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The Landau kinetic equation, derived in 1936 by the Russian theoretical physicist Lev
Davidovitch Landau reads

{atf+v4vxf— Qu(f, ), 1)

f|t:0 - 1(07
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Landau Equation and Hypoellipticity

The Landau kinetic equation, derived in 1936 by the Russian theoretical physicist Lev
Davidovitch Landau reads

Of + v - Vuf = Qu(F, f), 1)
f|t:0 - fO:

where f = f(t,x, v) > 0 stands for the density distribution of particles at time t,
having position x € R3 and velocity v € R3.
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1. Introduction

Landau Equation and Hypoellipticity

The Landau kinetic equation, derived in 1936 by the Russian theoretical physicist Lev
Davidovitch Landau reads

{8tf+V<fo_QL(f~, f), (1)

f|t:0 - fO:
where f = f(t,x, v) > 0 stands for the density distribution of particles at time t,

having position x € R3 and velocity v € R3. The term Q,(f, f) corresponds to the
Landau collision operator associated to the bilinear operator

Qule.N)= V- ( [ av = v {&W)(TAW) = (Veg) (w0 ()} v,

where a = (a;j)1<i j<3 stands for the non-negative symmetric matrix
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Landau Equation and Hypoellipticity

The Landau kinetic equation, derived in 1936 by the Russian theoretical physicist Lev
Davidovitch Landau reads

{8tf+V<fo_QL(f~, f), (1)

f|t:0 - 1(07

where f = f(t,x, v) > 0 stands for the density distribution of particles at time t,
having position x € R3 and velocity v € R3. The term Q,(f, f) corresponds to the
Landau collision operator associated to the bilinear operator

Qule.N)= V- ( [ av = v {&W)(TAW) = (Veg) (w0 ()} v,

where a = (a;j)1<i j<3 stands for the non-negative symmetric matrix

VR v
Iv|2

a(v) = |v|""2(1d - ) =[v[" N, € M3(R), —3<7v< +oo.

Lerner, Morimoto, Pravda-Starov & Xu Gelfand-Shilov smoothing for the Landau equation



1. Introduction

Landau Equation and Hypoellipticity

Our scales of regularity and the result

More specifically, we study the Landau equation with Maxwellian molecules in a
close to equilibrium framework.

er, Morimoto, Pravda-Starov & Xu i ing for the Landau equation



1. Introduction

Landau Equation and Hypoellipticity

Our scales of regularity and the result

More specifically, we study the Landau equation with Maxwellian molecules in a
close to equilibrium framework. The Maxwellian molecules situation
corresponds to the case when the parameter v = 0 in the cross section.

Lerner, Morimoto, Pravda-Starov & Xu ilov smoothing for the Landau equation



1. Introduction

Landau Equation and Hypoellipticity

Our scales of regularity and the result

More specifically, we study the Landau equation with Maxwellian molecules in a
close to equilibrium framework. The Maxwellian molecules situation
corresponds to the case when the parameter v = 0 in the cross section. We

consider the fluctuation
f=p+es,

around the Maxwellian equilibrium distribution

w2

p(v) = (2m)"2e ™7
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More specifically, we study the Landau equation with Maxwellian molecules in a
close to equilibrium framework. The Maxwellian molecules situation
corresponds to the case when the parameter v = 0 in the cross section. We
consider the fluctuation

f=p+ Vg,
around the Maxwellian equilibrium distribution

2
[v]

p(v) = (2m) " te 7 2)

This distribution is a stationary solution for the Landau equation since it
depends only on v and we have Q.(u,u) = 0.
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More specifically, we study the Landau equation with Maxwellian molecules in a
close to equilibrium framework. The Maxwellian molecules situation
corresponds to the case when the parameter v = 0 in the cross section. We
consider the fluctuation

f=p+ Vg,
around the Maxwellian equilibrium distribution

3 _Iv?

n(v) = (2r) Fe 7 2)

This distribution is a stationary solution for the Landau equation since it
depends only on v and we have Q.(u, 1) = 0. We consider the linearized
Landau operator around this equilibrium distribution given by

Lig =~ QU p?g) — QU g, ). 3)

Lerner, Morimoto, Pravda-Starov & Xu ilov smoothing for the Landau equation



1. Introduction

Landau Equation and Hypoellipticity

Our scales of regularity and the result

Lig =—p"2Qup, n'?g) — V2 Qu(n g, 1),

Qe =Ty ( [ alv = v MW )(TAW) = (Veg) (w0 (W)} dve),

VR v
lv|?

a(v) = |v|*"2(1d — )= v, € M3(R), —3 <7< +oo.
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Lig =—p"2Qup, n'?g) — V2 Qu(n g, 1),

Qe =Ty ( [ alv = v MW )(TAW) = (Veg) (w0 (W)} dve),

VR v
)

— +2
a(v) = |v|7**(1d — ME

= |v]"*2M,1 € M3(R), —3 <~ < +oo.

The original Landau equation (1) is then reduced to the Cauchy problem for the
fluctuation,

Og+v-Vig+ Z1g =T1(g, 8),
g\t:o = 80,
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Lig =—p"2Qup, n'?g) — V2 Qu(n g, 1),

Qe =Ty ( [ alv = v MW )(TAW) = (Veg) (w0 (W)} dve),

VR v
)

— +2
a(v) = |v|7**(1d — ME

= |v]"*2M,1 € M3(R), —3 <~ < +oo.

