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> 0 < e < emax: irreducible, aperiodic, not reversible

Stationary distribution: my = 2( 1,14 ¢,¢ 4 2e2)

7](
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Speed of convergence to 710.;

Eigenvalues of P: Ao =1
A =1-2e3+0(e%)
A =1—e+0(g?)
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Main question

How to easily determine leading term of spectral gap 1 — \1?
> Linear algebra/analytic methods (singular perturbation theory), e.g.
[Schweitzer 68, Hassin & Haviv 92, Avrachenkov & Lasserre 99]

> Probabilistic methods, e.g. [Wentzell 72, Freidlin & Wentzell 70s, Beltran
& Landim 2010, Cameron & Vanden—Eijnden 2014, Betz & Le Roux 2016,
Cameron & Gan 2016]

Trace process and metastability September 20, 2018 2/14



Main question

How to easily determine leading term of spectral gap 1 — \1?
> Linear algebra/analytic methods (singular perturbation theory), e.g.
[Schweitzer 68, Hassin & Haviv 92, Avrachenkov & Lasserre 99]

> Probabilistic methods, e.g. [Wentzell 72, Freidlin & Wentzell 70s, Beltran
& Landim 2010, Cameron & Vanden—Eijnden 2014, Betz & Le Roux 2016,
Cameron & Gan 2016]

Some probabilistic tools:
> W-graphs
> Lumping of states

> Speeding up time

Trace process and metastability September 20, 2018 2/14



Main question

How to easily determine leading term of spectral gap 1 — \1?
> Linear algebra/analytic methods (singular perturbation theory), e.g.
[Schweitzer 68, Hassin & Haviv 92, Avrachenkov & Lasserre 99]

> Probabilistic methods, e.g. [Wentzell 72, Freidlin & Wentzell 70s, Beltran
& Landim 2010, Cameron & Vanden—Eijnden 2014, Betz & Le Roux 2016,

Cameron & Gan 2016]

Some probabilistic tools:
> W-graphs
> Lumping of states
> Speeding up time
> Here: trace process
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Trace process

X finite, {X,}nen, irreducible aperiodic M.C., transition matrix P, AC X

> Process killed upon leaving A: Pa(x,y) = P(x,y) i, yea
> Trace process on A: process monitored only when in A
AP(x,y) = PX{XT;:}/}: 4 =inf{n>1: X, € A}
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Trace process
X finite, {X,}nen, irreducible aperiodic M.C., transition matrix P, AC X
> Process killed upon leaving A: Pa(x,y) = P(x,y) i, yea

> Trace process on A: process monitored only when in A
AP(x,y) = PX{XT;:}/}: 4 =inf{n>1: X, € A}

AP(x,y) = ]P’X{TX = 17X'r;=y} + ]P’X{TX = 27XTX=y}
= P(x,y)+ > P(x,2)Y P{ri =n X _,}

zEAC n>1

= Pa(x,y)+ Y P(x2))_ Pat(z.2)P(Z,y)

z,z' €A n>1

[1—=Pac]=*(z,2')
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Trace process
X finite, {X,}nen, irreducible aperiodic M.C., transition matrix P, AC X

> Process killed upon leaving A: Pa(x,y) = P(x,y) i, yea
> Trace process on A: process monitored only when in A
AP(x,y) = PX{XTX:}/}: 4 =inf{n>1: X, € A}

AP(X’y) = PX{TX = ]"XTX=}/} + IF)X{TA+ D 27X‘r,:r:y}
=P(x,y)+ Z P(x,z) ZPZ{TX =n X}

zEAC n>1
=Pal,y)+ Y. P(x,2)> Pal(z,2)P(Z,y)
z,z' €A n>1

[1—=Pac]=*(z,2')

Matrix representation (Schur complement)

Pa  Paa
P:( . AA> = AP = Pa+ Paac[l — Pac] ' Paca
PACA PAC
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Application to the example
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A nice application of the trace process

Recall: the chain in not assumed to be reversible:
7o(X)P(x,y) # 7o(y)P(y, ) in general
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A nice application of the trace process

Recall: the chain in not assumed to be reversible:
7o(x)P(x, ) # mo(y)P(y. x) in general

Proposition: Vx,y € A

ro(IPH{rf < 7} = (VP {rf <75}

> First proof in non-reversible case: [Betz & Le Roux 2016]
Using mo(x) = 1/EX[77]
> Alternative proof using trace process:

Remark: mg|a is invariant by 4P
Take A= {x,y}. Then

7T0(X) = (WOAP)(X)
= ()P (X = x} + mo(y)P {X,: = x}

= mo(x) [1 — IP’X{Ty+ < Tj}] + mo(y)PY {1 < T;F} O
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Good domains
Definition: For A C X, let
pin(A) = Xlg/f\CIP’ {X1 € A}
pout(A) = SUPPX{XI € AC}
xEA

A'is a good domain if lim Pout(4)
e—0 Pin(A)

