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Introduction

• Joint work in progress with M. Heusener

• S = Sg ,n compact, or. surf. ∂S has n > 0 components,
χ = 2− 2g − n < 0

• G = SLNC (or G simply-connected reductive alg.)

• R∗(S ,G ) := hom∗(π1S ,G )/G . ∗ means irred reps.

• R∗(S , ∂S ,G ) := {[ρ] ∈ R∗(S ,G ) | ρ(∂i ) conj to gi}
for fixed regular elements gi ∈ G . ∂S = ∂1 t · · · t ∂n
Assume gi regular (dimZ (gi ) minimal ⇔ dimZ (gi ) = N − 1)

• Those are smooth C-manifolds. Want to put (compatible and
natural) C-valued volume forms on
0→ TρR

∗(S , ∂S ,G )→ TρR
∗(S ,G )→ ⊕iTρR

reg (∂i ,G )→ 0

• For GR = SU(N) or SLNR, get usual volume forms.
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0→ TρR
∗(S , ∂S ,G )→ TρR

∗(S ,G )→ ⊕iTρR
reg (∂i ,G )→ 0

• π1S ∼= Fk free group, so R∗(S ,G ) ⊂ G ×
(k)
· · · × G/G

Fix B : g× g→ C, B(X ,Y ) = −tr(XY )

B  vol form
∧
g→ C

 vol form on g×
(k)
· · · × g/g ∼= TρR

∗(S ,G )

• It does not depend on the generating set.

• It is a Reidemeister torsion of a graph with 1 vertex & k edges

• Reidemeister torsion is an invariant of a CW-complex and a
representation of its fundamental group. It depends on the
simple homotopy type of the CW complex (here of π1S)

Ω :
∧
H1(S , g)→ C

Thm: (A.Weil) H1(S , g) ∼= TρR
∗(S ,G )
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0→ TρR
∗(S , ∂S ,G )→ TρR

∗(S ,G )
Ω=R-torsion

→ ⊕iTρR
reg (∂i ,G )→ 0

• Atiyah-Bott-Goldman symplectic form on R∗(S , ∂S ,G )

• TρR
∗(S , ∂S ,G ) ∼= im(i) = ker(j), where

H1(S , ∂S , g)
i→ H1(S , g)

j→ H1(∂S , g)→ 0

• Symplectic form: ω :
∧2 TρR

∗(S , ∂S ,G )→ C
〈, 〉 : H1(S , g)× H1(S , ∂S , g)

B◦∪−→ H2(S , ∂S ,C) ∼= C

ω(a, b) = 〈ã, b〉 = 〈a, b̃〉 if a = i(ã) or b = i(b̃)

Thm: (Guruprasad, Huebschmann, Jeffrey, Weinstein) ω is symplectic
(ω non degenerate and dω = 0)

• If 2m = dimC R∗(S , ∂S ,G )) then

ωm

m!
:
∧

TρR
∗(S , ∂S ,G )→ C
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∗(S ,G )

Ω=R-torsion
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reg (∂i ,G )→ 0

• R reg (Z,G ) ∼= G reg/G ∼= CN−1

• For A ∈ G = SLNC
AN − σ1(A)AN−1 + σ2(A)AN−2 + · · · ± 1 = 0

(σ1, σ2, . . . , σN−1) : G reg/G
∼=−→ CN−1

• This is a particular case of a theorem of Steinberg
for G algebraic, reductive and simply connected.
But fails for PSLNC

• We consider the form

dσ1 ∧ · · · ∧ dσN−1 : TρR
reg (∂i ,G )→ C
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∗(S ,G )

Ω=R-torsion
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reg (∂i ,G )

dσ1∧···∧dσN−1

→ 0

Thm (Heusener-P.):

Ω = ±ω
m

m!

n∧
i=1

cNdσ1 ∧ · · · ∧ dσN−1

where cN =
√
N(−1)(N−1)(N−2)/4.

• Witten (1991) for closed surfaces and G compact

• Bismut-Labourie (1999)

• The proof uses a duality theorem for Reidemeister torsion,
due to Franz (1935) and Milnor (1962).

