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Introduction

@ Consider the following classical Dirichlet problem in a bounded C?-
domain D c RY:

Au+f=0 inDand ulgp =0,

where f is a continuous function on D.
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Introduction

@ Consider the following classical Dirichlet problem in a bounded C?-
domain D c RY:

Au+f=0 inDand ulgp =0,

where f is a continuous function on D.
@ Suppose that u € C?(D)NC(D) solves the above Dirichlet problem.

@ Microscopic interpretation for u?
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@ Let W be a d-dimensional standard Brownian motion on some
complete filtered probability space (2, .7, (:-%t)t=0, P).
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@ Let W be a d-dimensional standard Brownian motion on some
complete filtered probability space (2, .7, (:-%t)t=0, P).

@ Let X} = V2W; + x and define the exiting time from domain D by
T35 :=inf{t > 0: X ¢ D} =inf{t > 0: X € OD}.

Figure 1 : Exiting time
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@ By Kakutani’s theorem (1944), we have

X

u(x) =E /0 " fx¥)ds
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@ By Kakutani’s theorem (1944), we have

ux)=E </0r,§ f(X;()ds> .

@ Indeed, letting D, 11 D, by It6’s formula, we have

u(X% ) = u(x) + / T u(XX)dWs + / " Au(XX)ds.
0 0

TDn
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@ By Kakutani’s theorem (1944), we have

ux)=E (/OTé f(X;()ds> .

@ Indeed, letting D, 11 D, by It6’s formula, we have

u(X% ) = u(x) + / " Tu(XX)dWs + / " Au(XZ)ds.
0 0

TDn

@ Taking expectations and limits n — oo, we obtain

X

0=Eu(XX%)=u(x)—E (/TD f(Xg)ds) .
p 0
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@ Consider the following SDE with jumps:
dX¥ = b(X)dt + L™, X = x, a €(0,2),

where Lga) is a rotationally invariant and symmetric a-stable pro-
cess, and b : RY — R is a Lipschitz vector field.
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@ Consider the following SDE with jumps:
dX¥ = b(X)dt + L™, X = x, a €(0,2),

where Lga) is a rotationally invariant and symmetric a-stable pro-
cess, and b : RY — R is a Lipschitz vector field.

@ The generator of this SDE is given by
dEF(X)/dt| o = AZF(x) + b- VF(x) = L (x),

where A2 := —(—A)? is the usual fractional Laplacian operator.
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@ Notice that the set {t > 0 : X} # X } is a countable dense subset
of (0, c0).
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o Letry :=inf{t>0: X} ¢ D} =inf{t >0: X} € D}.

Figure 2 : Exiting time
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We are interesting in the following problem:
o Let f € CY(D). Is it possible to show that

ux)=E </OTEXJ

uniquely solves the following nonlocal elliptic Dirichlet problem?

f(XZ$ )ds)

AZu+b-Vu+f=0 inDand u=0in DC.
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@ By the scaling property of Az, it is easy to see that ug(x) :=
R~u(Rx + Xp)

AZug+ R 'bg - Vug = —fz in Br(x),

where Br(xg) := {x € RY : |x — xo| < R}.
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@ By the scaling property of Az, it is easy to see that ug(x) :=
R~u(Rx + Xp)

AZug+ R 'bg - Vug = —fz in Br(x),
where Br(xg) := {x € RY : |x — xo| < R}.

@ Fora € (0,1), if R — 0, then the drift term will blow up, so roughly
speaking, the first order term plays a dominant role. In this sense

we call Lga) with a € (0, 1) the supercritical nonlocal operator.

Xicheng Zhang Dirichlet problem for non-local operators December 10-14, 2018 10/ 44



@ By the scaling property of Az, it is easy to see that ug(x) :=
R~u(Rx + Xp)

AZug+ R 'bg - Vug = —fz in Br(x),
where Br(xg) := {x € RY : |x — xo| < R}.

@ Fora € (0,1), if R — 0, then the drift term will blow up, so roughly
speaking, the first order term plays a dominant role. In this sense

we call Lg*) with a € (0, 1) the supercritical nonlocal operator.

@ For o = 1, since Az has the same order as b - V, we shall call LS)
the critical operator.
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@ By the scaling property of Az, it is easy to see that ug(x) :=
R~u(Rx + Xp)

AZug+ R 'bg - Vug = —fz in Br(x),
where Br(xg) := {x € RY : |x — xo| < R}.

@ Fora € (0,1), if R — 0, then the drift term will blow up, so roughly
speaking, the first order term plays a dominant role. In this sense

we call Lg*) with a € (0, 1) the supercritical nonlocal operator.

