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General setting

o X = G/K symmetric space, o automorphism of (G, K, B).

AX Laplace-Beltrami on X.

Twisted orbital integral Trl7?)[exp(tAX /2)]: integration on orbit
of 7 in GG under o-twisted conjugation.

®

(]

@ Such integrals appear when evaluating o-equivariant traces on
Z =T\ X, compact locally symmetric space.
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Twisted orbital integrals

When vo is semisimple, we have the explicit local formula:

Theorem A (Bismut 2011 for o = 1, L. 2018)
For t > 0, we have

T exp(t(AX /2 — ¢/2)]

e
@ty Sy 70 (2rt)a/2’

J+o explicitly defined analytic function on €, (7).
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A _
Definition of twisted orbital integrals
An explicit geometric formula
Asymptotics of the equivariant Ray-Singer torsion
A theorem of Bismut-Ma-Zhang

@ A highest weight of compact form U of G, E; rep. of G with dA.

o P —C% M with flat connection, F,; = P xo E, flat vector bundles
on M.

@ 7, real analytic torsions for Fj.

e Bismut-Vasserot(1989), Bergeron-Venkatesh(2013), Miiller(2012),
Miiller-Pfaff(2013), Ksenia Fedosova(2015)....
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A fixed point formula : following BMZ

Equivariant case: Fy|qen sequence of flat vector bundles on Z = T'\ X
equipped with action of o.
o Bismut-Zhang(1994): equivariant analytic torsion can be
evaluated on the fixed point set.
° W’Wj(r locally computable forms on fixed point set of ¢ in Z:
W-invariants by BMZ.

Theorem B (L. 2018)
As d — +oo,

d—m(n’)—17-a(Fd)
o o o Yo Si(yo aryp 7'7,‘0 o 1) .
= Y Vol NZ()\X(0)) (D 5;(v0) [WH,]™™) + o(1)

certain elliptic ) o j
classes [v]o fixed pts of o in Z

oscillating
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Our tools

1. Hypoelliptic Laplacian of Bismut interpolates between
the two sides of our formula for twisted orbital integrals.

2. Using Selberg’s twisted trace formula and Theorem A,
we will obtain Theorem B.
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©

(G, K, 0, B) connected real reductive Lie group.
g, ¢ Lie algebras of G, K.

©

Cartan decomposition: g =p @ &.

X = G/K symmetric space, p: G — X.

e o

©

TX =G Xk p, B induces a Riemannian metric on X.

©

X ~ p is of nonpositive sectional curvature.
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The twist o

(]

o € Aut(G, 0, B), acts on X isometrically.

7 C Aut(G) compact subgroup generated by o:

(4]

G'=GxX¥, KT'=KxX? X=G/K".
o If h € G, twisted conjugation,

C7(h)y = hya(h™') € G.

©

Twisted centralizer of v € G:

Zy(y) ={h € G: C(h)y =~}
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Twisted orbital integrals

(]

p¥ : K7 — Aut(F) unitary representation.
o F=(G xg F =G xXgo E Hermitian vector bundle on X.

o @ a G-invariant integral operator acting on C®(X, F) with
kernel ¢(g) € End(E),

lg(g7"q")| < Cexp(—C'd*(pg. pg")).

(]

If vo semisimple, twisted orbital integral

Thl[Q] = z (\G Tr”[p" (0)q(g~ " vo(g)))dy.

We need a geometric interpretation for Trl?) Q]

©
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Semisimple isometries

o If ¢ € Isom(X), displacement function

dy(z) = d(x, ¢

@ d, convex function on X.

@ ¢ semisimple < d, reaches its infimum my in X.

©

X(¢) = d;l (my) closed convex subset of X.
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The minimizing set for vo

(]

Take v € G such that yo € Isom(X) semisimple.

(]

After conjugation, one has
y=e%k"' acp, ke K, Ad(k V)o(a) = a.

° My, = |al.

X (o) symmetric space associated with Z,(7):

(]

X(vo) =Zs(7)/ Ko (7), Ko(v) = KN Zs(7).

° X ~p, X(v0) 2 po(7).
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Normal coordinates to X (yo)

Normal bundle to X (yo):

geodesic coordinates

X.

