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Suppose K/“k 3 F/Fk R and consider :
JAS Maqu
F/“k = F/ﬁ e oahus Z‘<X| L, X >/dez>/k formad power series

% — 1+Xi in hou—Comchfug X;

X.
[4

— 1—\(;+Xl-z-‘ .

Milver's invariant of length k is defined by

Fl.({“ Cz ik—l )) ‘= CoeSSiCiQud‘ o& X('Xl—z x‘.k-‘ n e Qx?tmsfon
of +he 3“‘ \owjihd,( }sj,

(124, 0,,)2m)

Theorem (Me\mr) let L be a luk with ®=w (53 1)
() Whea .‘t/r:kg‘:/\:‘= , Wilnor {avariaufs of leu;&h k are wel(-d.g\'mﬂo(, and

(i) alv Milnor invariants of lengh, k vanish f WV, =&

That is, Milnor invariants inductively determine whethonr Haw link qoup
has the sawme lower ceutrdd ?)u&few"j as +he triviad Liuk.

' (2)
A TA\'().( review : Milnor's link tnvarianks 1957 Iso*opy 0§ links'

_ 1954 " Link groups”
Lower cewbrd) series of a qrue G :

G, =G, G, =La,ql whee L, k]= subgoup genurabed by
(a,b]):=aba'b" | acH, bek
Suppege. L S Vs a liuk with m compomw*.s, amd
F= F<X1,-——J XD s & free 3roup of vouk WM
Theorem Milnor ‘57)

A meridean homomorphism & —> T:=T, (S%L) induces
X, > W meridean

® n F
/ﬂk = /<F|<,[“'4,7‘1],"',[“’m,xmj> where W, corcesponds to

: the " lonqitude A.e |
<$. K/‘ﬂk g F/Fk lgg A‘ (S KK-‘ Vl.) ( 0“3 “de .6

Theorem (S"fq\\\'nss) Milnor {nvariawts are concordance invariants
More qeatrally , i§ two links L, L' have homdogy cobordauk exterivrs
than (G ) s vell-debined U 5o 35 PGy i), and
whenever thay are dni(md, thay are e%ud_

3-manfolds M aud M’ with M2 M an homi(ow Goberdawt (Z\'\'Ldr)
§ Jd-mandold W st dw=™ Y-N, H(MZ)2 W (W;2) % \-\‘(n’,g)

S"a\\ivaﬂs' Theorew I‘S T->G wluces L& on H, oud SMASE(HM on H, )
Huw ¢ induces "‘f-,‘—k Q‘%k fn k<o

Coasezumc.g £ X—=Y twduces W0 & H'(Y)

= -F‘: TX=TY wduces % au Hy , > en HZ

= mx/énx)k & 1\'(\(/(‘“‘()&




i%ues\‘(oh 03 Milnor (1957)

Find a muthod of attacking the trans§inite lower central
Quitients of the Sundawentad qroup aud extracting Iw.{)ormd'fm
Srom ok

Eejinih‘m © transfinte lower cenkra) Sereg € a Joup G
(d&kwu(‘ fcﬂ M,l:“ranl nclimuls)
G, = G, &K/ i = fa, G, 1 §kisa discrete ordingl ,
i N G\')‘ \J- K s a himit oudinad
M<K

Among earlier altewpts toward transfinite Milner (- type) fnvarians:
Orr Nk invariaut using nilpotent cowpletion l‘ﬁ F/(_:

Leving Wk tnvariaut  using “a\3e,‘>rm'c closures

Beth arp unknown to be wontriviad ec not !

Hovmr('om \o(.a\ijakfm (of 3rbu95)

Tu ym.raﬂ, roal-'jalﬂlu com be O\BL;V\LJ {a a given collechon o§
morphisms v a aﬁ-gm e (C-Z' €=%4>)

ZeC is hi"& & A i, whenever fe ,Q.) 30.4,L(¥mw/

a"' " 3 umigue
P b
A Suncta E: G — @ fo}d"wt wky 7: io\c—>E ) 4\1@3@ iS'
() E@) s ol for evary Ge €

G) G 1"—»5((1-) whenever Z is \owd aud g s qui’frqru_

“G z_a’ E(é‘) i univery& Gnih}&) Gumong

d L Z ’ '3 uuiel)uz
lMde‘nGms iwko (DCA 0\9566"6 "

Z

(6)

Our qéoa.l : Jeue,\oP o trans§inite version of Milnor variants
Sor 3-mani§kds , with Ha fup koy §eatures:

. determinakion of lower cented °bus“ev\“s

+ wariance umder ZH- cobordigm
Eirst cbservadion :
while 1\"(-)/“,‘(_) is tnvariant umder {Zl"'u\)srﬂfsmg for k< 6,
k («]
(due +o Stallings’ Hhruorewe ) Concrdauce
m(')/-w\(_)& 'S 0_6“ $ic an 'i_ugiﬂe ordinad K a 3&«\“—&‘

eq Hillman : Dslice ink L which is net a‘howes(o” boumeué \(odz",
W Wiz T(SPL) does not admt surjecton ewo ¥,
= Lired tlvah \ F = =
For W fu's wu\)\m e orAma.Q, w0 Q“Ft {4(3’ oud S0

"‘/-“w comuct suryect onko F/F-w =F.

