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Consider the general transport equation

pt+Uu-Vp=0, xcR? t>0. |

Here p is an “active scalar” which is driven by the
incompressible velocity u:

V'UZO. y

This type of system comes up in many contexts in fluid
dynamics and beyond by taking a suitable choice of u.

@ Vortex Patch Problems
@ Surface Quasi-geostrophic equation (SQG):

uE RYp=(~Rep,Rip), Rj=i2L

@ Muskat Problem (using Darcy’s law.)
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where the velocity of the fluid u is proportional to the spatial
gradient pressure Vp and the gravity force.
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Consider two incompressible (V - u(x, t) = 0) immiscible fluids
in porous media under the assumption of no surface tension. In
3D, this scenario is modeled using the classical Darcy’s law

M(X, t)U(X, t) = _VP(X7 t) - p(X, t)937

where the velocity of the fluid u is proportional to the spatial
gradient pressure Vp and the gravity force.
The densities and viscosities of each fluid are given by

1 1 1 1
_J u', xeD'(), _ | py xeD'(b),
pu(x,t) = { 12, x e D(1), p(x, 1) = 2. x e D2(1).

For the transport equation, initial data of this form propagate
this structure forward in time, where D'(t) moving domains.
Widely noted similarity to Hele-Shaw ( Saffman & Taylor (1958) )
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The Muskat problem in 2D and 3D when A, = 0.

The Atwood number is given by

2_ 1
M —
A, = e [0,1
w = €101
Many works assume A, = 0, in this case the Muskat problem
can takes the foIIowing form. In 2D when Au =0:

ﬂafat af(or— B, 1))
2+ (f(a, t) —f(a—,B,l‘))

fi(a, )

7B,

f(a,0) = fo( ), a € ]R.
In 3D when A, = 0:

_ PPy (Vix,t) = Vi(x -y, 1)y
M0 = PY e Ty B+ (106 ) = f(x = y, DI

f(x,0) = f(x), xe€RZ

ay,

Here f defines the interface, which is the free boundary 9D’
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The linearized equation when A, = 0 in R

This equation for f can be linearized around the flat solution:

fH(a, t) = i ; /' A (a, t), A= (-A)"2 J

The linearized equation can be solved by Fourier transform:

~ ~ 2 _ 1
(&) = b ew (- 5 elt)-

@ p? > p' stable case, we have well-posedness.
@ p? < p' unstable case, we have ill-posedness.

See Ambrose (2004), Cordoba & Gancedo (2007), ...
@ Also we have the L? evolution for the linear equation:

HfLHLz = // fLO‘t fL (5, )>2dadﬁdt.

This is a smoothing estimate. Similar in 3D.
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/ ﬁ(afozt — Ouf(a — B, ))ﬂ ’
f(a, t) — f(a — p, ))

Satisfies L? maximum principle:

ainzo=-""2"[ [ (s O

For which it is possible to bound as follows:

//m f(ﬁ’ )) )dads < V2|1, (1)




Smoothing for the non-linear equation?

(o 1) = / B(@fozt — Ouf(a— B, 1) B

fa,t) — fla—B,1)%

Satisfies L? maximum principle:

—1(5, )) )dadﬂ

LA —

For which it is possible to bound as follows:

// _— éﬁ’ )) )dadﬁ < 4nv/2||f]| 1 ().

Don't see a non-linear smoothing effect at the level of f in L2.
See P. Constantin, D. Cérdoba, F. Gancedo - S. (2013). Also a
similar “no-smoothing” statement in 3D. And Cérdoba, J.
Gomez-Serrano and A. Zlatos (2017)



@ Maximum Principle: Constantin, Cérdoba-Gancedo, S
(2013) in 2D:

[Viollio@) <1 = ||Vl Lom)(t) < 1.

Then Constantin, Cérdoba, Gancedo, Rodriguez-Piazza, S
(2016) in 3D:

vaOHI_oo(RE) <1/3 = ||foLoo(R2)(t) <1/3.

These statements allow you to conclude the global
existence of weak solutions.

