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G = SLyC (or G simply-connected reductive alg.)

R*(S, G) := hom*(mS, G)/G. * means irred reps.
R(5,05,G) := {[p] € R*(S, G) | p(d;) conj to g1}
for fixed regular elements g € G. 0S=0,---10,
Assume g; regular (dim Z(g;) minimal < dim Z(g;) = N — 1)

Those are smooth C-manifolds. Want to put (compatible and
natural) C-valued volume forms on

0— T,R*(S5,05,G) = T,R*(S5,G) = ®;T,R"™8(0;,G) = 0
For Gg = SU(N) or SLyR, get usual volume forms.
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Thm:
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k
m1S = Fy free group, so R*(S,G) C G x ¢

Fix B:gxg— C, B(X,Y)=—tr(XY)
B ~ vol form \ g — C

' 6/6

k
~~ vol form on g x ® xg/g= T,R*(S,G)
It does not depend on the generating set.
It is a Reidemeister torsion of a graph with 1 vertex & k edges

Reidemeister torsion is an invariant of a CW-complex and a
representation of its fundamental group. It depends on the
simple homotopy type of the CW complex (here of m1S)

Q: \HYS,g) = C

(A.Weil) HY(S,g) = T,R*(S, G)
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e Atiyah-Bott-Goldman symplectic form on R*(S,0S, G)
e T,R*(S5,05,G) = im(i ) = ker(j), where
H(S,0S,9) = HY(S,g) & HY(9S,g) — 0

o Symplectic form: w: A T,R*(S,9S,G) — C

(,): HY(S,g) x H'(S,8S,9) °2% H*(5,85,C) = C

w(a, b) = (3,b) = (a, b) if a=i(3) or b=i(bh)
Thm: (Guruprasad, Huebschmann, Jeffrey, Weinstein) w is symplectic
(w non degenerate and dw = 0)

e If 2m = dim¢c R*(S,0S, G)) then

w™ N
— /\ T,R*(S,9S,G) — C
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0 = T,R*(S,05,G) — T,R*(S,G) — & T,R™8(9;, G) — 0
w™/m! Q=R-torsion
R'8(Z, G) = G'*¢ /G = CN-1
For Ae G =SLyC
AN Ul(A)AN_l + O'2(A)AN_2 +---£1=0

(01,00,...,0n-1): G™8/G —» CN-1

This is a particular case of a theorem of Steinberg
for G algebraic, reductive and simply connected.
But fails for PSLyC

We consider the form

doi N---Ndoy_1: T,,R’eg(a,-, G) — C
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0— T,R*(S,8S,G) = T,R*(S,G) — &;T,R™(8;, G) = 0

w™/m! Q=R-torsion doiN---Ndoy_1
Thm (Heusener-P.):
n
wm
Q:jzfl/\CNd(Il/\-“/\dUNfl
m:
i=1

where cy = /N(—1)(N-D(N=2)/4,
e Witten (1991) for closed surfaces and G compact
e Bismut-Labourie (1999)

e The proof uses a duality theorem for Reidemeister torsion,
due to Franz (1935) and Milnor (1962).

e Need to express doi; A --- A dopy_1 in terms of Reidemeister
torsion and intersection form for H*(S', g).
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Pants P = Sy3 and SL,C

Y172

a! 72

e mP=F={1"7])
ti = try;, tia =ty
Thm: (Fricke-Klein)
(t1, ta, t12): R*(F2,SL,oC) = C3 - {X2 + y2 o xyz = 4}
e Hence R*(P,0P,S1,C) = {*} and w =1

e As peripheral terms contribute by +1/2 d tr we get:
Qp = QF2 = :|:2\/§ dt; A dty A dtyo
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R*(5171,651’1,SL2C) = {(l’l, to, t12) S (C3 | t1575 = C}
(tl, t2)2 R*(5171, 85172, SLQ(C) — {t12 = tﬁ} — €2 local coord.
Using a formula of Goldman for the Poisson bracket:

dty A dts
w=+x2———

t1o — ty5

QSM =wA ﬁdtlﬂi = i2\/§ dty A dty A dtio
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Planar surface Soa4 and SL,C
@, O