@ For o = 1, since Az has the same order as b - V, we shall call LS)
the critical operator.

@ For o € (1,2), if R — 0, then the drift term will go to zero and A2
plays a dominant role, it is naturally called subcritical operator.
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@ In the subcritical case, the above problem has been studied very
well by Arapostathis, Biswas and Caffarelli (2016, CPDE).
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@ In the subcritical case, the above problem has been studied very
well by Arapostathis, Biswas and Caffarelli (2016, CPDE).

@ However, in the critical and supercritical case, it is still open.
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@ In the subcritical case, the above problem has been studied very
well by Arapostathis, Biswas and Caffarelli (2016, CPDE).

@ However, in the critical and supercritical case, it is still open.

@ Bogdan (1997): Boundary Harnack principle for Az|p.
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@ In the subcritical case, the above problem has been studied very
well by Arapostathis, Biswas and Caffarelli (2016, CPDE).

@ However, in the critical and supercritical case, it is still open.
@ Bogdan (1997): Boundary Harnack principle for Az|p.
@ Chen-Kim-Song (2010, 2012): Heat kernel estimates for Az |p.
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@ In the subcritical case, the above problem has been studied very
well by Arapostathis, Biswas and Caffarelli (2016, CPDE).

@ However, in the critical and supercritical case, it is still open.
@ Bogdan (1997): Boundary Harnack principle for Az|p.
@ Chen-Kim-Song (2010, 2012): Heat kernel estimates for Az |p.

@ Ros Oton-Serra (2014, 2016): Optimal boundary regularity for A%\D.
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Difficulty in the supercritical case

Proposition 1 (X} := x + Lg“) +t)
Let D :=(0,1) and « € (0,2). It holds that for o € [1,2),

(i) P(X% =0 0r1) =0, (i) E7j < cady’?, x €D,

where dy := (x A (1 — X))+ is the distance of x to D°; and for o € (0, 1),

iii) supP(XX =1) >0, (iv) supP(X% =0) =0, (v) inf Erj5>0.
(i) SupB(XY, = 1) > 0, (iv) SWPB(X = 0) =0, (v) _inf Er

.
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Main results

@ Consider the following nonlocal parabolic Dirichlet problem:

ou=2L+b-Vu+fon Ry xD,
u=0 on Ry x D° u(0,-)=¢onD,
where D%(O‘) is the nonlocal operator defined by

LD y(x) = / (u(x +2) —u(x) — 2. Vu(x)> Tz(]);rza) 4z,
Rd

Here R, := [0, ), a € (0,2) and
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@ We always assume x(x, 2) : R x RY — R, satisfies that for some
ko >0and s € (0,1),
ko' < K(X,Z) < Ko, |K(X,2) — K(X,Z)| < KolX — X'|°

(H?)
1a:1/ Z-k(x,2)dz=0,0<r<R<
r<|z|<R
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@ We always assume x(x, 2) : R x RY — R, satisfies that for some
ko >0and s € (0,1),

ko' < K(X,Z) < Ko, |K(X,2) — K(X,Z)| < KolX — X'|°

H?

1a:1/ Z-k(x,2)dz=0,0<r<R< o (Hx)
r<|z|<R

Definition 2
We call a function u € L (R ; L*(R?))NC(R+ x D) a classical solution
of Dirichlet problem (2.1) if u|r, «pc = 0 and it satisfies

t
u(t, x) = o(x) +/ (Zé’};)qu f)(s,x)dsin Ry x D
0 b

@)

in the pointwise sense, where .Zé = 2 L p.v.
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@ Let D be a bounded domain. For x, y € D, define

dx = dlSt(X, 8D)7 dx,y = min{dx, dy}
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@ Let D be a bounded domain. For x, y € D, define

dx = dlSt(X, 8D)7 dx,y = min{dx, dy}

@ Ford e R, ke {0}UNandO0 < v ¢ N, define

[U]k D= SUp d)l((+9|vku(x)|
eD

and

6% = sup <d7+e|vlﬂu( ) - vMu(yn)

x,yeD ‘X y|7 7]
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@ For general v > 0 with v + 6 > 0, we introduce the Banach space:

c)(D) = {u € (D) N L=(RY) : |ul¥), < oo, ulpe = o},

1ul ) = [wl$') + (1),
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@ For general v > 0 with v + 6 > 0, we introduce the Banach space:

c)(D) = {u € (D) N L=(RY) : |ul¥), < oo, ulpe = o},

1ul ) = [wl$') + (1),

@ ForT >0,

BUL(D) == L¥([0. T}: (D), BY(D) := 1B 5 (D).
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Theorem 3 (Sub and critical cases)

Let D be a bounded C?-domain and o € (0,2), 8 € (0,1). Suppose
(H2) and
be CPifac[1,2),andb=0ifa € (0,1).