Nx(vo)x = Zo(V) Xy () Pa (V)

dyo(f) Z lal + Colf]
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Geometric twisted orbital integrals

Nxoyx = X

dyo(f) Z lal + Colf
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We will compute twisted orbital integral for heat
kernel on symmetric spaces.
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Casimir operator

o Ug enveloping algebra ~ left-inv. diff. operators on G.
e (% € Ug Casimir operator associated with (g, B):

C’g:fZefei:f Z e? + z e2.

p part t part
——
Ct

o (9 descends to C%¥ acting on C°(X, F):

Cg.X o 7AX’F 4 CE‘,E'
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Elliptic operator £X on X

o LX = %Cgfx + %(,‘ with ¢ a fixed constant.
£X self-adjoint, Bochner-like Laplacian.

It commutes with action of G7 on C*(X, F).

(]

(]

o Goal: an explicit formula for TrlV) [exp(—t£X)].

(]

Adapt Bismut’s proof for the semisimple orbital integrals:
hypoelliptic deformation.
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ser torsion

o LX = %CE’X + %c with ¢ a fixed constant.
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e Dirac operator of Kostant as square root of C® 4 ¢ acting on
C=(G, A (g")).

e Harmonic oscillator along fiber of flat vector bundle on X.
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The hypoelliptic Laplacian

o N = G x g € vector bundle on X.
X the total space of T: TX ®ON =G xgg— X.

(]

Hypoelliptic Laplacian of Bismut £;\ |,~¢ acts on

©

C®(X,7* (N (T*X ® N*) @ F)).

o Explicit formula:

X _ E\D/N YTX]|2 N L(,All\ N v 2 "+ NA (T XON™)
bl o 2b2 b2
Harmonic oscillator
+ E(V:TA(J NONFA(TTXENDEE) L _order geometric terms )

generator of geodesic flow

e Observation: the hypoelliptic Laplacian commutes with G7.
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Twisted orbital supertrace

o (B. 2011) For b> 0, t > 0, exp(—tL;*) has smooth kernel
(1,?3((;17, Y), (@, Y")).
e Fort >0, be€]0,M]:

G5, Y, (&, Y)| < Cexp (= C'(d(w,a') + [V + V'),
o Twisted orbital supertrace: Try V) [exp(—t£¥)].

Try D exp(—tL£Y))]
- Te N T XONIOE (o5 (£, V), 90 (£, Y)r(f£)df Y.
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A fundamental identity

Theorem (Bismut 2011 for o = 1, L. 2018)
For b > 0,t > 0,

b exp(—t£%)] = Tre exp(—££))).

o Ty, [-] supertrace on algebra of G?-invariant kernels.

o Right-hand side does not depend on b > 0 like McKean-Singer
index theorem.

o (B.2011) As b — 0,

1 1 2 /2
G5 (@), (Y1) = P (oo H VPP,
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Asymptotics of the equivariant Ray-Singer torsion

Making b — +o0

o As b — 400, generator of geodesic flow Vyrx dominates.

e Fort > 0: pu(x, YIX) = yo(z,YT¥) = 2 € X(y0).

o Evaluation of Tr,"[exp(—t£;¥)] can be localized near X (o).

o After rescaling near X (yo), ¢ ((z,Y),yo(z,Y)) near X (yo)
converges to heat kernel of a model operator as b — +o00
involving the geometry of normal bundle Nx(y4)/x-

o ‘Rescaled’ twisted orbital supertrace of the model operator
Jo (YY) with Y € £,(7).
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The function J,,(Y)

Depends on the action of yo on g = p @ ¢.

Formula of J,,(Yy), Yy € &(v)

hal¥o) = | det(1 — Adl(“ 1/2 4(713(1(1/02)\%@))
't 19)) 354112 Aiad(Ye)le, (7))
[ 1 det(1 — e—md<Yo”>Ad(k—1o—))%m}
det(1 — Ad(k~10))[;2 () det(l — e 0D Ad(k—10)) |1 ()]



Overview

Definition of t ed orbital integral

n explicit geometric formula

Asymptotics of the equivariant Ray-Singer torsion

The function J,,(Y)

Casimir operator
Hypoelliptic Laplacian
An explicit geometric formula

Depends on the action of yo on g =p & ¢.

Bingxiao LIU Twisted trace formula 24/36



Casimir operator
Hypoelliptic Laplacian

An explicit geometric formula A lintt somateie formula

The function .J,,(Yf)

Depends on the action of yo on g =p @ &.