The original Landau equation (1) is then reduced to the Cauchy problem for the
fluctuation,

Og+v-Vig+ Z1g =T1(g, 8), (@)
g\t:o = 80,

with
ri(g, f) = u=2Qu(vug, Vif). (5)

Lerner, Morimoto, Pravda-Starov & Xu Gelfand-Shilov smoothing for the Landau equation



1. Introduction

Landau Equation and Hypoellipticity

Our scales of regularity and the result

The regularity issues for solutions of the Landau Equation were already
extensively studied.
1998, C. Villani, Homogeneous case.
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The regularity issues for solutions of the Landau Equation were already
extensively studied.

1998, C. Villani, Homogeneous case.
2006, C. Mouhot & L. Neumann, Quantitative perturbative study of
convergence to equilibrium for collisional kinetic models in the torus.

2008, Y. Guo & R. Strain, Exponential decay for soft potentials near
Maxwellian.
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The regularity issues for solutions of the Landau Equation were already
extensively studied.

1998, C. Villani, Homogeneous case.

2006, C. Mouhot & L. Neumann, Quantitative perturbative study of
convergence to equilibrium for collisional kinetic models in the torus.

2008, Y. Guo & R. Strain, Exponential decay for soft potentials near
Maxwellian.

2009, Y. Chen & L. Desvillettes, Smoothing effects for solutions of Landau
Equation. The authors prove that any classical solution becomes immediately
smooth with respect to all variables

2014, S. Liu & X. Ma, Regularizing effects for solutions of Landau equation.
2015, A. Bobylev, I. Gamba & |. Potapenko, On some properties of the Landau
kinetic equation.

2016, K. Carrapatoso, |. Tristani & K.-C.Wu, Cauchy problem and exponential
stability for the inhomogeneous Landau equation.

2017, K. Carrapatoso, S. Mischler, Landau equation for very soft and Coulomb
potentials near Maxwellians.
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Landau Equation and Hypoellipticity

Our scales of regularity and the result

Our goal:

Use some explicit expression in terms of special functions to
calculate nonetheless the linearized part but also the quadratic part
and show the existence of very regular solutions also with fast
decay in the v variable.
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We must study the hypoellipticity properties of the operator
73:8t+v-VX+$L.
That operator has a very particular structure, closely related to the Kolmogorov

operator
K=0t+v-Vx—A,.
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We must study the hypoellipticity properties of the operator
P:8t+v-VX+$L.

That operator has a very particular structure, closely related to the Kolmogorov
operator
K=0t+v-Vx—A,.

For IC as well as for P, some ellipticity properties are easy to get in the velocity
variables v and the main question is related to the understanding of the mechanism
leading to regularity in the space variable x.
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Landau Equation and Hypoellipticity

Our scales of regularity and the result

We must study the hypoellipticity properties of the operator
P:8t+V'VX+$L.

That operator has a very particular structure, closely related to the Kolmogorov
operator
K=0t+v-Vx—A,.

For IC as well as for P, some ellipticity properties are easy to get in the velocity
variables v and the main question is related to the understanding of the mechanism
leading to regularity in the space variable x. In the model-case of the Kolmogorov
operator, we notice that the bracket identities

[avj’at + V'Vx] = 8)9-7

show that the missing derivatives V are in fact obtained as brackets of the transport
part
Xo=0t+v- Vi,

with vector fields (Xj)1<j<n such that —A, =37,y X X;, here X; = 0,,.

Lerner, Morimoto, Pravda-Starov & Xu ilov smoothing for the Landau equation



1. Introduction

Landau Equation and Hypoellipticity

Our scales of regularity and the result

Our scales of regularity and the result

equation



1. Introduction

Landau Equation and Hypoellipticity

Our scales of regularity and the result

Our scales of regularity and the result

The Gevrey space G*(R?) is defined as the space of f € C*°(R9) such that
3C >0, >0,

F(e) < Ce =" e > 1.

Gl: analytic functions CG® for s > 1 which contains some CZ° functions C C°° functions.
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Our scales of regularity and the result

The Gevrey space G*(R?) is defined as the space of f € C*°(R9) such that
3C >0, >0,

F(e) < Ce =" e > 1.

Gl: analytic functions CG® for s > 1 which contains some CZ° functions C C°° functions.
The Gelfand-Shilov space S/ (R?) is defined as the space of Schwartz functions
f € #(R9) such that 3C > 0,¢ > 0,

/v
b

FI < e v =1, RO < Ce T g > 1 (6)

exponential decay Gevrey regularity of index p

Lerner, Morimoto, Pravda-Starov & Xu Gelfand-Shilov smoothing for the Landau equation



1. Introduction

Landau Equation and Hypoellipticity

Our scales of regularity and the result

Our scales of regularity and the result

The Gevrey space G*(R?) is defined as the space of f € C*°(R9) such that
3C >0, >0,

F(e) < Ce =" e > 1.

Gl: analytic functions CG® for s > 1 which contains some CZ° functions C C°° functions.
The Gelfand-Shilov space S/ (R?) is defined as the space of Schwartz functions
f € #(R9) such that 3C > 0,¢ > 0,

|y —~ _eleM/
F(v)] < Ce =77 v > 1, [F(e)] < Ce =l g > 1. (6)

exponential decay Gevrey regularity of index p

In particular, Hermite functions (cf. (32)) belong to the symmetric Gelfand-Shilov

space Sll//g(Rd). The symmetric Gelfand-Shilov spaces Sf/(R?), with p > 1/2, can be

characterized through the decomposition into the Hermite basis (Wa ), ey
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The Gevrey space G*(R?) is defined as the space of f € C*°(R9) such that
3C >0, >0,

F(e) < Ce =" e > 1.