• Need to express dσ1 ∧ · · · ∧ dσN−1 in terms of Reidemeister
torsion and intersection form for H∗(S1, g).
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Pants P = S0,3 and SL2C
γ1γ2

γ1 γ2

• π1P ∼= F2 = 〈γ1, γ2 |〉
ti = trγi , t12 = trγ1γ2

Thm: (Fricke-Klein)
(t1, t2, t12) : R∗(F2,SL2C) ∼= C3 − {x2 + y2 + z2 − xyz = 4}

• Hence R∗(P, ∂P,SL2C) = {∗} and ω = 1

• As peripheral terms contribute by ±
√

2 d tr we get:

ΩP = ΩF2 = ±2
√

2 dt1 ∧ dt2 ∧ dt12
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A torus minus a disk S1,1 and SL2C

γ1
γ2

γ1γ2γ
−1
1 γ−1

2

• π1S1,1
∼= F2 = 〈γ1, γ2 |〉 and γ1γ2γ

−1
1 γ−1

2 peripheral element.
R∗(S1,1, SL2C) ∼= C3 − H with coordinates (t1, t2, t12)
t121̄2̄ = trγ1γ2γ

−1
1 γ−1

2
= t2

1 + t2
2 + t2

12 − t1t2t12 − 2

• Hence (for c 6= 2):

R∗(S1,1, ∂S1,1, SL2C) = {(t1, t2, t12) ∈ C3 | t121̄2̄ = c}

• (t1, t2) : R∗(S1,1, ∂S1,2,SL2C)−{t12 = t12̄} → C2 local coord.
• Using a formula of Goldman for the Poisson bracket:

ω = ±2
dt1 ∧ dt2

t12 − t12̄

• ΩS1,1 = ω ∧
√

2 dt121̄2̄ = ±2
√

2 dt1 ∧ dt2 ∧ dt12
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• Using a formula of Goldman for the Poisson bracket:

ω = ±2
dt1 ∧ dt2

t12 − t12̄

• ΩS1,1 = ω ∧
√

2 dt121̄2̄ = ±2
√

2 dt1 ∧ dt2 ∧ dt12



A torus minus a disk S1,1 and SL2C
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Planar surface S0,4 and SL2C

µ

λ

α

β

• Start with λ and µ, and obtain α and β by surgery:
• ±(tλµ − tαβ) is independent of the orientations of λ and µ,
• (tλ, tµ) local parameter of R∗(S0,4, ∂S0,4,SL2C)−{tλµ = tαβ}

• Using again Goldman’s formula for the Poisson bracket:

ω = ±d tλ ∧ d tµ
tλµ − tαβ
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Free group of rank 3 and SL2C

• F3 = 〈γ1, γ2, γ3〉,
• The map (t1, t2, t3, t12, t13, t23) : R∗(F3,SL2C)→ C6 is a 2:1

branched covering. The variables t123 and t132 are solutions of

z2 + Pz + Q = 0

for some P,Q ∈ Z[t1, t2, t3, t12, t13, t23]. Eg:

t123 + t132 = P and t123t132 = Q

and the branching locus is {t123 − t132 = 0}.

• From the expression for ω and the theorem:

ΩF3 = ΩS4,0 = ± 4

t123 − t132
dt1 ∧ dt2 ∧ dt3 ∧ dt12 ∧ dt13 ∧ dt23
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Free group of rank k and SL2C

• Fk = 〈γ1, γ2, . . . , γk〉,
• For k ≥ 3, the 3k − 3 trace functions t1, t2, t12, t3, t13, t23, . . . ,
tk , t1k , t2k define a local parameterization

R∗(Fk , SL2C)−
⋃
i≥3

{t12i = t21i} ∪ {t121̄2̄ = 2} → C3k−3

• A Mayer-Vietoris argument (involving subgraphs with χ < 0)
yields:

ΩFk
= ±2(k+1)/2dt1 ∧ dt2 ∧ dt12

k∧
i=3

dti ∧ dt1i ∧ dt2i

t12i − t21i
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Pants P = S0,3 and SL3C

• The invariant functions of A ∈ SL3C are tr(A) and tr(A−1).

Thm: (Lawton): (t1, t1̄, t2, t2̄, t12, t1̄2̄, t12̄, t1̄2) : R∗(F2, SL3C)→ C8

is a branched covering, branched along {t121̄2̄ = t212̄1̄}
(t121̄2̄ and t212̄1̄ are the solutions of a quadratic polynomial)

• R∗(P, ∂P,SL3C) is defined by fixing t1, t2, t12, t1̄, t2̄, t1̄2̄

(the invariant functions of peripheral elements).

• Using Lawton’s computation of the Poisson bracket:

ω =
dt12̄ ∧ dt1̄2

t212̄1̄ − t121̄2̄

.

• Using the peripheral terms ±
√
−3dti ∧ dtī :

ΩP =
±3
√
−3

t212̄1̄ − t121̄2̄

dt1∧dt1̄∧dt2∧dt2̄∧dt12∧dt1̄2̄∧dt12̄∧dt1̄2.
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