Bous§ield i HZ - localizakion
Q:{$:G>T| ¢, sxenU(-;2), owo on HZ(-;Z)j

A

Vogdl / Levine : localizakion through §.p. grups (sutable §n Le 53)
2=4¢: Gr—’\"l G, " os Sp, @) nermaly 3evw.r$es v, }

" n
+’( S = en H1‘ 6«\1’:: 6n HZ

We will use a Mo&ijieo\ version (suitable §a \-(Z.-Cobora\(m) :
C Q-4 G=0| & o $p, d & eont odoontl]

We dewnde g ‘= \ocq_\:sq}(ay. of @ wrt 4his 0.




9)

Propositim [Leving, €. ] For euery S.p. qmup G, tre is sefl)mbe
G=GM=>GR) > > G()>- wth eadh G(E)—> G(w) 0 2

/\ = -
st G =lim GG |

Sowma propaties :
A N
® $:G>T a0 => G&" .
l;Consetbumtet §:X—=Y ) X, ¥ Slade complex, H(X) = H‘(Y)l
o~ o~
= () = w)

. A

©® For §inte k aud Se. G, G;/a“ o~ Gr/e'u )
Proof - Each finte Cowpositim é‘zPo-v--»-»P‘.' induces  H,
> G- é\; :\i“_;,Pi Tao\w.es H4 %) \-\2 onko B, onbo

= CT/CTK sy &/é\" -g(n_ ‘S\'m;fc k) 6\, S‘I“\‘hy)

(11)

Kuown (ocalizadisug Q

1) G is dbdion => G = G prof

@ G s ml?o‘\‘eu{' = a—: G
proof : replace H(-) by (-)/(_) fn sowse lmy, k, aud tnvoke S&a\l(nX).
[ 3

Tu gentra] : Understanding / Cowpuking G is hard

—
eq. For liks L with T($30) & F, Levina defined B(L) e Wy(F)

\oms}tud:. — 4

Question . u,({:‘) o7

X A~ A~ (10
Prperties - @ €:X—>Y indues & on W, = TX &£ WY

p .
® G‘/&k £ é|/é‘\‘ fa jtml'e k
- _“A‘ ] 411
So, fn an o‘rkc‘rranl adind ", é\/ék‘ 'S >< corre
transfinire Se,mrdizd(om of M §inite \ower ceubrd <bu»kew*s é’/&
K
which is use§ul For ﬁm&:ﬁ hordism wvariauce

Frim now on, +he "&ramss."nl’re lower ced T)uo‘ffeud- " G

Jes('xva}es G/ém

Main FResults : 'h‘avss'gin'&e Milnor 1nvarianty
Sor S-manifolds




Recall that Milner's \iak tavariants ina\udiue,\\/ Compace lower

coubrad quitiews o5 e Kk yunp vl thad of Mo brivid) Vuk (-F),

Fix a closed %-\MM\IS«:\& \'¢ , and Lt T:= T,(Y).
Fiv an adinal « .

Swpfose M Vs anethey cloged 3- mam_go\d wdh Rz T, (H)
which admds an \Somm?\-\\sm £ “A & r/‘_'

Re&:n’\*ion el(:(M) 1= iMaxz o RN fumdamn“q& class [N] wuden

Hy(H) = b5 (=) >y (F) = w (G/R&) = “3("'\73”).