Gl: analytic functions CG® for s > 1 which contains some CZ° functions C C°° functions.
The Gelfand-Shilov space S/ (R?) is defined as the space of Schwartz functions
f € #(R9) such that 3C > 0,¢ > 0,

FI < e v =1, RO < Ce T g > 1 (6)

exponential decay Gevrey regularity of index p

In particular, Hermite functions (cf. (32)) belong to the symmetric Gelfand-Shilov
space Sll//g(Rd). The symmetric Gelfand-Shilov spaces Sf/(R?), with p > 1/2, can be
characterized through the decomposition into the Hermite basis (Wa ), ey

1
f e SERY) & 3ep > 0, [|e™™ £]l2 < +o0

2
where % = —A, + “ is the d-dimensional Harmonic Oscillator.
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Our main result shows that the Cauchy problem

og+v-Vig+21g=Ti(g,g),
g|t:0 = 80,
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Our scales of regularity and the result

Our main result shows that the Cauchy problem

{atg +v- ng + ng - rL(g7g)7 (7)

glt=0 = go,
is globally well-posed for sufficiently small initial data in the Sobolev space
HO(RS ) with r > 3/2, where for ri,r >0,
H2(RS ) = {u e LP(RS,) : (D)™ (D.)?u € L*(RS,)},

with (D) = (14 |D«[?)*/2.
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Our scales of regularity and the result

Our main result shows that the Cauchy problem

{atg +v- ng + ng - rL(g7g)7 (7)

glt=0 = go,
is globally well-posed for sufficiently small initial data in the Sobolev space
HO(RS ) with r > 3/2, where for ri,r >0,
H2(RS ) = {u e LP(RS,) : (D)™ (D.)?u € L*(RS,)},
with (D) = (14 |D«[?)*/2.

We expect also some Gelfand-Shilov regularity in the velocity variable v, that is

Gevrey regularity in v and exponential decay in v and Gevrey regularity in x.
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Let r > 3/2 be given. There exists eg > 0 such that for all gy € H(”O)(ng\/) satisfying

HgO”H("O)(RE’v) < e,

the Cauchy problem (7) admits a global solution which satisfies
g € L= ([0, +oo[, HO(RS ,)), Zig € L2([0, +oof, H"O(RS ) -
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Theorem

Let r > 3/2 be given. There exists eg > 0 such that for all gy € H(”O)(ng\/) satisfying

llgoll o) rs ) < €0,
the Cauchy problem (7) admits a global solution which satisfies
g € L= ([0, +oo[, HO(RS ,)), Zig € L2([0, +oof, H"O(RS ) -

Furthermore, the solution enjoys the following Gelfand-Shilov regularity in v and
Gevrey regularity x for all positive t: there exists C > 1 such that for any t > 0 and
any a, 8,7 € N3, we have
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Let r > 3/2 be given. There exists eg > 0 such that for all gy € H(”O)(ng\/) satisfying

llgoll o) rs ) < €0,
the Cauchy problem (7) admits a global solution which satisfies
g € L= ([0, +oo[, HO(RS ,)), Zig € L2([0, +oof, H"O(RS ) -

Furthermore, the solution enjoys the following Gelfand-Shilov regularity in v and
Gevrey regularity x for all positive t: there exists C > 1 such that for any t > 0 and
any a, 8,7 € N3, we have
V07 0% g(t)llimqes ) < max (
N e ?

v X

;,1) Clal+1Bl+yI+1
¢3(lal+BI+7]) 13

3 3 3
x (@)3(8)? (M} lleollyeogs -
~ / ~ / X,V

Ge/fang»Shi/ov Gevrey 3/2

i in x
53/2 inv

Lerner, Morimoto, Pravda-Starov & Xu Gelfand-Shilov smoothing for the Landau equation



1. Introduction

Landau Equation and Hypoellipticity

Our scales of regularity and the result

Let us note that this result implies that the Cauchy problem (7) enjoys, locally in
time, the same regularizing effect as the following evolution equation

2
5rg + (\/ Hy + <D><>) 3g= 07 (8)
glt:f) =80 € L2(R>6<,v)v

v

2
where H, = —A, + % is the Harmonic Oscillator (cf. (32)) in the velocity
variables.
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Landau Equation and Hypoellipticity

Our scales of regularity and the result

Let us note that this result implies that the Cauchy problem (7) enjoys, locally in
time, the same regularizing effect as the following evolution equation

{atg+(\/H7V+<Dx>)§g—0 (8)
gli=0 = go € L2(R>6<,v)v

[v]

2
where H, = —A, + - is the Harmonic Oscillator (cf. (32)) in the velocity
variables. By using the functional calculus, similarly to the Cauchy problem for the
fractional heat equation, the solution of (8) is given by

2/3
g(t) = e_t(V”V‘*'(DX)) g € G3/2(R§;S§’//22(R3)), for all t > 0,
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Our scales of regularity and the result

Let us note that this result implies that the Cauchy problem (7) enjoys, locally in
time, the same regularizing effect as the following evolution equation

{atg+(\/H7V+<Dx>)§g—0 (8)
gli=0 = go € L2(R>6<,v)v

[v]

2
where H, = —A, + - is the Harmonic Oscillator (cf. (32)) in the velocity
variables. By using the functional calculus, similarly to the Cauchy problem for the
fractional heat equation, the solution of (8) is given by

2/3
g(t) = e_t(V”V‘*'(DX)) g € G3/2(R§;S§’//22(R3)), for all t > 0,

where G3/2 is the Gevrey function space and S_,?//22 is the Gelfand-Shilov space.
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On the linearized Landau operator, special functions
Trilinear estimates for the collision term

2. Properties of the Landau Equation

On the linearized Landau operator, a special functions approach
| 2

3 vl
With = (2w)"2e~ 2~ standing for the Maxwellian solution, we have

Lig=—p?Qup, p*?g) — QU g, ).

