
the
group of disjoint

2- spheres in 4- space

Luminy , February 12
,

2018

Peter tickner
,

MPIM Bonn

joint work with Rob Schneiderman



Brief history of 2 - knots & - links

E. Art in
,

1925 : Spun 2 - knots E 1124254

Sk \

• Pk8- / o
• .  . - - - .  - . •

rotate in 1124

it ( RK 52k) ± it
,

( IR
'

- k ) so 2- knots

are more complicated than 1- knots !



,
Annals 1959 :

as

:EEIiesnPtt;
Note :

SL is a 2- unknot
,

so ttz ( S 't { 1=0
0

12 °

But : s
'

Tying trefoil intoLosymmetrically

gives L with SK F 0€it ( 5 '
- SL ) .



Jt 's not hard to see that ( Sk ,

SL
) is

link homo topic to the unlink in the

following sense ( c. f. ] . Milnor 1950 's ) :

there is ahomotopythrough link maps
f : × → Y

, to ( × ) - > To ( imlfl )

Massey - Rolfsen ,
1982

,
asked whether

any 2- link is homotopicelly trivial ?

Them . : [ A. Bartels & PF
,

1999 ] For u 's 2
,

any link Sh±
... ± 5<>5+2 is link hour .

trivial
.

Proof via stratified Horse & surgery
theory

,

homology of nil potent groups e. .



Lmphq : a { link maps
§±sf→ s

"

}
.

link

homotopy
[

Koschorhif
:

For 1 < Pif Eu - 2
, # makes these Into abelian mouoids

.

For example , LMi.nu,

± ZC via linking number
.

First unknown group Is LM ? 0
o o

Theorem 1 :[Schneiderman - T
.

,
2016 ]

4 IN
( i ) LMZ ,

= ZL *i. p . reflection of 54 gives inverses for #
.

Ci ) A line map (f , f.) e LMY.z
is trivial if fn is a

( topological )
embedding

.

Question of [ Kirk ] .

H 4

Focus today on direct proof of Corollary Cii ) .
.



Fenn - Rolfsen ,
1986 : LMZYZ to

,
i.e.

there
is an essential link map

( f
, ,fz ) : S2±s2 - s4

,

a

"

suspension
"

of the Whitehead line in 53
...

.

•m€¥m . # e start
µ( 422 ) -tO £

Sato . Levine invariant It ,( 5442)
Of ( K

, ,
Kz ) can be

fn £2

read off from self - intersections H f. , f.) e
E¥d



\ 1

Linkedembedding indimensions 3 and 4 :

( k
,

.kz ) :S "±s - 53 [ 1986 ]

Jk

:{
;

kiarewuanots } ' inkirk
unite

lkckn , Kz ) = 0

Cochran 's B:=fBi,
piz

Kirk 's a Mf
.
,f

.
)

,
d(f , ,f

.
)

lifts of x=(
ttHt-ElYdcYEIYhizM@ztNex.zHox.z't ]

Theorem 2 : Schneiderman - T
.

,
2016 ]

(i ) JK Is onto

,
( also front . 1996 - stratified Morse )

d) 5 is a mono morphism,
Liu's cok

(6)
= a

,
determined by µu22 ) =p ( 2211 )



Let's revisit some basic tools In dimension 4 :

z
2

• Any f

:[
→ M

"
is homo topic to F : I ex M

,
a

genericimmersionwith
algebraically 0 self . intersections

:• A homotopy between such immersions is honotopic
( nel O ) to a sequence of finger moves & Whitney moves :§Whitney finger

W -7 ~

z
move move

Sw Sw " *

N

Whitney sphere shrinks after Whitney move !



Whitney move
,

dual version :

Precise picture of Whitney sphere Sw :



After the Whitney move we see that

Whitney sphere bounds 3 - ball :

Sw a * is called a Whitney homotopy .



Metabolic

Unlinking
theorem [ S

.

- F. 2016 ] TFAE :

e)( f
. , fz ) e LMYn is trivial

(2)

Ihomohepg
f. e fin 54 ' fz such that f : she > S

"

admits Whitney

discs
Wi leading bad towkuot &

( * ) f
,

e < Sw
,

> ET2(54 ' f ) .

(3) .. . .

✓
Sw

;
are disjointly embedded : Wi are framed

,

dis jointly
Remarks : ( i ) X ( fz , fz ) = O embedded .

Ci ) The Wi have geometric duals Wi Sj
spheres Sj in 54nF ,

in particular (
0 ±

) = 0
.

ZHZA - intersection form is metabolic :

1 *

Note : < t > = Zt Et( s
"

nuuhuot ) E t, ( 54nF ) . .



Dual spheres from accessory
disks :

g

At exist iff double point loop g
is wullhomotopic .

Ju the

standard model At are

embedded
, just like W

.



Accessory sphere SA :

SA In A  = pt and Sa In W = pt ⇒

W has a dual sphere !



Metabolic

Unlinking
theorem [ S

.

- F. 2016 ] TFAE :

e)( f
. , fz ) e LMYn is trivial

(2)

Fhomohepyfief
in 54 ' fz such that

. ... ...
&

( * ) f
,

e < Sw
,

> ET2(54 ' f ) .

(3)

Fhomohepg
f. e fin 54 ' fz such that f : she > S

"

admits framed , disjoint ly embedded Whitneydiscs
W ;

which in 54nF admit Wi Sj
algebraic dual spheres Sj such that ( Oz¥ ) =o

.

Xffafz ) = 0 and ( * ) holds modulo

I ? tz ( 54nF ) ,
where

It
f-IT .E[t±'

] c- E[t± ' ]

.
°



Lemma : For a line
map ( f ,,fz ) :S

'

# 5 54

with f
,

an embedding ,conditions (3)

of our unlinking theorem hold
.

Proof : By Alexander duality ,
know that

A. ( Skf
.
) ± E

⇒ I E - cover X → Skf
,

at . for gen .
tee

.

Ct
- l )

HZX HZX > Hd Skf
.

) = 0aN

HN Fan : fz = ( t - I ) . an ⇒ h( fz
, fz ) = 0

Also get a link homotopy fee f = generic immersion

with Wi for f st
. ( t

-42
divides A ( f

, ,
Wi ) .

QED



Sketch of proof for Metabolic Unlinking Theorem :

(e) ⇒ (2)follows from our basic tools

and thefact that f = unknot  

the
finger moves .

(2) ⇒ ( 3) We saw fz 0

0 < Sw
,
> tzc SY f) ' Wild@hz[Ef o

in
�1�

accessory spheres Saj Sij Wi SSBAJ

( tz( 54nF ) , d) is metabolic : a= ( 01¥ )
(3) ⇒ (e) Use h( fz , fz )=O to embed fz into

a Lagrangian of d
. ( * ) mod I2 ⇒



J Tie tz ( 54 ' f ) such that Wi
'

:c Wi # To and

Swg
= swit Ct- A? Ti

freely generate this new Lagrangian containingfz .

Nole : W ! have algebraic deal spheres
because we are controlling A !

since it
,

( 54 ' f) ± Zt is a good group ,

Freedman 's dish embedding
theoremgives

disjointly
N A

embedded Whitney disks Wi houotopic to Wi .

Using our Whitney homo topics on these Wi
"

get
a null homotopy of fz in 54 ' f

•
QED