Then there exists 6y < (0, 5) such that for any 6 < (0, 0y] and € (0, 5]
with o + v ¢ N, if one of the following two conditions holds:

()0 =~; ()0 <~ and |k(x,2) — k(x,Z)| < k1|lz = 2|7,
then for all f € IB%S“‘G)(D) and ¢ € Cg +97)(D), there is a unique classical
solution u € IB%&:&) (D) to equation (2.1), and there is a constant ¢ =
c(ko, k1,7, 0, a, 5,d,||b||cs) > 0 such that for all T > 0,

lullgo o)+ 19tllgea p < cllells?) + (1 + T)IIfllgg

(o— 9)(D)
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(Sub and critical cases, Ctd.)

Moreover, the unique solution u has the following probabilistic repre-
sentation:

u(t,%) = Ex(0(X) o0y ) + Ex ( /0 s Xs)ds> 22

where (X, Pyx; x € RY) is the Markov process associated with ,,2”(0‘) and
=inf{t > 0: X; ¢ D} is the first exit time of X from D. We also have
the following estimate:

tATp
6
E, </0 |f(t —s, Xs)|dS> < Cdx||f”L;>o(c(()a*9)(D))~ (2.3)

v

Remark: Notice that in the estimate (2.3), f is allowed to be explosive
near the boundary.
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Theorem 4 (Supercritical Case)

Leta,B € (0,1) witha+p > 1and~y € (1 — «,p5]. Suppose (HQ),
b e C? and

I(x, 2) — K(x,2)| < K1]2 = 2|7,
Letp € CﬂV(D) andf e IB%%O)(D). We have the following conclusions:

(A) Suppose that b(zy) - i(zy) < O for each zy € OD. Equation (2.1)
admits a unique solution

ue L (Ry; C2HY(D) N L=®(RY)) N C(Ry; CO(D)).

loc

The unique solution u still has the probabilistic representation (2.2).

v
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(Supercritical case, Ctd.)

(B) Suppose that b(zp) - i(zy) = 0 for each zy € D. Equation (2.1)
admits a unique solution

ue L (Ry; CXH(D) N L= (RY)) N C((0,00) x D).

loc

Moreover, we also have the following boundary decay estimate: for
some # € (0, 1),

u(t, )] < o(|floe + glloo/t)df, t>0, x € D.

The unique solution v still has the probabilistic representation (2.2).

v
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(Supercritical case, Ctd.)

(C) Suppose that b(zp) - f(zy) > 0 for each zy € D. Equation (2.1)

admits a unique solution

ue L (Ry; CXH7(D) N L= (RY)) N C((0, 00) x D).

loc

Moreover, we also have the following boundary decay estimate:

u(t, )| < e(Ifllso + llpllo/t) . >0, x € D,

The unique solution u still has the probabilistic representation (2.2).

v
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Theorem 5 (Mixed Case: a € [3, 1))

LetB € [2(1 — «),1] and~y € (1 — a, B]. Suppose (H2), b € C? and
I5(x, 2) — K(x,2)| < w1lz = 2|7
Let D be a bounded C?-domain and define

[.:={zedD: b(z)- i(z)> 0},
[_:={zedD: b(z)- i(z) =0},
[.:={zedD:b(z) i(z) <0}

oty (D) and f € Bgo)(D), there is a unique solution u to
(2.1) in the class that

For any ¢ € ¢

ue L (Ry; CXE(D)NL®(RY))NC([0, 00) x D)NC((0, 00) x (DUT-)),

loc

wherelT> :=T_UT.
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Ctd.
Moreover, the probabilistic representation (2.2) holds and
(i) Foreach z e I, there are 4, ¢ > 0 such that

sup (d M u(t, ) < e(I1flloo + ll¢lloo/t), 0.
xeDNB;s(z)

(i) Foreach z € 2 (the interior of ['_), there are 6, ¢, ¢ > 0 such that

sup  (dc?|u(t, ) < e(Ifloe + llelloo/t), 0.
xeDNBs(z)

(ii) For each x € D, it holds that

]P)X(XTD € r<) = 07

where (X, Py; x € RY) is the Markov process associated with ,Z(a)
and p :=inf{t > 0: X; ¢ D}.
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Example

