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Diffusion process
SDE on R”

dx(s) = —-avVds+ %(V -a)ds+ /2610 dw(s),
Infinitesimal generator

ﬁz—aVV.VJr%(Va)-VJr%a:VZ

> (% (eﬂ‘/a,-j;X/) :

1<ij<n

efV
B
Invariant measure

1
du = p(x)dx,  p(x) = >e o,

where Z = [, e=#VdXx.

Assumptions: smooth coefficients, a = oo " is elliptic, - - -
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Effective dynamics

Reaction coordinate: ¢ :R"” — R™.
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Effective dynamics

Reaction coordinate: ¢ :R"” — R™.
Ito’s formula

dei(x(s)) =L&(x(s))ds + /28~ ZZB&UU x(s)) dw;(s).

i=1 j=1
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Reaction coordinate: ¢ :R"” — R™.
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dz(s) = b(z(s)) ds + /2515 (z(s)) dw(s
ForzeR™ 1</ k<m,

bi(z) =E,,,(L£),
@n(2) =57 n(2) = Epu (3 2y %),
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Effective dynamics

Reaction coordinate: ¢ :R"” — R™.
Ito’s formula

d¢i(x(s)) =L£&/(x(s))ds + /25~ Zzag’a,, (s)) dw;(s) .

i=1 j=1

This motivates the effective dynamics’

dz(s) = b(z(s)) ds + /2515 (z(s)) dw(s
ForzeR™ 1</ k<m,

bi(z) =E,,,(L£),
@n(2) =57 n(2) = Epu (3 2y %),

ij=1

= b=E, (L&), 7= [E.(VeaveT))2.

1. Legoll and Leliévre, Nonlinearity, 2010 .
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Conditional expectation 1,
On the level set ¥, = { x eR"

&(x) = z}, given by

dpz(x) = sz)p(x) [det(veve) ()] * dva(x).
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Conditional expectation 1,
On the level set ¥, = { x eR"

&(x) = z}, given by

dpz(x) = sz)p(x) [det(veve) ()] * dva(x).

vV f:R" — R, co-area formula gives

/Rn fx)p(x) dx:/m (/z f(X)sz) Q(z) dz

_ /R K [ 1000(03(6) - Z)ax) dz
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Conditional expectation 1,
On the level set ¥, = { x eR"

&(x) = z}, given by

dpz(x) = sz)p(x) [det(veve) ()] * dva(x).

vV f:R" — R, co-area formula gives

/Rn fx)p(x) dx:/m (/z f(X)sz) Q(z) dz

L (] #00000(60x) ~ 2)a) oz

- o

—@ /R H)p()5(E(x) — 2)x

=Eu(f[E(x) = 2).
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Generator of effective dynamics

Zb—+1 DT
1oz, 5// ~ " ozozy
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Generator of effective dynamics

L= ibi+12a ”
1 ’82, ” ~ " 82,82,/’

Suppose f(x) = f(£(x)), g(x) = g(&(x)). Using chain rules,

R TR Ny N i
Lf = Z(Lg,)afxl + B Z (I]z_: aj—— OX; (‘9)(] ) 02,0z

— [ (£ngodx = / E,..(L)§Q(z) 0z — / (£F)3Q(2) dz

m
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Generator of effective dynamics

L= Zbi+12a ”
1 ’82, ﬂ” ~ " oz0zy 82,82,/

Suppose f(x) = f(£(x)), g(x) = g(&(x)). Using chain rules,

m f T I 9g 06 03f
Lf :Z(ﬁfl)a*x/ + 3 Z ( z_: al/axl ax; ) 92,02y

— | (chgpdx = / E,..(L)§Q(z) 0z — / (£F)§Q(2) dz

m

Proposition 1

The effective dynamics is both reversible and ergodic. And the
invariant measure [u is given by di = Q(z) dz.
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Time scales

Let ; be the orthonormal eigenfunctions of operator —L, i.e.,
—Lp; = iy, with eigenvalues

O=Xp <A <A< e

Similarly, let ¢; be the orthonormal eigenfunctions of operator
—L corresponding to eigenvalues )A;, where

0:X0<X1§X2§---.
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Time scales

Let ; be the orthonormal eigenfunctions of operator —L, i.e.,
—Lp; = iy, with eigenvalues

0:)\0<)\1§A2§-~-.

Similarly, let ¢; be the orthonormal eigenfunctions of operator
—L corresponding to eigenvalues )A;, where

0:X0<X1§X2§---.

Theorem 1 (Min-Max)

Aj =min max  (—Lf,f)
m
Hit1 feHq, [f|=1 ’ ’

fori > 0, where H,.1 is (i + 1)-dimensional subspaces.
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Time scales
Proposition 2

N 1 _ N
Ni <A< A+ E(av(wi —i0&),V(pi —Gio&))u-
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Time scales
Proposition 2

~ 1 - -
Ni <A< A+ E(av(%' —i0&),V(pi —Gio&))u-

Particularly, if

@(x) = (p1(x), p2(X),- -, om(x)) € RT,
§(x) = Fop(x) eR7,

we have

X,‘Z)\,‘, 0<i<m.