Theorem (Constantin-Cérdoba-Gancedo- Piazza- S (2016))

In 2D (d = 1) we suppose for some 0 < § < 1 that

[ e <w 2X @+ E <1, >y

n>1

Then there is a unique Muskat solution with initial data fy that
satisfies f € C([0, T]; H'(RY)) for any T > 0.
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A few recent papers

@ Constantin, Gancedo, Shvydkoy, Vicol (2017): Local well
posedness for initial data with finite slope. Further the
solution has a continuation criterion as long as
[f]| < oc. Also global well posedness for initial data with
very small slope:

fo € L3(R), f§ € LP(R),1 < p<oo, |~ <1

@ Matioc (2017): Well posedness 2D (d = 1) for initial data
fy € H'(R) for I € (3/2,2). (with surface tension for
le(2,3).)

@ Deng, Lei, Lin (2017) In 2D, prove the existence of global
weak solutions for arbitrarily large monotonic initial data.

@ Cameron (2017), in 2D, introduces a modulus of continuity
and proves that weak solutions are in fact P, N Cfo’; ”
And they are unique if f, € C".



Muskat problem with Viscosity Jump A, # 0

pt+Uu-Vp=0, xeR?® t>0. |

M(Xa t)U(X, t) = —Vp(x, t) - p(Xa t)e3a
The densities and viscosities of each fluid are given by

1 1 1 1
_ [ ul, xeD(d), _ [ p, xeD(1),
pu(x,t) = { 12, x e D(t), p(x,t) = 2, x e D2(1).

The open sets D'(t) and D?(t) are connected and move with

the velocity of the fluid

Z’;(t) = u(x(t),t), Vx(t)e D(t), or x(t) € dD/(t).



Contour Equation with Viscosity Jump A, # 0

Then the evolution equation for the interface in the
Eulerian-Lagrangian view is

AD/(t) = {X(a, t) - a € R?}
where
0tX(a, t) = BR(X,w) (e, )+Cq(a, 1)0a, X(cv, t)+Co(cv, 1)0ap, X (e, 1),
where BR is the well-known Birkhoff-Rott integral

o X(a,t) = X(8,1)
BRI w)e ) = =22PV | X(at) = X(5.0P

Aw(B, t)dp.

The “constants” Cy and C, can be chosen. And w is the
amplitude of the vorticity.



Vorticity Equations

The vorticity w is related to the potential jump Q(a, t) by
w(a, t) = 00,2, 1)0a, X(cv, 1) — On Qe 1) 00, X (e, B).
The potential jump is given implicitly by
;
u — ! Py
Q(a, t) = AD(Q 2A, X3(a, t), Ay = 55—, A, )
(0, 0) = AD() (0, )-24 Xa(, 1), Ay = L5t Ay = Tl

where D is the double layer potential

1 X(a,t) = X(5,1)
D)) =52PY | X(a ) = X(B.OE

N(B, HQ(B, t)dp.
Here N(a, t) = 0o, X(a, t) A On, X(av, t).

Recall the Atwood Number is A,: And we observe that A, =0
simplifies the situation dramatically, the equation is more local.



Evolution Equation for the interface

When the evolving interface can be described as a graph
X(a,t) = (ay, az, f(a, 1), o= (a1,02) € R?
then the equations can be reduced to one as follows

f(oz):—l (@1 = f1)wz(B) — (a2 — Bo)wi(F)
f AT Jaz |(an, a2, f(@)) — (B1. B2, F(B))[°
+ C1()da, f() + Co(a)du, f(av).

s



Evolution Equation for the interface

When the evolving interface can be described as a graph
X(a,t) = (ay, az, f(a, 1), o= (a1,02) € R?
then the equations can be reduced to one as follows

f(a) = — 1 (@1 = f1)wz(B) — (a2 — Bo)wi(F)
f ar Jre |(a1, a2, f(@)) — (61, B2, F(B))[3
+ C1()da, f() + Co(a)du, f(av).

s

We further obtain the coefficients as

[ (an Baws(B) — wa(B)((a) — (5))
Cl@) = 2PV | ar a0, (@) = (51 s TP O

1 w1(B)(f(a) — £(B)) — (1 — Br)ws(B)
Col@) = 4PV [ ™ (a2 7)) — B, B KB ©

3.