Formula of J,(Yy), Yy € ¢, (7)

(Y = 1 g(iad(Y(f)\p )
70 (Yo) = det(1 — Ad 1/2 3 €
| det( (YDl 12 AGad(Y)e, ()
1 det(l — C_lad(y )Ad< -1 ))léJ_ (’Y) 1

det(1 — Ad(k~10))|1 () det(l — eI Ad(k™10))y ()

Bingxiao LIU Twisted trace formula 24/36



Overview

Definition of twisted orbital integrals

An explicit geometric formula

Asymptotics of the equivariant Ray-Singer torsion

An explicit geometric formula

Put p = dimp,(vy), ¢ =dimé,(v), r =p+q.

For ¢ > 0, we have

2
- exp(—|a|®/2t
TeD N exp(—t£X)] = ((27rt)1|1/é )

¢
e\.E[ E(7.—1 B e\~ YS /2t dYy
‘/&7(7) ']ArU(YE] )TI [f) (k U) exp( Lp (Yv(] ))}6 o (2’/Tt)q/2 .
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Geometric setting

o pf G - E, F =G° xgo FE ~ X x E with flat connection V7.

e X7 acts on F — X preserving V7.

e I' C G discrete, cocompact, torsion-free subgroup such that
o(l)=T.

e Z =T\ X compact smooth manifold.

@ X% actson F' — Z.

(]

D% ¥ Hodge-de Rham operator:

D% = d" 4 d"*.
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Equivariant analytic torsion

o If s € C, Res large enough, put

Vo(s) = —Trg[No[DZ 2Pt por].
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A family of representations of G

o U compact form of G with Lie algebra u = £ @ ip.

Unitary trick: representations of G can be constructed from
representations of U.

U =UxX°.

Take A fixed by o, irreducible representation of U extends to
representation of U?.

This gives representation of G°.
For d € N*, representation E, of G with highest weight dA:

Eq=H®Y(My, LY).
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Nondegeneracy condition and spectral gap

o (Ey4, pPe) defines a family of flat vector bundles F,; on Z
equipped with action of o.

e Nondegeneracy condition (BMZ):
u(My)NeE =0+ Wyrnty, =0.
o By BMZ, Miiller-Pfaff, if X is non-degenerate, one has spectral

gap
D%Fa2 > ¢q2 — (.

e For d large enough: H' (Z, F;) = 0.
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Asymptotics of equivariant analytic torsion

A fixed point formula:

Under the non-deg. condition, as d — +o0,
d—m(o)—lz];(Fd)
= > VTN Z,\X(y9)) (D 55(70)" [W,]™) + o(1).
~——

certain elliptic i ]
classes [v]o fixed pts of o in Z

oscillating
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Non-elliptic elements do not contribute

1/d +oo
@ Mellin transform: / e +/ .
0 1

/d
———

main term O(ecd)

o Selberg’s twisted trace formula:
m Z,F 4,2
TH[(N = 2o exp(—(DPTo2 /2)] =

> Voll N Zy ()X (o) T[N = ) exp(~DXF2)]
[1]e€Cs(T)
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Non-elliptic elements do not contribute

1/d +oo
@ Mellin transform: / e +/ .
0 1

/d
—_———

main term O(e—cd)

o Selberg’s twisted trace formula:
m Z,F 4,2
TH[(N = 2o exp(—(DPTo2 /2)] =

> Voll N Zy ()X (o) T[N = ) exp(~DXF2)]
[1]e€Cs(T)

o Using spectral gap and small time estimates on heat kernel,
contribution of non-elliptic classes = O(e~?).
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twisted orbital integral vanishes (extension of a result of
Moscovici-Stanton (1991)).

e Only certain elliptic classes (with r,(y) = 1) contributes to
leading term of asymptotics.
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When 7,(v) =1
Ifro(y) =1, as d = +o0
n(yo)—1 O\ el ™ DX Fa2 /o2
d~ 1+ 2td )Ty [(\ 5 ) exp(—tD /2d )}
=23 si(po)! @+ o).
- oscillating terms

Where d{ are locally computable real diff. forms on X (yo) used to
define the W-invariants.

e May assume v = k™! € K.

e Apply Theorem A to Trg [l [[]:

. &P /
Tr ]H - Woxp(ﬁ...)
Y A (p™) Yy iy/d d?}
J,g o Tq y - 2t) ——
[ e L e o expl ol /20
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When 7,(v) =1
Ifry(y)=1,as d = +o0
d—n('ya)—l(l + Qt%)TrS[’YU] [(N _ %) exp(—tDX7Fd’2/2d2)}

=2} 500! [+ o),

oscillating terms

Where d{ are locally computable real diff. forms on X (yo) used to
define the W-invariants.
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When r,(y) =1
Ifry(y)=1,as d = +o0
d—")=1(1 4 Qt%)TrS[W] [(N - %) exp(—tD* 742 /24)]
=23 500! @™+ 0@,

Where d{ are locally computable real diff. forms on X (yo) used to
define the W-invariants.

e May assume v =k~ ! € K.
o Apply Theorem A to Try"1[:

dr ¢
e )

Y (p* ) i
[ eyt o B, (oe ) exp(-lyi? 20
y€Ls ()

Tr, [vo] []=

_dy
(2mt)a/2”
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When r,(y) = 1: continued

e 77 M, fixed point set of yo on My:
YT My, = U7 M.

o Uy(7) acts on L)y

vo g DH integral R7,, (y) on u (7).

@ s;(vyo) represents action of yo on Ly o M -

e Kirillov formula (cf. Berline-Vergne 1985): for y € u,(7), as
d — 400,

X]_‘}d(”//o'()'y/d ]n(,cr)z dR] (U)+O((171'(WU>71).

o Z,(y) = X(yo) with a flat connection form ws= (),
o BMZ: RJ_ gives d! (under condition ro(y) = 1).
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When 7,() = 1: continued

Y7 My fixed point set of yo on My:

77 My, = U, M.

U,(7) acts on L,\|WM§: DH integral R7,, (y) on u (7).

5j(y0) represents action of yo on Ly|,s -
A

o Kirillov formula (cf. Berline-Vergne 1985): for y € u,(7), as
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U,(7) acts on L,\|WM§: DH integral R7,, (y) on u (7).

5j(y0) represents action of yo on Ly|,s -
A

o Kirillov formula (cf. Berline-Vergne 1985): for y € u,(7), as
d — +o00,
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o Z,(y) = X(yo) with a flat connection form w3,
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d — +o00,

XEa(oev!?) = A0 N 55 (o) RY, (y) + O(d" 7)),

J
@ Zy(y) = X(yo) with a flat connection form wie (),
e BMZ: R/, gives d? (under condition ro(y) = 1).

Bingxiao LIU Twisted trace formula 34/36



Overview

Definition of t 1 orbital integrals

An explicit geometric formula

Asymptotics of the equivariant Ray-Singer torsion

Equivariant analytic torsion
A family of flat vector bundles
Asymptotics of equivariant Ray-Singer torsion

W-invariants for fixed point set

Bingxiao LIU Twisted trace formula 35/36



Overview

Definition of twisted orbital integral

An explicit geometric formula

Asymptotics of the equivariant Ray-Singer torsion

Equivariant analytic torsion
A family of flat vector bundles
Asymptotics of equivariant Ray-Singer torsion

W-invariants for fixed point set

o For A\ non-degenerate, W-invariants associated with Z,(vy) are

, ‘oo dt
0

Bingxiao LIU Twisted trace formula 35/36



Overview
Definition of twisted orbital integra
An explicit geometric formula
Asymptotics of the equivariant Ray-Singer torsion

Equivariant analytic torsion
A family of flat vector bundles
Asymptotics of equivariant Ray-Singer torsion

W-invariants for fixed point set

o For A\ non-degenerate, W-invariants associated with Z,(vy) are
: oo Ldt
0

@ They are local invariants on fixed point set of ¢ in Z.

Bingxiao LIU Twisted trace formula 35/36



Equivariant analytic torsion
A family of flat vector bundles

Asymptotics of the equivariant Ray-Singer torsion Asyrpieiies of eamivarimn Rey=singer iemen

W-invariants for fixed point set

o For A\ non-degenerate, W-invariants associated with Z,(vy) are
: oo Ldt
Wi, =— /0 di —.

@ They are local invariants on fixed point set of ¢ in Z.

As d — +o,

d—m(a)—lznr(Fd)
= Y Vol(T'nZ,(7)\X(y0)) Zs] v0) (W2,]™™) + o(1).
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classes [v]o
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