This ch-?ean on the choice o$' €
BK(N) in “3('!.\/1""\ )/Ad(?y" s {ndependont of § .

cj Orr's komdow wvar ant

= (05» hlnks)

Vs
0, (L) e T (Maﬂ:hg Cong of BIF--» BFé)

(13)

(15)

RQSM For M wth mi=® M Su\'isfyimg 4‘\/{‘\” = g/{-‘\h ,
6, (M) := imogs of Mo fundonantd class [M] widen
A A A A
H,(M) > Hy(x) > 5 (R) - (V2 )= (T4 )
Tn Sew.ro&, net all classes n Hs(ﬁ/ﬁw) e r\‘zdt'}ed w tais way,
Defiadtine ( Realizable dasses )
Ry (M) =3 0 e W% )| 34° i Ry 2T 54 0= 03
w
R (M) < Ha(a/ﬁ) is net nucessarily & Subz/\—mp :
(e.a‘ H‘(F) is not Yersiom §ree = 03& &k(\")- )

>, s € O >80

S°“| e &k,(“) \lav(\s\'\LS ;i C‘XQM{RKM(T‘) g &w(f‘) k ‘S‘ be ;m"-b‘-(q‘,.('ﬂ)

(14)

Defindion 6 (M) 1= imoge of W fundonantd class (M7 waden
H (M) = 4, (=) > 1, (§) = “3(%0 £, H3(%w)-

T\neorem A QK(M) 5 a ZH- u:»\)orcl\‘sm ZVWarn'avd‘,

More precisely : if M aud N aw ZH-cob | +haew

A~
¢) 'K\N/ﬁ > ﬁ/{‘:‘ (é e(M) s J-llj (nad jj So vs 8 (N)
W 3 Wi
U\Swas K.M/“_/\ ~ 'NN/A A~ F/A

() B (M) = g (N) whenever Ju.[)wa.

Pmost T W is a Z-codr. , e W= NU-N, H.(M) & H*(w)g H*(t\\)

= TM-—> [TW «— TN
{
"' /\

M fw =
d

> owl=[MI-IN]=e
> )= (] ity ()

/\ o e«,(r‘ ) eK«(N )

%
\
| TN

$

/ = w ‘5 \Ale“Vam

|l>

z>e—

Y

(16)

Thaorem B ( Determinakion of trans§inte lower ceuwkra) quotieuts )
A N
= ™NA ~ YT/
Suppse M har w=TM, T/p = T/a
Thou e so“owimg are ezuiuojeu}:

W awn arbﬂrqrt‘ ndindd

® There exishs o lift ’R/ﬁm = O

K+

® (M) vanisheg n Caku{_&m(v)—,& WIS

N which § an (Souwl\:\n-\SM.

(\
® There is a bordism W over ’T\'/\i.‘u sk, OW=MVU-N, 1"\\"/’\ 'L" r’.‘

4
ﬁ/ﬁ , N N/ TN
O *| "
F/A Pr. 06 Tkrt

® (ﬂ
ConSe%tmd\‘é , T"/“ 1S F/ﬁ % 6(“) Zo n Coku{@\ “( ) PW.}(T'/ \k




(17)

Considen towers 05 *ruusj(.{&g lower ceuwkral tl)uo\‘feu}s oY} 3-momij-o!d gioups :

‘{F\/Kﬁim (ot X,M‘( ).= {kﬁy«r K1 toweus o} 'S—man’.&a\h

~ | whose hfxu < sublower
'ﬁl‘\/r/\ e s Ll "
WM S u!n_u}.j-\ea\ with thak of F}

? = . " 1‘,;1 ~ F‘
= {’H vcuvpu\ wiky ‘/W/I’\“ £ /(.;l k/N

A |
“IH/ A\ = T‘-\Hé‘ M)
Y3

(19)

Theorem C said 96@“(1‘) < “3(6/6" ) ;5-
@ oo o) (@) s &, ad
*& nb: Hl(ﬁ/& ) -» uz(%w) /K“i“z(a/ﬁ)"“z(%ﬁk for all A<k,

eq. U= Ty, % > Sree guvp , K<eo
W%, 2 B £ ), T) = BH(H(F), Z) =0 => (&)