Revealing the Parabolic structure when A, # 0

After several further calculations we can find the equations
fr = —A,Nf+ N(f), where N(f) = Ny (f) + No(f) + N(f),

Above we observe the smoothing operator Af. Here
N(f) = N(f,Q) and
Ny = 2 AD()0).
1 B+ Apf(a)Vi(a) g VQ(a—B)
No = —PV — | ———=d
Al <(1 PR T8l ) e O
A B V-Ha)VD(Q)(a — f) - V(o — §) df
N3 = —EPV - 3
4r - Jpe (1 + (Apf(a))?)2 18]

Now we can see some smoothing in the equations at the level
of f plus complicated non-linear terms.



A few references when A, # 0

@ (Cérdoba, Cérdoba, Gancedo (2013)) For a general curve,
Local well-posedness in Sobolev spaces if the initial
interface satisfies the Rayleigh-Taylor condition:

(VP> —vp')-(*=v') >0

where +/ is inner unit normal to domain V.



A few references when A, # 0

@ (Cérdoba, Cérdoba, Gancedo (2013)) For a general curve,
Local well-posedness in Sobolev spaces if the initial
interface satisfies the Rayleigh-Taylor condition:

(VP> —vp')-(*=v') >0

where / is inner unit normal to domain V.

@ Cheng, Granero-Belinch6n and Shkoller (2016): global in
time classical solutions for small initial data in subcritical
initially small H? norms in 2D. A,, # 0.



Gain of Regularity also when A, # 0

Define the analytic norms for v > 0:
1]l zse = €*€1€1°HE)lIe

where in the case p = 2, we call this space H;.



Gain of Regularity also when A, # 0

Define the analytic norms for v > 0:
1]l zse = €*€1€1°HE)lIe

where in the case p = 2, we call this space H;.

Theorem (Gancedo, Garcia-Juarez, Patel, S (2017): GGPS)

We can prove global existence and uniqueness in F':' 0 L2 with
medium size initial data in the stable case allowing 1 # .
Moreover, the solution is instantly analytic; there exists av > 0
such that for s > 0 there exist constants Cs, Cs > 0 such that

1l (8) < = Collfll pgi11(t) @nd |[F] s (1) < Cs

@
ot

fort > Ts. For0 < s <1, wecan take Tg = 0.

We have a similar statement for ||f|[ 4 (1).



Size of k(|A,|) >0

We assume initially that
lfoll 1.4 = IHSI?o(S)HL; < K(Aul),  Ilfoll2 < oo

Below we give a numerical estimate of the size of the constant
k(|Ay|) for 0 < |A,| < 1. We need k(|A,|) to be small enough to
make a high order rational polynomial be positive.
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Instant Analyticity

By introducing the formulas for the vorticity w into /1, b and k,
we can express the interface equation as

ft(a) = 71 + 72 + 73

where ) A, A,
h = =52 M (o) = Z2AD(Q)(e),
in which
o 1/ £4-00, (0 — 5) + (500 (a = B) = Bsf(a) Q(a — B)
o +(Bsf(a))2)3/2 812

o 1 |6|+Aﬁf( )aaff() Bi ) af2a — )
=25/ ((1 YRR ) e

[ 30 (@) — §0a:1(0) wy(a — )
4 (1 + (Apf())?)3/2 1812

13

dg.



Differentiating in time:

e (0 = [ 15+ el ie)de+ [ g6t 5 (1




Differentiating in time:

o s+1 tu|§\f s 2‘1/|£\ _ d
Gl )= [16+ el eyiae [ ez (T ae

The linear term in the equation gives

177 + Fle|F
27r/’§‘s tu|§| ‘£| + |§‘ d _ 2W/|€’s+1 tu\£|‘f( )‘df

7€)

A,
521l o



Differentiating in time:

1/ hF+
o s+1 tu|§\ f s 2‘1/|£\ _ d
Gl )= [16+ el eyiae [ ez (T ae

The linear term in the equation gives

~

1\s|ff+f|a
sgtvlél s+1 gtr[¢]
o [leperiag B e = 2 [ige el

A,
521l o

then

d A .
a||f|]JT3,1(t‘) < <u — 2;;) [If]| zs+1.1 + non-linear terms

It remains to bound the nonlinear terms of the evolution by the
negative linear growth: (u — —) <0.
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We consider the one of the terms in | as an example. Using
Taylor expansion, since ||Agf|icc < ||V < ||f]l 7110 < 1:

/ :/ Aﬁf(a)aa,f(a) aOéiQ(Ol—,B)
> (1+ (Aﬁf(a))2)3/2 EE

32
0 “1g]

dg

Taking the Fourier transform, we can show the estimate

ol <3 anl8a,Q0)| x2™2 (| - 1F())

n>0

an are the coefficients from Taylor expansion of 1/(1 + x2)3/2
and *2"2(g) represents 2n + 2 iterated convolutions of g.