This is an unbounded symmetric non-negative operator on L?(R3), with kernel

3
N = Span{ Vo, We, Ve, Ve, Z \Ugej}, (Wq) are the Hermite functions
N

=1
ul/2
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2. Properties of the Landau Equation

On the linearized Landau operator, special functions

Trilinear estimates for the collision term

In the case of Maxwellian molecules, the linearized Landau operator may be computed
explicitly and we have

+[—AS2—2(—AV+¥—§)]P27
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2. Properties of the Landau Equation

On the linearized Landau operator, special functions

Trilinear estimates for the collision term

In the case of Maxwellian molecules, the linearized Landau operator may be computed
explicitly and we have

+[—AS2—2(—AV+¥—§)]P27

where Py = Zlalzk P denote the orthogonal projection onto the Hermite basis,
whereas Ag. stands for the Laplace-Beltrami operator on the unit sphere S2.
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2. Properties of the Landau Equation

On the linearized Landau operator, special functions

Trilinear estimates for the collision term

In the case of Maxwellian molecules, the linearized Landau operator may be computed
explicitly and we have

2
v 3
+ [—Agz—z(—Aer‘T'— 5)]1927
where Py = Zlalzk P denote the orthogonal projection onto the Hermite basis,
whereas Ag. stands for the Laplace-Beltrami operator on the unit sphere S2.

Note (cf. (33)) that
1
Ap == Z (vjoy, — vk&,j)z.
1</,k<3

N
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2. Properties of the Landau Equation

On the linearized Landau operator, special functions

Trilinear estimates for the collision term

We set for any n,/ >0, —I < m </,

2n! 2 |viND s |v[? v[? v
o3/ (M= oy
‘Pn,l.m(‘/)*2 (7 (7) Ly ( )e ¢ Y) (7 ’
r(n+/+§)) V2, =\ 2 ~ \V|>
Laguerre spherical
polynomials harmonics
(cf. (35))
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2. Properties of the Landau Equation

On the linearized Landau operator, special functions

Trilinear estimates for the collision term

We set for any n,/ >0, —I < m </,

2

Laguerre spherical
polynomials harmonics
(cf. (35))

The family (¢n.1,m)n,i>0,|m|</ is an orthonormal basis of L?(R3) composed by
eigenvectors of the harmonic oscillator and the Laplace-Beltrami operator on the unit
sphere S?,

v 3

(_ Ay + T - 5)90’1,/,"1 = (2’7 + /)Son,/,mv _AS290n,/,m = I(I + 1)‘Pn,l,rn~

Lerner, Morimoto, Pravda-Starov & Xu ilov smoothing for the Landau equation



2. Properties of the Landau Equation

On the linearized Landau operator, special functions

Trilinear estimates for the collision term

We set for any n,/ >0, —I < m </,
|2

onim(v) = 2—3/4<27”!))1/2<M)/ Li,Jr% (ﬁ)eilvT v ( v )7

[v]

Fn+1+ % V2 —~—\ 2 ~N~
Laguerre spherical
polynomials harmonics
(cf. (35))

The family (¢n.1,m)n,i>0,|m|</ is an orthonormal basis of L?(R3) composed by
eigenvectors of the harmonic oscillator and the Laplace-Beltrami operator on the unit
sphere S?,

Ay +— — 7)<pn,l,rn = (2’7 + /)Son,/,mv _AS290n,/,m = I(I + 1)‘Pn,l,rn~

The linearized Landau operator .%] is diagonal in that basis and satisfies

'ZL@n,/,m = )‘L(n’ Ifm)@n,/,m~ f'l,/ > 07 -1 <m< I7
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2. Properties of the Landau Equation

On the linearized Landau operator, special functions

Trilinear estimates for the collision term

We set for any n,/ >0, —I < m </,

2

Laguerre spherical
polynomials harmonics
(cf. (35))

The family (¢n.1,m)n,i>0,|m|</ is an orthonormal basis of L?(R3) composed by
eigenvectors of the harmonic oscillator and the Laplace-Beltrami operator on the unit
sphere S?,
v> 3
(_ Ay + T - 5)‘Pn,l,rn = (2’7 + /)@n,/,mv _Asﬂpn,/,m = I(I + 1)90",/,"1'

The linearized Landau operator .%] is diagonal in that basis and satisfies

'ZL@n,/,m = )‘L(n’ Ifm)@n,/,m~ f'l,/ > 07 -1 <m< I7

where A,(0,0,0) = A(0,1,0) = A,(0,1,£1) = A.(1,0,0) = 0, A.(0,2, m) = 12,
A(n l,m)=2R2n+ N+ I1(1+1), 2n+1>2.
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2. Properties of the Landau Equation

On the linearized Landau operator, special functions

Trilinear estimates for the collision term

We shall use the following coercive estimates, where P is the projection on the
kernel IV,

1 1
(L, F)msy ~ [[H2 (1 — P)in?(Rg) + [(=Ag)2 (1 - P)f|\i2(u{3)7

where the square root of the Laplace-Beltrami operator is defined by Functional
Calculus,

1
(—Bg)if = > NI+ 1)(F,n1m) iz Pnim

n,1>0,|m|<I
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2. Properties of the Landau Equation