1. Zhang, Hartmann and Schiitte, Faraday Discuss., 2016.
2. Nuske, 2018.
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Reaction rate
Disjoint sets A, B ¢ R".

kag: transition rate between A and B in TPT theory 12 :

1 . 9q(x) 9q(x)
k :/ aji(x Xx)dx,
83 e 2 1) oy g P

where q is the committor satisfying

Lg=0, xe(AuB)°
qla=0, qlg=1,

1. Vanden-Eijnden, 2006.
2. E and Vanden-Eijnden, Annu. Rev. Phys. Chem. , 2010.
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Reaction rate
Suppose A= ¢~1(A), B=¢'(B).

}Z’é : reaction rate of effective dynamics.
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Reaction rate
Suppose A= ¢~1(A), B=¢'(B).

}Zx’é : reaction rate of effective dynamics.

Proposition 3

Zaﬁa(q—aos)a(q—aoam

- 1
< Kyz = -
kag < Kzg = kag + / %, ox;

(AUB)° 1T

where q is committor of effective dynamics.

Again, if £{(x) = q(x), then Elfs = KaB.

1. Lu and Vanden-Eijnden, J. Chem. Phys., 2014.
2. Zhang, Hartmann and Schiitte, Faraday Discuss., 2016.
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Simple 2D Example

2 1 2

(2 175 B
VE(X1,X2)—<X1 1) +6<x1+x2 1) ,
§1(X1,X2) = Xy exp(—2x2) and  &(Xy, X2) = Xq
B=20, e=0.1.

2 3 T 5

(a) Potential (b) Committor (c) Eige?nvalues

Kag &1 &
30x102 33x102 48x10?2

Table: Reaction rate kag
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Pathwise error estimates

Aim: compare £(x(s)) and z(s),
when ¢ is nonlinear, multi-dimensional (m > 1).
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Pathwise error estimates

Aim: compare £(x(s)) and z(s),
when ¢ is nonlinear, multi-dimensional (m > 1).

de(x(s)) = (LE)(x(8)) ds + /281 (VEa) (x(s)) dw(s),

dz(s) =b(z(s)) ds + /23~ 15(z(s)) dw(s)
—E,.,(££)(2(s)) ds + /281 [E,,, (VeaveT))? (z(s)) d(s)
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Two guiding examples: linear case 1

Linear reaction coordinate:

Ex)= (X1, X, Xm) =2z,  x=(z,y) eR" xR,

Choose 1
V(z,y) = Vo(z.y) + Vi), 0<e<

a:O-:Inxn
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Two guiding examples: linear case 1

Linear reaction coordinate:

Ex)= (X1, X, Xm) =2z,  x=(z,y) eR" xR,

Choose 1
V(z,y) = Vo(z.y) + Vi), 0<e<

a:O-:/nxn

—> SDE becomes

d2() = — 52 (2(s).9(5)) ds -+ /25 Tdw(s).
yi(s) = — %;;)(z(s),y(s)) ds — 1%‘;}0(3)) ds+ /28~ dw(s).
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Two guiding examples: linear case 2

Linear reaction coordinate:
EX) = (X1, X%, ,Xm) =2,  x=(z,y) R xR,

Choose

/ 0
o= m(>)<m 1 / s O<ox 1
Vs (n—m)x(n—m)
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Two guiding examples: linear case 2

Linear reaction coordinate:
EX) = (X1, X%, ,Xm) =2,  x=(z,y) R xR,

Choose

/ 0
o=|"9" 1, , 0<i<1
Vs (n—m)x(n—m)

=—> SDE becomes

dz() =~ 5 (2(5).y(s) ds + v/25Taw(s).
dyj(s) = — ;gg(z(s),y(s)) ds + 255_1 dw;(s).

16/23



Two guiding examples: linear case 2

dzi(s) = — 2V (2(s).y(s)) ds + v/25 T dwi(s).

82,‘
(1)
V —1
ay;(s) = — ;gyj(z(s),y(s)) ds + 2”6; aw;(s).

(1) is the “averaging system” in the study of multiscale
dynamics.
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Two guiding examples: linear case 2

dz(s) =~ O¥ (2(s). ¥(s)) 05 + /25 Twi(s).
’ - (1)
dy;(s) = — ;g)‘g (z(s),y(s)) ds + 256 aw;(s).

(1) is the “averaging system” in the study of multiscale
dynamics.

Facts:
1. RT=R"M x R"M,

2. pz(y) < e PV(Z¥) is the density used to perform
“averaging”, for fixed z.

8. L=1Lo+ L1, st [gom(Lof)pzdy =0, Vfon R
4. ¢:time scale separation.

1. Pavliotis and Stuart, 2008.
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General case

For a general mapping ¢ : R" — R™, we have

1. 5, ={xeR"|{x) =2z}

2. duz(x) = glzp(x) [det(vgng)(x)] 2 duy(x).
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General case
For a general mapping ¢ : R” — R™, we have
1. 5, ={xeR"|{x) =2z}
2. dis(x) = gl o) det(VEVETI0)] * ava(x).