Plugging this into the evolution inequality for [/f|| s,
1 ftf—l—fft s t|§|1 /21f—|—flg1
et iy (Mot de < [ else de+--
/ 2 #()] )
s/mﬁwﬂm«@waw~

<3 an [ 16°(e¥ 100 272 (€]F(€D) +

n>0



Plugging this into the evolution inequality for [/f|| s,

1 ftf—l—fft ot 1 /21f—|—flg1
\§|Set"|§‘ 5</|£S Vgl Z dé+- -
/ 2 () )

< / o6 B ()lde + -
<Y an [ 1 (1800 27 (€l(€) + -+

n>0

We can now apply the triangle inequality to distribute the
exponential and the multiplier |£|° to each term to obtain

<Y an (5613, R(E)) 2712 (€l 7))

n>0

+(2n+2)(16"1€18,, () 1) 2™ (1€ F1(£))+(1&[H ™ ¥I[F|(£)) g



From here, we apply Young’s inequality to obtain that this term
is bounded by

< Zanllamﬂllfwllf!\z”*z (2f7+2)\|3a19|bfo1||f||2”+1 1]l o1
n>0



From here, we apply Young’s inequality to obtain that this term
is bounded by

< Zc’ﬂnllf?mﬂlljrwIIsz”+2 (2f7+2)\|5a19|bfo1||f||2”+1 1]l o1
n>0

Using the equations for the vorticity d,,2 can be bounded

00,9l 701 < By and (|00, Q| z1 < Bullf] psi.

The constants B,,, B” — 0 as [/ .1+ — 0 and are uniform in v.



Hence, for [/f|| .1.1(t) of medium size depending on

A= (2 — p1)/(p2 + 111)

and v > 0 small enough, the nonlinear terms are sufficiently
small to conclude

d
a”foﬁJ (t) < _CquH]:5+1,1 )

for a positive constant C, and 0 < s < 1.

R. Strain On the Muskat problem with viscosity jump



Gain of L? Analyticity

It suffices to perform estimates on [|f|| 2 to instantly gain
regularity in HS:
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regularity in HS:
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Suppose fy € L2 N F'1 and ||fy|| 711 satisfying the medium size
condition. Then, f(t) € L2 instantly for all t > 0. Moreover, this
implies that f(t) € H® for any s > 0 instantly for all t > 0.
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It suffices to perform estimates on [|f|| 2 to instantly gain
regularity in HS:

1l < 11(1 -+ 1€[2)*/ 2™ oo | ]l 2

Suppose fy € L2 N F'1 and ||fy|| 711 satisfying the medium size
condition. Then, f(t) € L2 instantly for all t > 0. Moreover, this
implies that f(t) € H® for any s > 0 instantly for all t > 0.

1d A A — A
5 gil113(0 = (= 2N+ [ FI€1e2 D@ IFOIke

+ [ eth©F©Ide + [ el



We now bound the nonlinear terms. For example,

/ €216 D(Q) (&) ()| < [1F 2| D



We now bound the nonlinear terms. For example,

/ €216 D(Q) (&) ()| < [1F 2| D

and using iterated Young’s inequality we have

/ &2 1111 (&) 17(e) e
1 R o N
<52 an [ B0 = (272 () ek

n>0

< 5 2 anwn [ SR (M) + (272 () )

n>0
n+145 1/2 n+1 L2 3/21
<) (n+1)a HQII +(n+1)a HfH (12 HfH“”+2
n>0

1 2n+2
+Ean+1||QH,;,;/2Hf||,;,;/2||f|| i



It remains to bound [|D()]| ;1,2 and ||2[[ ,1/2 appropriately:

7]



It remains to bound ||D(Q?)|| ;1,2 and \|Q||H1/2 appropriately:

7]
1 ~ =~
1D 72 < D anlll€lz €T [[FC)]) #1202
n>0

<Zaan||2n+1||Q||H1/2+(2”+ )anllfll}s/mllfl (112
n>0



It remains to bound ||D(Q?)|| ;1,2 and \|Q||H1/2 appropriately:

IF]

1D@)l572 < 3 anlll€]2 127 [[FO)) * [0 .2

n>0
<ZaanIIZ”“IIQIIHVz+(2n+ )an|| /21 F1153.0 12z
n>0
which implies
120l e < (1 - A Za'nllsz”+1

n>0

(Au > (@0 + 1)l | vz 112511120 3 + 24, |7l 172
n>0



It remains to bound ||D(Q?)|| ;1,2 and \|Q||H1/2 appropriately:

IF]

1D@)l572 < 3 anlll€]2 127 [[FO)) * [0 .2

n>0
<Zaan||2”+1||Q||H1/2+(2”+ )an|| /21 F1153.0 12z
n>0
which implies
120l e < (1 - A Za'nllsz”+1
n>0
(Au > (@0 + 1)l | vz 112511120 3 + 24, |7l 172
n>0

Hence
1Dl g2 < COLz) (1 120 + 11 2)

where the constant C(||f|| z11) — 0 as [l 710 — 0.
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Summarizing,

1d A
5ol (0) < (v =22+ cle, 1l ) )71,

1.
+ o B )2 e 12,

where the constants goto 0 as ||f|| .1+ —+ 0orase— 0. Fore
sufficiently small, by Gronwall’s inequality,

t
171651 < Cllllzexp (C | 12 )

Finally, the exponential term on the right hand side is uniformly
bounded using interpolation

t t
L1zt < [ 0112

t
2
<y [ 150t < [l



lll-posedness

The gain of Sobolev regularity motivates the ill-posedness of
the unstable case p1 > po.
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lll-posedness

The gain of Sobolev regularity motivates the ill-posedness of
the unstable case p1 > po. There exists initial data satisfying

HfoHLz < 00, ||f0||]:1,1 < kM and HfOHHS =0

for constant k, and s > 0, for example:
Let for n > N for some N > 0 integer

s ifgeln’,n’ +1/m)
0 otherwise

suchthaty >o+4+1,20+~v > 20+ 1but2§(1 —s)+~v=20+1.

This example can be adapted to show that even if f € FiiniLe,
it need not be in H®.




lll-posedness

Theorem (lll-posedness)

For every s > 0 and ¢ > 0, there exist a solution f to the
unstable regime and 0 < ¢ < e such that ||f||s(0) < € but
|f||r(6) = oo forany r > 0.

This is significant because we show instantaneous blow-up of
solutions in very low regularity spaces. In particular, one could
start in H® with high s and it still blows up in H" for any small r.



lll-posedness proof

Take fy € L2 N F'! for the Muskat problem in the stable regime
such that || fo||nr = oo.
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lll-posedness proof

Take fy € L2 N F'! for the Muskat problem in the stable regime
such that ||f||gr = oo. By the gain of regularity

17l (6) < el e[ oo 1115 (6) < (6 ollz exp (1 ol13. ) < e

by picking initial data with |||, < 1.If f(x, t) is a solution to
the stable case problem, then f(x, t) = f(x, —t + ¢) is a solution
to the unstable case p1 > po. We conclude

1Fll1(0) = [1flls(8) < e and [[F]| () = [Ifoll 1 = oo



Rayleigh-Taylor unstable Muskat bubbles

pt+Uu-Vp=0, xeR?® t>0. |

We recall the classical Darcy’s law (« is the permeability)

1
EM(Xa t)U(X, t) = —Vp(X, t) - p(X7 t)e?n
The densities and viscosities of each fluid are given by

1 1 1 1
_ [ u'. xeD\(1), _ [ o xeD'(n,
pu(x, t) = { 12, x e D(1), p(x,t) = 2. x e D(1).
Surface tension at the interface is taken into consideration
through the Laplace-Young’s formula

p1(x) — p2(x) = ok(x), x € 0D(t), (1)

where k(x) denotes the curvature of the curve 0D(t), o > 0 the
surface tension coefficient and p1(x), p2(x) the limit of pressure
at x from inside and outside, respectively.



Then the boundary is parametrized as
aD/(t) = {z(a, t) - a € [-m, 7]}
We will study again the dynamics of the free boundary 0D(t).

