q Prcgezit;on Iso-surface

Shape database
(p Ly--- ap5)

|Bonneel’16]

65



Application: Color Grading




Application: Color Grading
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Application: Color Grading

.'t-.l'a‘- "‘iw.
. -;'f‘? k""ﬁ' J‘
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Application: Color

Wasserstein Barycentric Coordinates: Histogram [BPC’IG]
Regression using Optimal Transport, SIGGRAPH’16
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Application: Brain Mapping

Original Euclidean Wasserstein
projection projection
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Application: Brain Mapping

gt |
Original Euclidean Wasserstein
projection projection
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end-to-end W Dictionary Learning

min L (b;, a(\;
Ac(Z,) " Ae(Er)Y T ( (A0)

|ISchmitz’18]




end-to-end W Dictionary Learning

min Zﬁ (bi, a(A;))




Minimum Kantorovich Estimators

in W (vqata,
min (Vdata, fos1t)

[ Bassetti’06] 1st reference discussing this approach.

Challenge: VoW (Vdata, fosit)?

|[Montavon’l6] use regularized OT in a finite setting.
|Arjovsky’17] (WGAN) uses a NN to approximate dual

solutions and recover gradient w.r.t. parameter

|Bernton’17] (Wasserstein ABC)
|Genevay’l7, Salimans’17] (Sinkhorn approach)



Proposal: Autodift OT using Sinkhorn

Approximate W loss by the transport cost
W atter L Sinkhorn iterations.

| e—C/s

(C O K)br,ar)

9, — (' |— K

Vi

-y Yn)

V.

XnK

MT%@ he

by

v
xmK "

Ag4+1

(yl,..

Input data

{0 +1

Generative model

/3

Sinkhorn /(=1

ooooo

|GPC’17]



Example: MNIST, Learning fo
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MNIST, Learning fo

Example
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Example: Generation of Images

g S AN o A e
e el BS R
R, T
s el = 2R EREN
ﬂ.@lﬁ.@@lﬂ
s o et N
IR P
o e - Ll T N e
A e | O g
= B il

arxiv.org/pdf/1710.05488 76 |Salimans’18]




Example: Generation of Images

arxiv. org/pdf/ 1710. 05488 7 [Sahmans’lS]



Concluding Remarks

® Regularized OT is much taster than OT when
handled in full generality.

® Regularized OT can interpolate between W and
the MMD / Energy distance (MMD) metrics.

* The solution of regularized OT is “auto-

differentiable”.

* Many open problems remain in ML that can

be addressed with OT.
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