O &

e Start with A and p, and obtain o and 5 by surgery:

e +(t\, — tap) is independent of the orientations of A and i,
o (ty, t,)local parameter of R*(S0.4,050.4,SLoC)—{tr, = tas}

e Using again Goldman's formula for the Poisson bracket:

B id t)\/\dtll
by — tap
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t123 + tiz2 = P and tio3tizp = Q

and the branching locus is {t123 — t132 = 0}.



Free group of rank 3 and SL,C

o F3=(71,72,73),
e The map (tl, to, t3, t12, 13, t23)1 R*(Fg,,SLQ(C) —Clisa21
branched covering. The variables t153 and ty3> are solutions of

22+ Pz+Q=0
for some P, Q € Z[t1, ta, t3, t12, t13, t23]. Eg:
t123 + tiz2 = P and tio3tizp = Q

and the branching locus is {t123 — t132 = 0}.

e From the expression for w and the theorem:

4
Qpf =Qs,, =+ —————dt; Adtr A dtz A dtip A dtiz A dios
’ t123 — t132
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Free group of rank k and SL,C

L4 Fk:<717727~~-77k>v
e For k > 3, the 3k — 3 trace functions t1, ty, t12, t3, t13, 123, . . .,
tk, tik, tox define a local parameterization

R*(Fk,SL2C) — U{tlzi = to1;} U {to15 = 2} — C373
i>3

e A Mayer-Vietoris argument (involving subgraphs with y < 0)
yields:

k

dt; A dty; N dty;
Qp, = 22024ty A dty A dtyy [\ =2
i=3

tioj — to1j



Pants P = Sy3 and SL3C

e The invariant functions of A € SL3C are tr(A) and tr(A~1).



Pants P = Sy3 and SL3C

e The invariant functions of A € SL3C are tr(A) and tr(A~1).

Thm: (Lawton): (t1, tg, to, t5, t12, t75, t15, t1,) 1 R*(F2,SL3C) — C?8
is a branched covering, branched along {t;,75 = t5157}
(t1575 and t,;57 are the solutions of a quadratic polynomial)

e R*(P,0P,SL3C) is defined by fixing t1, to, t12, ti, t5, t75
(the invariant functions of peripheral elements).



Pants P = Sy3 and SL3C

e The invariant functions of A € SL3C are tr(A) and tr(A~1).

Thm: (Lawton): (t1, tg, to, t5, t12, t75, t15, t1,) 1 R*(F2,SL3C) — C?8
is a branched covering, branched along {t;,75 = t5157}
(t1575 and t,;57 are the solutions of a quadratic polynomial)

e R*(P,0P,SL3C) is defined by fixing t1, to, t12, ti, t5, t75
(the invariant functions of peripheral elements).

e Using Lawton’s computation of the Poisson bracket:

151 — 11073



Pants P = Sy3 and SL3C

e The invariant functions of A € SL3C are tr(A) and tr(A~1).

Thm: (Lawton): (t1, tg, to, t5, t12, t75, t15, t1,) 1 R*(F2,SL3C) — C?8
is a branched covering, branched along {t;,75 = t5157}
(t1575 and t,;57 are the solutions of a quadratic polynomial)
e R*(P,0P,SL3C) is defined by fixing t1, to, t12, ti, t5, t75
(the invariant functions of peripheral elements).

e Using Lawton’s computation of the Poisson bracket:
th131 — tiois
e Using the peripheral terms £/ —3dt; A dt; :
+3v-3
Qp = ———

= dtl/\dti/\dtz/\dti/\dtlg/\dtﬁ/\dtﬁ/\dth.
2151 — 1213