Since the fluids are assumed immiscible, the interface is just
advected by the normal velocity field

zi(a, 1) - (Baz(a, 1))t = BR(z(a, 1)) - (Oaz(a, t)*

Here BR is the Birkhoff-Rott integral

_ 1 T (2(e t) — 2(8, 1) "
BR(z.w)(a: 1) = 5 PV | 5 Db,




Equations continued...

The vorticity in this formulation is
w(a, t) =2A,D(z,w)(a, t) + 2A;00k(2(a, 1)) — 2A,0022(ax, ).

where
D(z,w)(a, t) = —BR(z,w)(a, 1) - Daz(cx, t)
_ ™ (2(a, t)=2(B, 1)) - Dnz(a, )t
= EPV - Z(o. 1) — (3. D w(p, t)dp.
and
A, = H2 I A, = 19 A, — 9lee = r1)

g2t 7 p2tpe

also the curvature is given by

Oaz(a, ) - 922(a, 1)
|0az(a, t)|3

H2 + fie

k(a,t) =

From these equations we have a closed system of equations for
the contour evolution system.



Equilibria that are star-shaped bubbles

We will consider gravity driven star-shaped bubbles. That is,
the boundary of the domain D(t) can be parametrized by

z(a, t) = R(1 + f(a, t))(cos a, sin ) + (0, c(t)),

where R is determined as the radius of a circle with the same
volume, V(t), as D(t).
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We will consider gravity driven star-shaped bubbles. That is,
the boundary of the domain D(t) can be parametrized by
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Since this volume is constant in time V/(t) = Vy, due to

incompressibility, then R = /2. Thus, f(a,t) > —1 can be
thought of as a radial perturbation. To simplify notation we shall
write f(a, t) = f(«) when there is no danger of confusion.



Equilibria that are star-shaped bubbles

We will consider gravity driven star-shaped bubbles. That is,
the boundary of the domain D(t) can be parametrized by

Z(a,t) = R(1 + f(«, t))(cos o, sin ) + (0, (1)),
where R is determined as the radius of a circle with the same
volume, V(t), as D(t).

Since this volume is constant in time V/(t) = Vy, due to

incompressibility, then R = /2. Thus, f(a,t) > —1 can be
thought of as a radial perturbation. To simplify notation we shall
write f(a, t) = f(«) when there is no danger of confusion.

...After a good amount of computation the equation requires
that

, A ™ cos(B/2)cos(a — p)
clt) = ?;PV _r sin(B/2)sina

So that when f = 0, the gravity driven circle is a steady state.

ds = A,



Without Surface Tension, the interface problem is Rayleigh-
Taylor stable if it satisfies the Rayleigh-Taylor condition:

o(a, t) = —(VP?(z(a, 1), 1) — Vp' (z(er, 1), 1)) - B z(ar, t) > 0



Without Surface Tension, the interface problem is Rayleigh-
Taylor stable if it satisfies the Rayleigh-Taylor condition:

ol t) = (VP (2(e, 1), ) = VP! (2(a, 1), 1)) - Oy 2(ct, ) > 0
From Darcy’s law this can be written as

o(a,t) = %Bﬂ(z,w)(a, 1)-0-z(c, t) + g(p? — p")azi (ar, 1)

Here we can see the importance of the relative position
between the denser and lighter fluid.

For a closed curve, sigma cannot be everywhere positive as the
integral of sigma on a closed curve is zero, so it has to be
negative on part of the curve.

Intuitively, if the liquid of the bubble is lighter than the
surrounding fluid (bubble going up), in the upper half of the
bubble the lighter fluid is below the denser one.

What we show is that when surface tension is added, the
regularizing effects allows for global existence in this situation
when you are close enough to a circle.



Theorem (Existence and Uniqueness in 2D(GGPS))

Let fy € F'1 N L2 satisfy the bound
ol 710 <c

for a constant ¢ = c(|A,l, As, A,).
Then there exists a global in time unique solution to with
fel>0,T;, F' nL2)n L0, T; F4') such that f(e, 0) = fy(c),

1fll2(8) < llfoll 2,

and

t
HfH;m(T)JrU/O 1l 4.1 (T)dT < [[foll 1.1,

We also have the exponential decay on [—m, 7] and we can
show the gain of Analytic regularity.