whow MoN Ry 34, Sy To
T\ﬂ/ M, ° K‘M/é\"ﬂ) =t(n) | MMy 2 | i HZ(F/\:K‘)= F‘/Fnﬂ —_— Hz(F,ﬁ‘_J; FH/FK s 3w = (b)
'u'\\n/,m 50 £ ﬁﬁ S R(F) = (), oud ChulR (F) >R (MS i au abeliau group.
: Ve v N
Defivu an EBuiva.lmce. nlddqim o em (RK(T') by CD'\SE'GMMLC, S lF LeS3 a Guk , M= 0~§MJ SMW fa L.
o~ §f oe T RW(K;H)—’ &&(mu)—g—»&k(r) 3 T Gor fiate k, 6.(M)) ¢ Chn i ezu‘.,l to Orr's B (L) e Chear |
whan M wikh “‘H/r/\h = Fyl"; sakisfies 6= g,(M) and So ez_’uwo.‘ev& to e classica Miluor tnvariawts of length
K1
G’”“W‘t\ o5 Theorem B '§, (‘1) o (\")/N This shows +hat our invariawts Seuu—qlize Milvor's .
'3
(18) (20)
So, . trunsfindte lower cewbrad %uc“m‘s o5 s-mgcfa qoups ot A torus bundle grup_
undisstoed 1 ters of &, (T) =T Y iy oy w (ry e RS
Thesrew C (Charadu}zqk(ou of th';ql-,\e closses) M= w(Y) = <x,\,,{\ tvy3=t, tv.t":x") =y >
Suppost T s a Sp qunp, O€ W(Ta), wr2 = @z, 7= 20y
Thuw © lies n &R (r') ﬁ e fu\\owfns Reld : Cxercige H\(T') 2@2)2* Z “Z(T') = Hz(Tg) =z
] - . T
() Tha cop \)r’oolud no.- tH (\"/r, ) — tH (s‘:'yr‘ 1S an \Ssunf‘msu 3&1\.(9\’ X,g t
(M) Enlaage T by adding r* ruots w,v of X,y (rz=odd) :
® no H(Ta) > u ) fd s swjedive AR A )
Su KM-‘{. z("‘/ﬁ 3-’“2(“/‘[‘ )k fol‘ all A< W M, n(‘.):= <U.V,S | [ur’VrJ:1) [u‘vj is (en}ro.o Su§|=“-l S"s—|=v-( >
H'(r) whe K is o discrete adind | & S%Les to chuk X — u" ) _
( £ deker, ) y — Observe : tS‘ r s odo‘, H (T‘) & i (T’(r)) Sinee rgM‘Juz)
Fr finde K (§n which f’/ﬁ & n, adewdially) | tv— S Futhuwere |, H,(T) = H(T¢r)) )

Theorew C was shown earilen by Turaev.

n N
So, I' and T'(r) have ¥ Sows euwdea% localizafion : M& T(r).




(21)
Thwotem [C.‘O\'r] 6 = Km T(r) .
—
r:odd
(?noj uses +he noton of “\om\(ga}(m of- vvuoau‘e;.)

T(r) = Cuy,s | WV 3=t [uv] cedead | sus'=u’

Traws S;uﬂ'e case :

For K=wW: Hs(ﬁ/‘_";)=ﬂ :{%e@\hoc‘o‘k

v
s'=u’, sv§'=v1> R‘U(\")= {%\ a,b odo‘k
Cava™ Luv 4 v
4 Tmeg o R (1) = {24
_——> { — Z/rzz — U(v) —y(Zl‘-)zon -1 (r:0dd) * &4 wh ) { k
! 2 Z S Gl R () > R(MS s lorge!
GaYa G2 Y N
fa o WYy = B 3 gy 2
toke 7 A £ 2 ] M, w ' o+ w
"'u\"“_M“’_(: > - (1)/2 — q(ll‘l) ) h Zl - QSS ew(H) =0 wn th (6‘2‘““’,«‘
e whae Zyy = {% <@ | b s edd } . T‘m.i-rams_finiis wiaricnd 6 deleds existeace of M sk
o ) "N
Tn padicudon T containa torsiom o§ any given odd aden N‘Mﬁ'\h’ iy n/F.u by TH £ 3 F/qu
e
(22) (24)
-~ . N n ~ A A R
Full cowpubokion of-: o HB(%‘.‘,) Fa wywit  we have 1, =T = =Y awd 5o T = F/ﬁ 7).
y " i
('(‘\or every K.) . @K((“)C Hs(%;\ (by (MM.?LJ:V\S_ Cop products)

¢ Gl @, (1) = B(T)S e, g s B (1)
(%) = @'

V)
R(T) = {(%“)3’ {245 t w23
“'U -[(a,‘p,c,o\)lau-lndy 3- $ k=2

For finil’e K

(med 2)

Im?. of R, (M) = (Q-Zl/zu-\),’ x {tlk
- Gk { R, (M > R (M) § 75 newdrivial (amd Sinite V)

Fa M3 with (M) EWn o, 3 ™M) & Ve
W.(I"‘)K K (M s

. "'+|
.S-s Ok(h): o in CDI’QA

Thaere s no nontriviad +ran55-(.n}|re_ Milnor tavariant

for k2wl (v wne of on T)

Ta Sad-) “s(‘h‘/ﬁﬁ) = Wy(F) = @‘17/2) ‘7
v
RK(T‘) = @t/Z)¥ {113 = iwa.}g 4 Rwu(r'),

n N
YA ~
NIHK = N

Though, 6,(M) defects non-ZH-wb. 3-mani§kds  wit,