Letd = 1and D = (0,1). Let Z; be an one-dimensional symmetric
a-stable process with « € (0,1). For each t > 0 and x € D, define

t
XK= xe! + Z; + °t2_1 —I—/ Zse!~Sds.
0

Notice that X; = X/ solves the following SDE:

dX; = (X; — 3)dt +dZ;, Xo = x.
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Example

Define
U(l‘7 X) = E(sin (XIX)1{7.5>t}),

where 75 := inf{t > 0 : X} ¢ D}. By Theorem 4, for some > 1 and
any 0 < a< b < 1, we have

u € Lips(R+; C"((a, b)) N C((0, 00) x [0, 1]),
and for any t > 0 and x € D, it holds that

u(t, x) = sin(x) + /Ot (A% u(s, x) + (x — 1)dxu(s, x)) ds,

and

u(t, )| < c(x A (1 = X))4/t, x € D,t> 0.
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Numerical Experimental Results: D = (0,1), « = 0.5.

N
NN

NN

Figure 3 : Case A: b(x) = § — X, ¢(x) = sin(37x)
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Numerical Experimental Results: D = (0,1), « = 0.5.

Figure 4 : Case A: b(x) = § — X, ¢(x) = sin(37x)
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Numerical Experimental Results: D = (0,1), o = 0.5.
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Figure 5: Case B: b(x) =0, ¢(x) = sin(57x/2)
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Numerical Experimental Results: D = (0,1), o = 0.5.
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Numerical Experimental Results: D = (0,1), « = 0.5.
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Figure 7 : Case C: b(x) = x — 3, ¢(x) = sin(37x + 7/2)
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Numerical Experimental Results: D = (0,1), « = 0.5.
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Figure 8 : Case C: b(x) = x — 3, ¢(x) = sin(37x + 7/2)
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Schauder’s estimates

Theorem 6 (Global Schauder’s estimates)

Let g € (0,1) witha+ 8 > 1 and~ € (0,3] with a + v ¢ N. Under
(HE) and b € CP, there are constants ¢ = c¢(kg,a, 3,7,d) > 0 and
m = m(a, 3,7) > 0 such that forall T > 0 and u € AT,

[ullgser < (@) llgmsr + (1 + [BIZ)ullgs +1lg). @)
where f = 0w — 2y — b-Vuand

B} == L¥(C"), A} ={ueBf", oueB}}.

Xicheng Zhang
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Schauder’s estimates

Theorem 6 (Global Schauder’s estimates)

Let g € (0,1) witha+ 8 > 1 and~ € (0,3] with a + v ¢ N. Under
(HE) and b € CP, there are constants ¢ = c¢(kg,a, 3,7,d) > 0 and
m = m(a, 3,7) > 0 such that forall T > 0 and u € AT,

lullgs < (@) oss + (1 + [BIZ)ulsy +1llgy).  (31)
where f = 0w — 2y — b-Vuand

B} == L¥(C"), A} ={ueBf", oueB}}.

Remark: When .Z,,fa) = A%/2_ the above Schauder estimate was estab-
lished by Priola (2009) for « € [1,2) and Silvestre (2012) for o € (0, 1).
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Lemma 7 (Key tool for proving Schauder’s estimate.)

Under (H2) with x(x, z) = x(Z2), there is a constant ¢y = Co(ko, a, d) > 0
such that for all p € [2,00) and f € C4(RY),

/ AP0 - LA Mdx < o2V AfE j=0,1,2,, (3.2)
Rd

where A; is the block operator in Littlewood-Paley decomposition.
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Lemma 7 (Key tool for proving Schauder’s estimate.)

Under (H2) with x(x, z) = x(Z2), there is a constant ¢y = Co(ko, a, d) > 0
such that for all p € [2,00) and f € C¢(RY),

/Rd |AHP2Af - LA fdx < —co2 || Aff||B, j=0,1,2,---, (3.2)

where A is the block operator in Littlewood-Paley decomposition.

Remark: Estimate (3.2) with constant ¢y depending on p was proved in
[1] by using Bernstein’s inequality established in [2].

[1] Chen, Z.Q., Zhang, X. and Zhao, G.: Well-posedness of supercritical SDE driven by Lévy processes with irregular drifts.
arXiv:1709.04632, (2017).