The Equation for the interface

Eventually we obtain the equation for the interface....

o 2A, 1 Py 83 fla — 5)dﬁ
o) = =5 on 2sin (8/2)
2A, 1 PV/ f(a) — (o — B) 83 f(a — B)
R 2n 1+ f(a) 2sin(B/2)

_ 3 flor —
uiipvjwf(a 5)k2(a_ )amf(a ,B)dﬁ

as

R 27 1+ f(a) 2sin (8/2)
L2 1 k(o — B)
R3(1 + f(a)) 27 2sin (8/2)
1/27 D(f, &) (o — B)
T2Aug + f(a)PV/ 2sin(8/2) 98
24, 1/2m Py / af(a — B)sin (o — B) + (1 + f(ow — B) cos (o — 6))d,3
R 1+ f(a) 2sin (8/2)
1/2m (o —
1+/r PV/(N(C‘ 8) )2s(n(ﬁ/i))d5
1/4m e o f(a)(1+F(a—B)) .
O(a — B)d
i L G s o+ s e gy P

+ ﬁ (Ba f(a) cos ¢ — (1 + f(ax)) sin a)A
where

- - 2A 2A, .
@(a) = 2A,D(f, @) () + Faak(f(a)) - R (8(, f(a) sin @ + (1 4 f()) cos a).



We just used the following notation

Baf(c) Dgf(a)+(1+F(a))(1+F(a—B)) cos (B/2)
(Bpf(@))? + (1 4 f(a))(1 + f(a — B)) ’

N(a, B) =
; 3 2A, 2A, /, )
&(a) = 2A,D(f, ©)(a) + Faak(f(@)) - (daf(a)sln a4+ (14 f(a)) cos a)A
and we split 9,k (f(«)) in three terms,

dak(f(a)) = —03f(a)(1 + () + ka(a)(1 + F())D3 () + ka(v),

where

1
fole) = <1 T (@af(@)? + (1+ f(a>>2)3/2> ’

kg(ar) = - 885, 1(a)(9a(a))® + 8(93 ()2 Ba ()1 + ()

)
((Baf(@))2 + (1 + f())2)5/2 (
+ 302 (@) a (@)1 + F())? — 4(Baf(a)®(1 + f(a)) — (1 + f())3 0 f(a))



We use a "Pseudo Hilbert" transform

1 ™ gla—p)
SO =52V | 260 3/2)

dg,



We use a "Pseudo Hilbert" transform

1 ™ gla—p)
SO =52V | 260 3/2)

dg,

then 1 _ ks
S@)(e)(k) = a(k)5-PV [ 5 Z s
o T sin(kpB)
- g(k)27rp\//_7r 2sin (3/2) %"
— —i sign(k)m(k)¥,
where

||

(k) 1k 8
mk) = 5 _7T25in(,8/2)d527rjz_;( DAy




We also use a "pseudo derivative"

f(e) — f(a - B)
2sin(g8/2)

Apf(a) =



We also use a "pseudo derivative"

f(a) - fla = B)

Asll) = 550672

— 1—e k8,

Aﬁf(a) = Wf(ﬁ) = ﬁ’l(k,/@)?(k),

) 1 _ o kB/2g-ikB/2
mk.8) = —5 e 5/2)
olkB/2 _ g—ikp/2
~ 2sin(B/2)
_ o sin(kB/2) s/
= Kesng2)®

o kB/2




The Equation for the interface

2A, 1 - 8% f(a — B3)
Af(a) = ——2 — o Tgp
o)== 2"V ) 2 /2)

2A, 1 f(a) — fla — B) 3 f(a — B)
+ FEPV/ 1+ () 2sin (8/2) a8
2A, 1 14 f(a — B) 83 f(a — B)
* FEPV/ e A GG
2A 1 k3(a — B)
B+ () oY 2sin (8/2) a8
1/2m " D(f, @) — B)
My l(a)PV/ 2sin (8/2) a8
_ 24, 1/2m v/ o f(a — B)sin (o — B) + (1 + f(ow — B) cos (o — 5))(13
R 1+ f(a) 2sin(8/2)
1/2m @(a — B)
1+ f(a) 2sin (8/2)
1/4m ™ Do f(e)(1+f(—B)) 3
PV O(a — B)d
AT /77r (Bgf(a))? + (1 + (@)1 + f(a — B)) (@ =R)5
R
R(1 + f(a))

+2A

PV [(N(@. 8) = 1) dp

(8a f(a) cos ¢ — (1 + f(x)) sin a) .



