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The non-linear equation

Given
@ E a Polish space

o L the generator of a Feller Markov process on E
e For all v € P(E),

» A\, E— Ry ajump rate

» @, : E — P(E) a Markov kernel,

and denoting A’ the dual on measures of an operator A on functions,
(Av)f = v(Af),
we are interested in t — m; € P(E) that solves, in some sense,
ormy = L'me+ QL (Ameme) — Ameme .

Perturbative regime : small non-linearity, long-time behaviour.
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The non-linear process

Given t — ¢ € P(E) measurable and mg € P(E),
@ Draw Xy ~ mg
o Let ()N(t)@o be a Markov process associated to L with Xy = Xo.
o For F ~ &(1) independent from (X;):>0, let

t ~
T = inf{t>0, F>/ )\MS(XS)ds}
0

o Set X; = X; for all t € [0, T) and draw X7 ~ Q,,(XT)
@ Repeat
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The non-linear process

Given t — us € P(E) measurable and mg € P(E),
@ Draw Xy ~ mg
o Let ()N(t)@o be a Markov process associated to L with Xy = Xo.
e For F ~ £(1) independent from (X;)¢=o, let

t ~
T = inf{t>0, F>/ )\Ms(Xs)ds}
0

o Set X; = X; for all t € [0, T) and draw X7 ~ Q,,(XT)
@ Repeat
Then my = Law(X:) := V(t, (1s)s>0, mp) formally solves

8tmt = L,mt + Q;Lt ()\Mmt) — )\“tmt .
Definition

We say t — m; is a solution of the non linear equation if for all t > 0
me = w(t) (mS)SZ()a mO)-
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Motivations

@ Biological modelling (neurons, chemotaxy)

@ mean-field games

@ stochastic algorithms with selection/mutation, adaptive biasing force,
Flemming-Viot, etc.

e MC, PDMP or hybrid diffusion/jump sampler for mean-field equation
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Mirror coupling for the heat equation
Let (Bt)¢=0 be a 1-d Brownian motion, x,y € R/Z.
Xt = X+ Bt YVt > 0

y— Bt fort < Tmerge :=inf{t >0, 2By =y — x}
Yt =
X for t > Tmerge -

Denoting P; = ef2 the heat semigroup on R/Z, then
XtN(Stha YtNayPty {Xt: Yt} = {t>7'merge}-
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Mirror coupling for the heat equation
Consider the total variation distance

lv = pllrv = sup |vf —puf|=2 Enf )IP’(X #Y)-

flleo<1
with M, v) == {(X,Y),X ~ pu, Y ~ v} the set of couplings of p and v.

Let (X¢, Y¢) be the mirror coupling starting at an optimal coupling
(Xo, Yo) of p,v € P(R/Z).

[vPe — pPellrv < 2P(X: # Yr)
< 2P(X0 #+ YO)P(Tmerge >t | Xo # Yo)
< v =pllrv (1 —a(t)
with
a(t)=P(Is< tst. 2B € {-1,1}) >0
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Coupling for the non-linear process
Consider the non-linear process given by L and p— A, Q.

Assumption

There exists Ay > 0 such that for all n € P(E) and x € E, \,(x) < .. J

For ()N(t, \N/t)t>0 such that (5(0, %) is an optimal coupling of mg, hy € P(E)
and each marginal is a Markov process with generator L, let

Tmerge = inf{t >0, X; = Yt}
Let (X;)¢=0 be a non-linear process with X; = X; up to time
t - 1
T = inf{t>0, F>/ Ams(Xs)ds} > )\—F.
0 *
Then
P(X=Yy) > P(X =V & F>A\t) > a(t)e ™
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Coupling for the non-linear process

If t — m;, hy be two solutions of the non-linear equation,
2P (X: # Yt)

<
< 2P(Xo # Yo) (1 — a(t)e ™) + 2P (X, # Ye & Xo = Yo)
< [Imo — holl v (1 — &@(t)e ") + 2P (X, # Y | Xo = Yo)

[me — hellTv

Even if X; = Y; at some point, still, m; # h;, hence the dynamics of X
and Y are different: they may split.
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Parallel coupling for diffusions

For diffusions, consider

dXt = a(Xt, t)dt + dBt
dY, = b(Y t)dt +dB,
= d(Xt — Yt) = (a(Xt, t) — b(yt, t)) dt.