On the linearized Landau operator, special functions

ilinear estimates for the collision term

Trilinear estimates for the collision term

Proposition 1.
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2. Properties of the Landau Equation

On the linearized Landau operator, special functions

ilinear estimates for the collision term

Trilinear estimates for the collision term

Proposition 1. Let Sp = > 1, -, Pk, where Py denote the orthogonal projections
onto the Hermite basis. o
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2. Properties of the Landau Equation

On the linearized Landau operator, special functions

Trilinear estimates for the collision term

Trilinear estimates for the collision term

Proposition 1. Let Sp = > 1, -, Pk, where Py denote the orthogonal projections

onto the Hermite basis. Then, there exists a positive constant ¢ > 0 such that for all
f.g,he S (R3),

‘ (rL(gv ), h) 12

1 1
| = elS28lliey (172 Fllzgeg) + 1(-80)F fll ey )

1 1
x (172 hll2qgg) + I1(=Bs2) Al 2z ),
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2. Properties of the Landau Equation

On the linearized Landau operator, special functions

Trilinear estimates for the collision term

Trilinear estimates for the collision term

Proposition 1. Let Sp = > 1, -, Pk, where Py denote the orthogonal projections

onto the Hermite basis. Then, there exists a positive constant ¢ > 0 such that for all
f.g,he S (R3),

‘ (rL(gv ), h) 12

1 1
oy < €lIS28liagy (I3 Flliages) + 1(=Be2)* Fll e )
1 1
x (172 hll2qgg) + I1(=Bs2) Al 2z ),

where T (g, f) = ufl/zQL(\/ﬁg, VEf).
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2. Properties of the Landau Equation

On the linearized Landau operator, special functions

Trilinear estimates for the collision term

Trilinear estimates for the collision term

Proposition 1. Let Sp = > 1, -, Pk, where Py denote the orthogonal projections

onto the Hermite basis. Then, there exists a positive constant ¢ > 0 such that for all
f.g,he S (R3),

‘ (rL(gv ), h) 12

1 1
oy < €lIS28liagy (I3 Flliages) + 1(=Be2)* Fll e )
1 1
x (172 hll2qgg) + I1(=Bs2) Al 2z ),

where T (g, f) = ufl/zQL(\/ﬁg, VEf).

We omit the proof, which is long and technical (not so unusual),
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2. Properties of the Landau Equation

On the linearized Landau operator, special functions

Trilinear estimates for the collision term

Trilinear estimates for the collision term

Proposition 1. Let Sp = > 1, -, Pk, where Py denote the orthogonal projections
onto the Hermite basis. Then, there exists a positive constant ¢ > 0 such that for all
f.g,he S (R3),

‘ (rL(gv ), h) 12

1 1
| = elS28lliey (172 Fllzgeg) + 1(-80)F fll ey )

1 1
x (172 hll2qgg) + I1(=Bs2) Al 2z ),

where T (g, f) = ufl/zQL(\/ﬁg, VEf).

We omit the proof, which is long and technical (not so unusual), but we want to
point out that the calculations use the basis (¢, m) displayed above to calculate
explicitly the bilinear term '/ (g, f).

The full Landau equation (and not only the linearized part) can be expressed

explicitly as an infinite-dimensional system in the basis (¢, /,m)-
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2. Properties of the Landau Equation

On the linearized Landau operator, special functions

Trilinear estimates for the collision term

Proposition 2. Let r > 3/2 be given; there exists a positive constant C, > 0 such that
forall f,g,he.7(RS,), t>0,0<6<1,

‘ (Mé(t)rL (Ms(£)"g, Ms () ), h) HPO) (RS ) )

1 1
< GlSagllneo@s ) (M2 fllyroes ) + 1(=8s) 2 flyeoes )

1 1
< (IH2hlyeos ) +1(-2s2)2 Al yeo e )-
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2. Properties of the Landau Equation

On the linearized Landau operator, special functions

Trilinear estimates for the collision term

Proposition 2. Let r > 3/2 be given; there exists a positive constant C, > 0 such that
forall f,g,he.7(RS,), t>0,0<6<1,

‘ (Mé(t)rL (Ms(£)"g, Ms () ), h) HPO) (RS ) )

1 1
< GlSagllneo@s ) (M2 fllyroes ) + 1(=8s) 2 flyeoes )

1 1
< (IH2hlyeos ) +1(-2s2)2 Al yeo e )-

with the exponential weight

wIn

(VD) t(y/k+3+(D2)

e
Ms(t) = 7 = Z 3 2
1+ Set(VH+(Dx))3 k=01 4 (5et( k+35+(Dx))3

Py.

Lerner, Morimoto, Pravda-Starov & Xu Gelfand-Shilov smoothing for the Landau equation



2. Properties of the Landau Equation

On the linearized Landau operator, special functions

Trilinear estimates for the collision term

Proposition 2. Let r > 3/2 be given; there exists a positive constant C, > 0 such that
forall f,g,he.7(RS,), t>0,0<6<1,

(o oz 0) |
1 1
< GlSagllneo@s ) (M2 fllyroes ) + 1(=8s) 2 flyeoes )

1 1
< (IH2hlyeos ) +1(-2s2)2 Al yeo e )-

with the exponential weight

2

StV H(D))3 t(y/k+3+(Dx))

e
Ms(t) = r=D. 7 Pk
1+ 6et(\/7+(DX>)3 k>0 1+ (5et( k+%+(DX))3

wIn

Same remark as for Proposition 1: an intricate proof, but based upon explicit

computations, thanks to the special functions approach displayed above.
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3. A local existence result p 5 q q
Local existence for a linearized equation