3. L=Ly+ L4, wWhere

e’V 9 )

_ -8V ;

Lo= B Z OX; (e (an)lj @Xj) ’
1<ij<n

N=/— Y (o7);V4@(avy), o =veave'.

1<ij<m

= [5.(Lof)dpuz =0, Vf:¥, R
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General case
For a general mapping ¢ : R” — R™, we have
1. 5, ={xeR"|{x) =2z}
2. dis(x) = gl o) det(VEVETI0)] * ava(x).

3. L=Ly+ L4, wWhere

eV Q[ _ )
Lo =5 > 37(/(9 6\/(3”)""67)(,-)’

1<ij<n

N=/— Y (o7);V4@(avy), o =veave'.

1<ij<m

S fzz(ﬁof)d,uz =0, Vf:I, >R

1. Leliévre and Zhang, 2018.
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Pathwise error estimates: Assumptions

1. |b(z) - b(Z)| < Loz~ 2|, ||5(2) — ()| < Lolz— Z/|.
2. Define A = (VeaveT)?, and
K2 ::Z/ (NVLE) - (aNVLE) dp < +oo,

= Y / (MVA;) - (aNVA;j) du < +o0.

1<ij<m

B
N

3. pz and &; satisfy the Poincaré inequality with a uniform
constant p > 0, i.e.,

2 A
f2du2—</ fduz) < —&(f,f), Vf:X,—R.
Y, p P
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Pathwise error estimates

Theorem 2
x(s) satisfies

dx(s)=—-avVds+ %(V -a)ds++/28-'ocdw(s), s>0,

starting from x(0) ~ u, and z(s) is the effective dynamics

dz(s) = b(z(s)) ds + /28 15(z(s)) dw(s),

with z(0) = £(x(0)). Forallt > 0,

(a0 < 5
4812

where L = 3L5 + ~5= + 1.

1. Lelievre and Zhang, 2018.

32&%
B

)eLt,
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Pathwise error estimates: proof

1. Coupling of noise: dw(s) = (A~1V¢o)(x(s)) dw(s),
A= (VeaveT).

1. Legoll, Lelievre and Olla, Stoch. Process. Appl., 2017.
2. Lyons and Zhang, Ann. Probab., 1994. 21 / 23



Pathwise error estimates: proof

1. Coupling of noise: dw(s) = (A~1V¢o)(x(s)) dw(s),
A= (VeaveT)z.
2. p(x) = (LE)(x) — b(¢(x)), V¥ x€R
d(E(x(s)) - 2(s)
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Pathwise error estimates: proof

1. Coupling of noise: dw(s) = (A~1V¢o)(x(s)) dw(s),
A= (VeaveT)z.
2. p(x) = (LE)(x) — b(¢(x)), V¥ x€R
d(E(x(s)) - 2(s)
=(x(s)) ds+ [B(¢(x(s))) — B(z(s))] ds + 1/26=1 [A(x(s)) - 5(2(s))| dW(s).

3. Forward-backward Martingale approach'2

~ | [ ] 2
up < .
o<t <t 2802

1. Legoll, Lelievre and Olla, Stoch. Process. Appl., 2017.
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Pathwise error estimates: proof

1. Coupling of noise: dw(s) = (A~1V¢o)(x(s)) dw(s),
A= (VeaveT)z.
2. p(x) = (LE)(x) — b(¢(x)), V¥ x€R
d(£(x(s)) — 2(s))
=(x(s)) ds+ [B(¢(x(s))) — B(z(s))] ds + 1/26=1 [A(x(s)) - 5(2(s))| dW(s).

3. Forward-backward Martingale approach'2

~ | [ ] 2
up < .
o<t <t 2802

4. 5= [E, (A2)]2 Lieb’s concavity theorem

A— (E,uzA) © gHi‘ .

= E,,

A—&ofHFSZEHZ

1. Legoll, Lelievre and Olla, Stoch. Process. Appl., 2017.
2. Lyons and Zhang, Ann. Probab., 1994. 21 / 23



Pathwise error estimates: linear cases

Corollary 3

Letx = (z,y) and é(x) = z. L=3L2 + 48;5 11

1. (Case 1) Potential V = Vo + 1 Vy. 3eg > 0, s.t. when e < «,

62
E( sup Je(x(9) - 2(9)°) < Z e

0<s<t
for some C, > 0 independent of e and K.

2. (Case 2) We have
5
E( sup [e(x(s) — 2(s)7) < Eet,
0<s<t Po

for some C, > 0 independent of 6 and pq.
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Conclusion

Summary
1. effective dynamics
2. properties on eigenvalues and reaction rates

3. pathwise estimates (nonlinear, vector-valued ¢)

Related topics
1. numerical methods

2. non-reversible case (U. Sharma)
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Conclusion

Summary
1. effective dynamics
2. properties on eigenvalues and reaction rates

3. pathwise estimates (nonlinear, vector-valued ¢)

Related topics
1. numerical methods

2. non-reversible case (U. Sharma)

Thank you !
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