For instance, if X; = (Xit)ic1,n) are N independent McKean-Vlasov
processes and Y; = (Y] t)icp1,n] @n associated cloud of mean-field
interacting particle, we get

ebt

E (|X1,t — Yl,t|2> < N
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Synchronous coupling for jump processes
M’ 2018, Durmus-Guillin-M' 2018, consider two Markov semi-groups

Litf(x) = LF(x)+Xie(x)(Qief(x) = f(x)), i=1,2.
Given an initial condition x € E, define (X}, X2)¢=0 with X} = X2 = x in
such a way that

o (X{)t=0 is a Markov process with generator L; ;.

@ As much as possible, the processes jump at the same time.

o If they jump at the same time, as much as possible, they jump to the
same point.

Set Topir = inf{t >0, X} # X2} and

n(t) == sup ||L1+f — Lo¢f]|oo -
flloo<1

Then

t
H‘SXP&,t - 5X'Dg,tHTV < 2P (TSP/it < t) < 2 (1 —e f" n(s)ds) :
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Synchronous coupling for jump processes
For i = 1,2, consider t — mi two solutions of the non-linear equation.

Assumption
There exist 0 > 0 such that for all v, € P(E),

sup H)‘V(Quf_f)_)‘u(Quf_f)”oo < Oy —pllrv

[fllo<1

Ex: Q, = Q for all v and A, = [ gdv for some bounded positive g.

From the synchronous coupling of processes with generator

Liv = Lt Ay (Qu— 1d)

we get

t
Hm% . m%HTV < Hmé _ m(2)HTV + 2 (1 . e—@j;) ||m§—m§Tvds)

t
< flm = mllry 26 [ lmk = m2] ryds
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Contraction of the TV for non-linear processes

Imé = mEllry < llmb = mBllry (1= G(t)e™) + 2P (rne < t1X0 = ¥0)
t
< lmb— mBll (1 = d(e)e ) +20 [ md — m2l|ryds
t
< lmb = mElrv (1= a(e)e ) +20 [ mb— 7y

< Im§ = mBliry (1= a()e ™t +2(e” — 1))
If there exist ty such that a(tp) > 0, given € is small enough,
1 2 1 2
Mg, — millrv < &llmg — mgl| v
for some k € (0,1) and then for all t > 0,
lm¢ = millrv < el mg — mj| 7y .

(Similar result in Cafiizo-Yoldas 2018 for a neuron model)
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Exemple
Let E = (R/Z)?, U € C(E), W € C(E?), B> 0, find V such that

[z W(x, z)e PV()dz )
T e Ve 1)

V(x) = U(x)

Proposition
Suppose that (5 is small enough so that

p = o~ Blosc(U)+osc(W)) _ 4osc(W)p (eﬂ(osc(U)—l—osc(W)) — ]_) > 0,

with osc(f) = maxf —minf. Then (1) admits a unique solution.

Proof: consider a (non-linear) Metropolis-Hasting chain with uniform
proposal with target oc exp(—B(U + m¢(V))). Then

lmg = mglrv < e |lmg — mllTv,

and V solves (1) iff exp(—FV) is an equilibrium of the non-linear chain.
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© Extensions
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With a Lyapunov function
In the previous argument, we used that there exists ty, « > 0 such that

sup [|oe™t — g ety < 2(1—a).
x,yeE

Less restrictive assumption (Foster-Lyapunov + local Doeblin) :
@ There exists V : E — [1,00), M > 0 and v € (0, 1) such that

e V(x) < W)+ (L—7)M.
e For all x,y € E with V(x) + V(y) < 4M
[0xe®t — 6 ety < 2(1—a).