Convergence of approximate solutions

3. A local existence result

Local existence for a linearized equation

Proposition 3. Let r > 3/2. Then, there exist some positive constants cg > 1, €9 >0
such that for all T > 0, go € HWO(RS ), f € L>([0, T], H("0) (R V) satisfying
HngHLOo (10, T1,HI-O) (RS ) < gp, the Cauchy problem

Org +v-Vxg+ Z1g =T(f,g),
g't:O = 80,
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3. A local existence result p 5 q q
Local existence for a linearized equation

Convergence of approximate solutions

3. A local existence result

Local existence for a linearized equation
Proposition 3. Let r > 3/2. Then, there exist some positive constants cg > 1, €9 >0

such that for all T > 0, go € HWO(RS ), f € L>([0, T], H("0) (R V) satisfying
HngHLOo (10, T1,HI-O) (RS ) < gp, the Cauchy problem

Org +v-Vxg+ Z1g =T(f,g),
g't:O = 80,

admits a solution satisfying

1 1
oo o, 71,0 s ) T2 &ll2g0, 7y o ig )+ I1(=Bs2) 2 8 ll 20, 71, mr 01 m5 ,))

< coe’lgollr,0)-
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3. A local existence result p 5 q q
Local existence for a linearized equation

Convergence of approximate solutions

3. A local existence result

Local existence for a linearized equation
Proposition 3. Let r > 3/2. Then, there exist some positive constants cg > 1, €9 >0

such that for all T > 0, go € HWO(RS ), f € L>([0, T], H("0) (R V) satisfying
HngHLOo (10, T1,HI-O) (RS ) < gp, the Cauchy problem

Org +v-Vxg+ Z1g =T(f,g),
g't:O = 80,

admits a solution satisfying

1 1
oo o, 71,0 s ) T2 &ll2g0, 7y o ig )+ I1(=Bs2) 2 8 ll 20, 71, mr 01 m5 ,))

< coe’lgollr,0)-

A rather straightforward and standard argument: prove an estimate for the adjoint
equation (thanks to Proposition 1) and use Hahn-Banach theorem for the existence.
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3. A local existence result

Local existence for a linearized equation

Convergence of approximate solutions

Convergence of approximate solutions

Theorem

Let r > 3/2, T > 0. Then, there exist some positive constants ¢y > 1, g > 0 such

that for all gy € H(”O)(R27V) satisfying ||gol|(r,0) < €0, the Cauchy problem associated
to the Landau equation

Og+v-Vxg+Zg=Ti(g 8), 9)
g‘t:O = 80,
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3. A local existence result

Local existence for a linearized equation

Convergence of approximate solutions

Convergence of approximate solutions

Theorem

Let r > 3/2, T > 0. Then, there exist some positive constants ¢y > 1, g > 0 such

that for all gy € H(”O)(R27V) satisfying ||gol|(r,0) < €0, the Cauchy problem associated
to the Landau equation

{Btg +v-Vig+ Zig=T(g,8), 9)

glt=0 = 8o,

admits a solution satisfying

1
gl oo o, 71,0 s ) + 1728111210, 7y 0 v )

1
+ H(*Asﬂzg||L2([o,T],H(nO)(R§ W) < C0||g0||(r,0)-
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3. A local existence result 5 . . .
Local existence for a linearized equation

Convergence of approximate solutions

To prove that theorem, thanks to Proposition 3 (establishing existence for the
linearized equation), we can define a sequence of solutions (gn)a>0 belonging to
L=([o, T], H"O(RS ,)) and satisfying the Cauchy problem
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3. A local existence result 5 . . .
Local existence for a linearized equation

Convergence of approximate solutions

To prove that theorem, thanks to Proposition 3 (establishing existence for the
linearized equation), we can define a sequence of solutions (gn)a>0 belonging to
L=([o, T], H"O(RS ,)) and satisfying the Cauchy problem

al‘g'rH»l +v- ngn+1 + ngrHJ = I—L(gn7gn+1)7 n 2 Os

gﬂ+1‘t:0 = 8o-
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3. A local existence result 5 . . .
Local existence for a linearized equation

Convergence of approximate solutions

To prove that theorem, thanks to Proposition 3 (establishing existence for the
linearized equation), we can define a sequence of solutions (gn)a>0 belonging to
L=([o, T], H"O(RS ,)) and satisfying the Cauchy problem

al‘g'rH»l +v- ngn+1 + ngrHJ = I—L(gn7gn+1)7 n 2 Os

gﬂ+1‘t:0 = 8o-

We prove the convergence of these solutions towards a solution of the

non-linear equation, using essentially the estimates of Proposition 1.
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Hypoellipticity for the linear inhomogeneous Landau equation

4. Gelfand-Shilov and Gevrey smoothing effects AT S witlh G el S

4. Gelfand-Shilov and Gevrey smoothing effects

Hypoellipticity for the linear inhomogeneous Landau equation

We define | &7 = iv - £ + .7}, | where £ is a parameter in R3.
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4. Gelfand-Shilov and Gevrey smoothing effects

Hypoellipticity for the linear inhomogeneous Landau equation

We define | &7 = iv - £ + .7}, | where £ is a parameter in R3.

Proposition 4. There exists a real-valued symbol g(v,n, &) belonging to the symbol
class S(1,dv? + dn?) uniformly with respect to the parameter ¢ € R3 and some
positive constants 0 < 9 < 1, c1, ¢ > 0 such that for all 0 < ¢ < &g, f € .7(R3),
S R3, i 1 1
Re(2f, (1 —eg" (v, Dy, €))f) 2 > cul|H2f||T + il (—Ag2) 2 f|| 7

1 1
+aell(€)3FII7 + cclllv AL FIZ — callfllZ,
where || - || 2 stands for the L?(R3)-norm.
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4. Gelfand-Shilov and Gevrey smoothing effects

Hypoellipticity for the linear inhomogeneous Landau equation

We define | &7 = iv - £ + .7}, | where £ is a parameter in R3.