=0
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Good domains
Definition: For A C X, let

pin(A) = XIEHIECIED {Xl S A}

Pout(A) = sup P*{X; € A}
XEA

ut(A
A'is a good domain if lim Pout(A) =0
e—0 Pin(A)
Example:
O /6_4\ Q A= {172}
Q= -0
e pin(A) =&
e e? pout(A) = 52
@
U A'is a good domain
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Main idea

For a good domain A,

PA 'DAAC> . . r~y < A’D 0 >
P = is well-approximated by P =
(PAC A Pac PP y Paca Pac
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Main idea

For a good domain A,

PA PAAC> . . r~y < A’D 0 )
P = is well-approximated by P =
(PAC A Pac PP y Paca Pac

Norm: [|Qf) = sup_[[Qplloc = sup [lu@l1 = sup D 1R(x.y)]

lelloo=1 lulli=1 XI5

Lemma: [|P — P|| = 2pout(A) J
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Norm: [|Qf) = sup_[[Qplloc = sup [lu@l1 = sup D 1R(x.y)]

lelloo=1 lulli=1 x4

Lemma: [|P — P|| = 2pout(A) ]

Fact from spectral theory (using complex analysis, Riesz projector):
X simple eigenvalue of P at distance > ||P — P|| from remaining spectrum
= P has unique eigenvalue at distance O(||P — P||) from A
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Main idea

For a good domain A,

PA 'DAAC> . . r~y < A’D 0 >
P = is well-approximated by P =
(PAC A Pac PP y Paca Pac

Norm: [|Qf) = sup_[[Qplloc = sup [lu@l1 = sup D 1R(x.y)]

lelloo=1 lulli=1 x4

Lemma: [|P — P|| = 2pout(A) J

Fact from spectral theory (using complex analysis, Riesz projector):
X simple eigenvalue of P at distance > ||P — P|| from remaining spectrum
= P has unique eigenvalue at distance O(||P — P||) from A

Consequence: If A° = {x} then pi,(A) =1—-P(x,x) =1—-A
1 1 out A

S 1-A=1-3+0(pout(A)) = (1 - }) [1 + o(';T(A)))}

Example: Ay =1 — ¢ perturbs to Ay = 1 — ¢ + O(2)

The argument does not suffice to compare spectra of P4 and 4P
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Laplace transforms
ue C = EX[e""a] exists for [e | > 1 — pin(A) (¥)
Proposition [Feynman—Kac type relation]

Under (x), {(P¢)( x)=e YP(x) xe€ A
(x) ( ) x€eA

admits unique solution ¢(x) = EX[e"™ ¢(X,,)], Ta = inf{n > 0: X, € A}
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Proposition [Feynman—Kac type relation]
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admits unique solution ¢(x) = EX[e"™ ¢(X,,)], Ta = inf{n > 0: X, € A}

Corollary [Reduction to eigenvalue problem on A]

Under (%), Pp=e “¢pinX & ,P'éo=e"¢pinA
where APY(x,y) = ]Ex[e”(T:\r_l) Iy x +:y}] is such that 4P% = AP
TA

Trace process and metastability September 20, 2018 8/14



Laplace transforms
ue C = EX[e""a] exists for [e | > 1 — pin(A) (¥)
Proposition [Feynman—Kac type relation]

Under (x), {(P¢)( x)=e YP(x) xe€ A
(x) ( ) x€eA

admits unique solution ¢(x) = EX[e"™ ¢(X,,)], Ta = inf{n > 0: X, € A}

Corollary [Reduction to eigenvalue problem on A]

Under (%), Pp=e “¢pinX & ,P'éo=e"¢pinA
where APY(x,y) = ]Ex[e“(T:\r_l) Iy x +:y}] is such that 4P% = AP
TA

Proposition

|aP" — aP%|| <

1l caBlrf — 1] _ [1 - e “lpou(A)
1—|1—e Y supyepc EX[t] = Pin(A) —[1 —eY|
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Main result

Theorem
> Non-degenerate case: 3A; C Ay C --- C A, = X s.t.
#(Ak+1 \ Ax) =1, each Ay good set for 4, ., P
Renumber states s.t. Ax = {1,...,k}. Then

'out Ax|A +
0 do=1 A=1-Prl < }140(Beliba))] R

¢ kth right eigenvector ¢ close to P*{7x11 < 7a,}
¢ kth left eigenvector 7, close to QSD of Py,
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Difficulty: intertwining of eigenvalues
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Main result

Theorem

> Non-degenerate case: 3A; C Ay C --- C A, = X s.t.
#(Ak+1 \ Ax) =1, each Ay good set for 4, ., P
Renumber states s.t. Ay = {1,...,k}. Then

'out Ax|A +
0 do=1 A=1-Prl < }140(Beliba))] R

¢ kth right eigenvector ¢ close to P*{7x11 < 7a,}
¢ kth left eigenvector m, close to QSD of Pj,

> Degenerate case: Ay reached with same prob from several states in Af
Use decomposition with blocks of size > 1
Difficulty: intertwining of eigenvalues