Poincaré Inequality for volume preserving Bubbles

The volume preservation means that
Vo =7R? = V() = ;/ R%(1 + f(a, 1))2da
This implies

! f(a, t)da = —% /7r (f(a, 1))?dar.

- -7

Since f(x, t) changes sign then there exists ¢(t) such that
X
f(x,t) = f'(a, t)da,
c(t)
From here we can prove that for solutions we have

1]l 701 < Clifll 71



A look at one term

2A, 1 83 f(a — B)
o) = =g o 25in (3/2)
2A, 1 f(a) — fla — B) 3 f(a — B)
FEPV/ 1+ () 2sin (8/2) a8
2A, 1 14 f(a — B) 83 f(a — B)
* FEPV/ e TS G
2A 1 k3(a — B)
B+ () oY 2sin (8/2) a8
1/2m - D(f, @) (o — B)
My l(a)Pv/ 2sin (8/2) a8
_ 24, 1/2m v/ Do f(a — B)sin (o — B) + (1 + f(a — B) cos (o — 6))(13
R 1+ f(a) 2sin(8/2)
1/2m @(a — B)
1+ f(a) 2sin (8/2)
1/4m ™ Do f(e)(1+f(—B)) 3
O(a — B)d
T f(a)Pv/ﬂr (AgH(@)2 + (1 + H(a))(1 + (o — B)) (@ =R)5
AF’
+ —
R(1 + f())

ap

ag

+2A

PV [(N(@. 8) = 1) dp

(8(, f(a) cos ¢ — (1 + f(x)) sin a) .



1 2n
= ST by by g #THR) S ST (}H itk —

n,m,>0 ki keniit1

2n+1 .
IT 7tk — K)o Ranrs) (K Ky - o) |
j=2n+1

0

Ki )T (ki — K1)



~ 1 nem ~
Do(k)= 5= 35 (=" b by iy #THR) D2 DT (H«k,-fk/ﬂ)f(kfk,ﬂ)

n,m,1>0 ki kenypa\J=0
2n+1 .
[T Tt — kpnolkensr)itk ke, kengigt) |
j=2n+1

dg 20 sin ((k — ki1)B/2) _itki—k;, )52

Ik, kyy ooy k =PV 7+
(e fo envist) =PV [ v 25n(8/2) g (5 — ko) sin(8/2)

2n+/

IT e o (Ki—Kip1)B g—ekon 1168

j=2nt1

v /w sin ((k + kens1 — 2honii1)8/2) 22 sin (K — ki41)B8/2) a3
2sin(8/2) j—o (Ki = Kiy1)sin(8/2)

We would like to have a good bound for /.



sin (k3/2) sin 15/2
PV/ 2sin (5/2) 1_[ksm 5/2

sin (ki3/2)  ekP/2 — e=KB/2 ikiB/2(1—e~"i7)
sin(8/2) €82 —e-iB/2 " if/2(1 — g~iB)

ki—1 ki—1
i(ki— 1)6/2Ze—zﬁm Ze —2m+ki—1)8/2.
m=0 m=0

1(0,0) =0 and /(1,0) = 7, and we can show that

/+1

/
Z if k =2,
I(k.0) = { 2/

m if k =2/ +1,



In general

sin (k3/2) sin 15/2
PV/ 2sin ( ,8/2 ksm B/Z

Eventually

1 sin((A—k—2n—1)3)
_EZ:: A—k—2n—1

n(k—A-2n-1)%)
; k—A-2n-1



In general

sin (k3/2) sin 15/2
PV/ 2sin ( ,8/2 ksm B/Z

Eventually
—sin((A—k—2n—1)%)
Z:: A—k—-2n-1
n(k—A-2n-1)%)
2:: k—A-2n-1
And finally
% if k — Ais odd,
I(k,A) = q 1 k! (—1)/-n+

> mlfk—Aseven.

So we conclude that |/| < |I(k,A)| < wforall0 < k,A € Z.



THANK YOU!