Proposition 4. There exists a real-valued symbol g(v,n, &) belonging to the symbol
class S(1,dv? + dn?) uniformly with respect to the parameter ¢ € R3 and some
positive constants 0 < 9 < 1, c1, ¢ > 0 such that for all 0 < ¢ < &g, f € .7(R3),
S R3, i 1 1
Re(2f, (1 —eg" (v, Dy, €))f) 2 > cul|H2f||T + il (—Ag2) 2 f|| 7

1 1
+aell(€)3FII7 + cclllv AL FIZ — callfllZ,
where || - || 2 stands for the L?(R3)-norm.

Note. S(1,dv? + dn?) stands for the smooth functions whose each derivative is
bounded, a% for the Weyl quantization of a.
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4. Gelfand-Shilov and Gevrey smoothing effects

Hypoellipticity for the linear inhomogeneous Landau equation

We define | 2 = iv - £ + ., | where £ is a parameter in R3.

Proposition 4. There exists a real-valued symbol g(v,n, &) belonging to the symbol
class S(1,dv? + dn?) uniformly with respect to the parameter ¢ € R3 and some
positive constants 0 < 9 < 1, c1, ¢ > 0 such that for all 0 < ¢ < &g, f € .7(R3),

S R3, i 1 1
Re(2f, (1= €&"(v,Dv,)f) 12 > al|H2 f||z + all(-Ds2) 2 ff2
1 1
+ael(€)3fl3 + aclllv AE3 FllE — elIflif2,

where || - || 2 stands for the L?(R3)-norm.
Note. S(1,dv? + dn?) stands for the smooth functions whose each derivative is
bounded, a" for the Weyl quantization of a.
Proof. Hmm, turns somewhat technological: we use a lemma due to F. Hérau
& K. Pravda-Starov grounded on Wick quantization as used in Lerner’s

book on Pseudo-Differential Operators.
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4. Gelfand-Shilov and Gevrey smoothing effects Hypoellipticity for the linear inhomogeneous Landau equation

A priori estimates with exponential weights

A priori estimates with exponential weights

Proposition 5. Let r > 3/2, T > 0. Then, there exist some positive constants
¢, 60,1 > 0 such that for all initial data ||gol|(,0) < €1, the sequence of approximate
solutions (gn)n>o defined above satisfies for all 0 < & < o, n > 1,

||M0(6t)gn||L,)c [0 T] H(r,0) (Rﬁ + II’H2 Mo(ét)g"”LQ [0 T] H(r,0) (pé ))

+ H( ASZ)ZMO((St)g"”Lz ([0, 71, HIO( + H'V/\ DX‘3M0(6t)g"HL2 ([0, 71, H’O( 6 V))

+ H<DX>3 MO((St)gn”LQ ([0, T],H(r-0) (R5 D) < CeCTHgOHi,(r,O)(Rg.V)v
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A priori estimates with exponential weights

A priori estimates with exponential weights

Proposition 5. Let r > 3/2, T > 0. Then, there exist some positive constants
¢, 60,1 > 0 such that for all initial data ||gol|(,0) < €1, the sequence of approximate
solutions (gn)n>o defined above satisfies for all 0 < & < o, n > 1,

||M0(6t)gn||L,)c [0 T] H(r,0) (Rﬁ + II’H2 Mo(ét)g"”LQ [0 T] H(r,0) (pé ))

+ H( ASZ)ZMO((St)g"”Lz ([0, 71, HIO( + H'V/\ DX‘3M0(6t)g"HL2 ([0, 71, H’O( 6 V))

+ H<DX>3 MO((St)gn”LQ ([0, T],H(r-0) (R5 D) < CeCTHgOHi,(r,O)(Rg.V)v

2
where Mo(t) = et(VH+(Dx)3
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4. Gelfand-Shilov and Gevrey smoothing effects Hypoellipticity for the linear inhomogeneous Landau equation

A priori estimates with exponential weights

A priori estimates with exponential weights

Proposition 5. Let r > 3/2, T > 0. Then, there exist some positive constants
¢, 60,1 > 0 such that for all initial data ||gol|(,0) < €1, the sequence of approximate
solutions (gn)n>o defined above satisfies for all 0 < & < o, n > 1,

||M0(6t)gn||L,)c [0 T] H(r,0) (Rﬁ + II’H2 Mo(ét)g"”LQ [0 T] H(r,0) (pé ))

+ H( ASZ)ZMO((St)g"”Lz ([0, 71, HIO( + H'V/\ DX‘3M0(6t)g"HL2 ([0, 71, H’O( 6 V))

+ H<DX>3 MO((St)gn”LQ ([0, T],H(r-0) (R5 D) < CeCTHgOHi,(r,O)(Rg.V)v

2
where Mo(t) = et(VH+(Dx)3

Essentially a consequence of Proposition 4. Provides as well the following result.
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4. Gelfand-Shilov and Gevrey smoothing effects

Hypoellipticity for the linear inhomogeneous Landau equation
A priori estimates with exponential weights