[2] Chen, Q., Miao, C. and Zhang, Z.: A New Bernstein’s Inequality and the 2D Dissipative Quasi-Geostrophic Equation.
Commun. Math. Phys., 271, pp821-838, (2007).
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Theorem 8 (Schauder’s interior estimates)

Let D be a bounded domain and « € (0,2), § € (0,1). Suppose (H2)
and b € CP. Forgiven~ ¢ (0,8 witha+~ ¢ Nandd € [0,a A1), let

ue IEB,(J +97(D) satisfy

O =2+ 1,y 2yb- Vu+finRy x D. (3.3)
If one of the following two conditions holds:
()0 =; (i) 0 <vandl|k(x,2z)—r(x,2")| < kilz = 2|,

then there is a constant ¢ = ¢(d, ko, k1, @, 8,7, 0, Ap) > 0 such that

U0 o) < (nu( et=01py + oo )+r|urng;Te>(D)), (3.4)

provided that the right hand side is finite.
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Theorem 9 (Viscosity approximation)

Let D be a bounded domain and «, 5 € (0,1) witha + 8 > 1. Suppose
(H3) and b € CP. Fory € (1 —a,B],0 € [0,1) andv > 0, let u €
B{.")(D) satisfy

u=vA2u+ LDyt b-Vu+finRy x D.
If in addition for some k1 > 0, |k(x,z) — k(x,2')| < ki1|z — Z'|7, then

there are 6y = 6p(c, 5,v) > 0 and ¢ = ¢(d, ko, k1, , B,7,60,A\p) > 0
such that forall T > 0 andv > 0,

00 oy < @ {1800V gy + Il o + gy ) -
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Probabilistic representation

To present the probabilistic representation for nonlocal Dirichlet prob-
lem, we introduce the following class of functions pair: for v > 0,

loc

HY(D) = { (u, f
(D) {(” ' dwe LR, Coe(D), e Lo(R, x D)

ue L2 (Ry; CL (D)NL®(RY)) N C(Ry x (8D)C)}
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Theorem 10 (Probabilistic representation)

Let D be a bounded domain and (u, f) € H@+V1(D) satisfy
u=2L+b-Vu+f on Ry x D,

where r satisfies (H2) and b € C? with o + 8/ > 1. Suppose that
oD =TyUTl4, where Ty and Ty are two disjoint measurable sets, and

Px(X:, €9) =0, xe D,

and
ue C((O, OO) X (DU F1)) with u|(0,oo)><r1 =0.
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(Probabilistic representation, Ctd.)
Then for all x € R? and t > 0, it holds that

u(t, x) =Ex (u(o, Xi)t< TD) +Ey </OMTD f(t—s, Xs)ds>

-~

Initial value Non—homeogenous term

-l-]Ex(U(t—TD,XTD);t} TD>.

s
Exterior boundary term

In particular, we have the following maximal principle:

[UllLsoco(pyy < NNU(O)ll oy + TlIfll Lo copyy + 1Ull oo (copeyy-
T T T
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Lemma 11 (« € (0, 1): b towards the inside along the boundary)

Let zy € OD. If b(zy) - i(zy) < 0, then there is a neighborhood I C D
of zy such that for each x € D,

PX(XTD € r) - 0

Figure 9 : Exiting time
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Lemma 12 (b towards the outside along the boundary)

Let zg € OD. If b(zy) - fi(zo) > 0O, then there are 5, C > 0 such that for all
x € DN Bs(zp),
Ex7p < Cdp. (X).
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Lemma 13 (« € (0, 1): b tangent to the boundary)

Let zy € OD and 6y > 0. Suppose that
b(z) - fi(z) = 0 for each z € D N Bs,(2o)

Then there are 4,6, C > 0 such that for all x € D N Bs(Z2p),

Ex7p < Cdpd(x).

v

Remark: Let I := {z € 9D : b(z) - fi(z) = 0}. For any interior point zo
of closed set I', we have

lim Eyxrp=0.
D>x— 2z

For general zy € Or, it is not known whether we have the above limit.
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Lemma 14 (« € (0, 1): Continuous up to the boundary)

Let s < o <1 andzy € dD. Assume b(zy) - 1i(2p) = 0 and b € C? with
B e [2(1 —a),1]. Thenlimpsy_,, Exp = 0.

Figure 10 : Distance function to exterior tangent ball

X — 20> < (9r)dp(x), x € Us.
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Concluding remark

@ Establish Schauder’s estimates for supercritical nonlocal equations.
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Concluding remark

@ Establish Schauder’s estimates for supercritical nonlocal equations.

@ Existence-uniqueness of classical solutions for nonlocal parabolic
Dirichlet problem.

@ Probabilistic representation for nonlocal Dirichlet problem.
@ Question: Is it possible to drop o > % in the mixed case by showing
Px(X;, €0r) =0, x € D77

Here I := {z € OD : b(z) - fi(z) = 0} is a closed set.
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Thank you very much for your attention!
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