Then, e'l contracts (a norm equivalent to)

l=vly = [Veu-vid) = inf  E(Lxey (V0X) +U(Y))

(Meyn-Tweedie 1993, Hairer-Mattingly 2008)
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Non-linear analoguous

Assumption

e Lyapunov-type condition : there exists V : E — [1, 00),
M, p, px, v« > 0 such that for all t > 0, x € E, p € P(E) and t — m;
solution of the non-linear equation,

my(V) <
tLV(X) <
v(Y) <

o (Linear) local Doeblin condition : YC > 0, 3a, tg > 0 such that

Prmy(V)+ (1—e ") M
-ty(x)
¥V (x) almost surely if Y ~ Q,(x)

e
e

V(x)+V(y) < C = |oxce®t — 8, ety < 2(1-a).
o Control on the non-linearity : there exists § > 0 such that

sup[[Au(Quf = 1) = Au(Quf = Flloe < Ollv = pilly

lIfllo<1

v
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Non-linear analoguous

Theorem

Under the previous assumption, if mg(V) < oo then a unique solution

t — my of the non-linear equaiont exists. Moreover, there exist

C,r,0, > 0 such that if 8 < 0, then there exists a unique equilibrium me,
and for all t > 0 and mg € P(E) then

[m: — moolly < Ce "mo(V).

Proof :
@ 33% contraction of Hairer-Mattingly
@ 33% synchronous coupling

@ 33% elbow grease
e 1% faith
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Interacting particle system

Let N € N and for all i € [1, N] consider L; the generator of a Feller
process on E, \; : EN - R, and Q; : EN — P(E). Define a Markov
process (X t)ie[1,n],ez0 by:

o Let (Xit)e=0 be a Markov process associated to a generator L;
o For Fj ~&(1), let T =inf{T;, i €1, N]} with

t ~
T, = inf{t>0, F,'>/ )\,-(Xs)ds}
0

o Set X = )~<,-,t for all t € [0, T).
o If T =T, draw Xj 7 ~ Q;(X7). Else, set X; 1 = )N(,-,T.
@ Repeat
Exemple: if non-linear y1+— Qu, Ay, then \i(x) = Ay, (x)(xi) with

un(x) = %Z&X,.
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Interacting particle system (total variation)

Assumption

There exists A, 0, to, « > 0 such that, for all i € [1, NJ,
o \i(x) <\ forall x € EN and i € [1, N].
e for all x,y € E with y; = x;,

N
[Ai(x) (Qi(x) = b)) = Ai(¥) (Qi(y) = 6y) [0 < %Z X2y
j=1

e forall x,y € E,

el — 5 el < 2(1—a).

Remark :

PP (the N particles all merge at time to) > (ae )N
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Interacting particle system (total variation)

Theorem
Under the previous assumption, denote (P,_EN))t>o the semi-group

associated to (Xi t)ie[1,n],¢>0, then

||m0P§N) _ hoPgN)HTv < Ne' (tho . ae—A*to>Lt/toJ 1mo — holl7v .

Moreover, denoting m/, and h; the respective laws of X;; and Y} where

X; ~ moP,_gN), Y;: ~ hoP,_gN) and | is uniformly distributed over [1, N] and
independent from X; and Y:, then

Lt/t0]

Im = Ky < e (e —ae )™ ||mf — ol v -

Proof : couple particle independently. Try to keep together those who
have already merged with synchronous coupling.
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Interacting particle system ()-norm)
Theorem
Again,
° \i(x) < A
e Lyapunov-type condition (similar as the non-linear case)
@ Local Doeblin condition (same)
e for all x,y € E with y; = x;,

N
00 (@) = 8) = AN (@) = ) e < 30 3 Ly

Then, nice decay in the V-norm.

The analoguous of the non-linear theorem would be

0 N
ths < 5D gy (Vi) + V(%) -
j=1
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To go further

@ Self-interaction processes (memory, delay)

Interactions more general than mean-field

e Link with the sticky coupling for diffusions (via Euler discretization)

Solve the problem of the V;(X; ) in the interacting particle case

@ Propagation of chaos (coupling between interacting particle and
independent non-linear processes)
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To go further

@ Self-interaction processes (memory, delay)

Interactions more general than mean-field

e Link with the sticky coupling for diffusions (via Euler discretization)

Solve the problem of the V;(X; ) in the interacting particle case

@ Propagation of chaos (coupling between interacting particle and
independent non-linear processes)

Thank you for your attention !

Pierre Monmarché (LJLL & LCT) Non-linear couplings 20/09/2018 23/23



	The basic argument
	Extensions