Spectral decomposition in nondegenerate case:
n
P7(x,y) = > Af dr(x)mi(y)
:ﬂk(x,y)
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Continuous-space Markov chains
(Xn)nen, Markov chain in X C R with kernel K,:

P{Xpt1 € AX, = x} = Ky(x,A) = / Ky (x,dy)
A

> Ko(x,A) = l{n(x)ea) defined by deterministic map N : &' — &

> For o > 0, K, admits continuous density k,
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P{Xpt1 € AX, = x} = Ky(x,A) = / Ky (x,dy)
A
> Ko(x,A) = l{n(x)ea) defined by deterministic map N : &' — &
> For o > 0, K, admits continuous density k,
Example 1: Randomly perturbed map

Xn+1 = n(Xn) + U€n+1

(€4)n=1 i.i.d. r.v. with density (e.g. o0&, Gaussian of variance o?)
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Continuous-space Markov chains
(Xn)nen, Markov chain in X C R with kernel K,:

P{Xn+1 € Al Xn = x} = Ky(x,A) = / Ky (x,dy)
A
> Ko(x,A) = l{n(x)ea) defined by deterministic map N : &' — &
> For o > 0, K, admits continuous density k,
Example 1: Randomly perturbed map

Xn+1 = n(Xn) + U€n+1

(€4)n>1 i.i.d. r.v. with density (e.g. o0&, Gaussian of variance 02)

Example 2: Random Poincaré map

SDE
dXt = f(Xt) dt + O'g(Xt) CIWt

X, suitably defined location of nth return to surface of section ¥ C X
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Assumptions

Assumption 1: Deterministic dynamics

MN: X — X admits positively invariant compact set Xy C X, finitely many
limit sets in Xp, all hyperbolic fixed points, N of which are stable
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Assumptions

Assumption 1: Deterministic dynamics

MN: X — X admits positively invariant compact set Xy C X, finitely many
limit sets in Xp, all hyperbolic fixed points, N of which are stable

Assumption 2: Large-deviation principle

K, satisfies LDP with good rate function | (Ky(x, A) ~ e~ infal(x:)/o%)
I(x,y) =0y =N(x)

Assumption 3: Positive Harris recurrence

In particular EX[7{] < oo for A C Xp of positive Lebesgue measure

Assumption 4: Uniform positivity (Doeblin-type condition)

Vx?* stable fixed point, 3B; nbh of x* s.t. k;j = B1U~~~UB,-kB,- satisfies

sup k(x,y) < L inf kI'(x,y) Vy € B; for some L € (1,2), n(o) € N
xEB; x€B;
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Main result

Theorem
> Non-degenerate case (xj,..., Xy in metastable order)
¢ Eigenvalues of K,:
A =1
Me=1-PR7 (g | e <7h J1+O0E ) eR 1<k<N
Akl <1— og(o—1) k>N
where 7‘?6‘“ is a certain QSD on Byy1 and ¢,0 >0
¢ kth right eigenfunction ¢, close to P*{7g,,, < 7B,u...uB, }
¢ kth left eigenfunction 74 close to QSD of K(g,u...us,)
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Main result

Theorem
> Non-degenerate case (xj,..., Xy in metastable order)
¢ Eigenvalues of K,:
A =1
Me=1-PR7 (g | e <7h J1+O0E ) eR 1<k<N
Akl <1— og(o—1) k>N
where 7‘?6‘“ is a certain QSD on Byy1 and ¢,0 >0
¢ kth right eigenfunction ¢, close to P*{7g,,, < 7B,u...uB, }
¢ kth left eigenfunction 74 close to QSD of K(g,u...us,)

> Degenerate case: similar to finite chain. ..
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Approximation result

Theorem: Approximation by a finite Markov chain

Am(o), (signed) measures p; s.t. || — 7o |1 < e /7

PH{X som € Bj} =PI{Y, =} + 0 )
ByU---UBy
uniform in n

where (Y},)nen, Markov chain with matrix
ﬁBi _0/52
P’./ = ]P) 0 {XT;»,nm UB G B_]}[]' + O(e 0/ )]
U N
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Approximation result

Theorem: Approximation by a finite Markov chain

dm(o), (signed) measures p; s.t. || — ﬁg’Hl < e 0/

]P)Ml{X +,nm [ Bj} = ]P)i{yn :J} + O(efa/o'z)
7By U---UBy
uniform in n

where (Y},)nen, Markov chain with matrix
,ﬁBi 0/
Pj =P {X -om € B}[1+0(e 0/%)]

Truncated spectral decomposition of Blu uBy K:

Kt?'unc X dy Z /\ st(x )

Then PIJ - :ul( trunc)me Where ”¢J HBJ‘HOO g 676/02
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Outlook
> Finite X' case: simple algorithm to obtain eigenvalues and vectors
(complexity O(n?), n = #(X))
> Continuous-space Markov chains: eigen-elements in terms of
committors and QSDs
> Needed: better ways to approximate QSDs and committors

> See also poster by Manon Baudel: link between QSD and reactive
entrance distribution
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