Theorem

Let r > 3/2, T > 0. Then, there exist some positive constants o > 0, ¢g > 1,
0 > 0 such that for all gy € H(r’o)(Riv) satisfying

llgoll(r,0) < €0,

the Cauchy problem associated to the Landau equation with Maxwellian
molecules (4) admits a solution on [0, T| satisfying

| exp 88/ + (D)8 o sy < Bl

Lerner, Morimoto, Pravda-Starov & Xu

Gelfand-Shilov smoothing for the Landau equation



Micro-macro energy estimate

. . Global existence
5. Global existence of the solution

5. Global existence of the solution

Micro-macro energy estimate
We want to establish the global existence of the solution to the Cauchy problem

Og +v-Veg+ Z1g =T1(g,8),
g\t:o = 80,

for a sufficiently small initial data gy € H(’*O)(ngv), with r > 3/2.
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Micro-macro energy estimate

. . Global existence
5. Global existence of the solution

Global existence of the solution

Micro-macro energy estimate
We want to establish the global existence of the solution to the Cauchy problem

Og +v-Veg+ Z1g =T1(g,8),
g\t:o = 80,

for a sufficiently small initial data gp € H(’*O)(ngv), with r > 3/2. To that end, we
first consider the case when r = 2 and use the standard micro-macro decomposition

g =Pg+(ld—P)g =g + &, (10)
where P stands for the L2(R3)-orthogonal projection onto the space of collisional

invariants
N = Span{u!/2, vip/?, vapt/? va /2, v 2/}
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Micro-macro energy estimate

5. Global existence of the solution (Elttied| i

We want to establish the global existence of the solution to the Cauchy problem
g +v-Vxg+ZL1g=Ti(sg,8),

glt=0 = &o,
for a sufficiently small initial data go € H("O(RS ,), with r > 3/2.
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Micro-macro energy estimate

5. Global existence of the solution (Elttied| i

We want to establish the global existence of the solution to the Cauchy problem
Oig+v-Vxg+Zig="Ti(sg,8),
glt=0 = go,
for a sufficiently small initial data go € H("O(RS ,), with r > 3/2.
To that end, we first consider the case when r = 2 and use the standard micro-macro
decomposition
g=Pg+ (ld—P)g = g1 + g. (11)
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Micro-macro energy estimate

5. Global existence of the solution (Elttied| i

We want to establish the global existence of the solution to the Cauchy problem
Oig+v-Vxg+Zig="Ti(sg,8),
glt=0 = go,
for a sufficiently small initial data go € H("O(RS ,), with r > 3/2.
To that end, we first consider the case when r = 2 and use the standard micro-macro
decomposition
g=Pg+ (ld—P)g = g1 + g. (11)

We first derive an energy estimate for both the macroscopic part of the solution g1
and its microscopic part g».
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Micro-macro energy estimate

5. Global existence of the solution (Elttied| i

We want to establish the global existence of the solution to the Cauchy problem
Oig+v-Vxg+Zig="Ti(sg,8),
glt=0 = go,
for a sufficiently small initial data go € H("O(RS ,), with r > 3/2.
To that end, we first consider the case when r = 2 and use the standard micro-macro
decomposition
g=Pg+ (ld—P)g = g1 + g. (11)

We first derive an energy estimate for both the macroscopic part of the solution g1
and its microscopic part g». Thanks to this energy estimate, we prove a result of
global existence for sufficiently small initial data gg € H(”O)(Rg’v), with r = 2. By
using next the smoothing effect, we establish the result of global existence in the
general case when r > 3/2.
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Micro-macro energy estimate

. . Global existence
5. Global existence of the solution

g1=Pg=(atb v+cvP)u’? g=(d-P)g

Og +v-Vig+ Z1g =Ti(g, 8),

(12)
glt=0 = go,
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Micro-macro energy estimate

. . Global existence
5. Global existence of the solution

g1=Pg=(atb v+cvP)u’? g=(d-P)g

(12)

Og +v-Vig+ Z1g =Ti(g, 8),
g\t:o = 80,

Proposition 6. Let r = 2. There exist some positive constants g > 0, C > 0 such
that if g € L>°([0, T], H(2»°)(R§>V)) is a solution to the Cauchy problem (12) on [0, T]
satisfying supg<.< 1 £(t) < €o, then the solution enjoys the estimate
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Micro-macro energy estimate

. . Global existence
5. Global existence of the solution

g1=Pg=(atb v+cvP)u’? g=(d-P)g

Og +v-Vig+ Z1g =Ti(g, 8), (12)
g\t:o = 80,

Proposition 6. Let r = 2. There exist some positive constants g > 0, C > 0 such
that if g € L>°([0, T], H(2»°)(R§>V)) is a solution to the Cauchy problem (12) on [0, T]
satisfying supg<.< 1 £(t) < €o, then the solution enjoys the estimate

t
VO<t<T, £(t)+ / D(r)dr < CE(0),
J0O

with the instant energy functional
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Micro-macro energy estimate

. . Global existence
5. Global existence of the solution

g1=Pg=(atb v+cvP)u’? g=(d-P)g

Og +v-Vig+ Z1g =Ti(g, 8), (12)
g\t:o = 80,

Proposition 6. Let r = 2. There exist some positive constants g > 0, C > 0 such
that if g € L>°([0, T], H(2»°)(R§>V)) is a solution to the Cauchy problem (12) on [0, T]
satisfying supg<.< 1 £(t) < €o, then the solution enjoys the estimate

t
VO<t<T, £(t)+ / D(r)dr < CE(0),
Jo
with the instant energy functional
£(8) = llg(®Pp.0) ~ 112, b, YD) s, + lg2(D)n 0

and the total dissipation rate
1 1
D(t) = [[Vx(a, b, )(1) 113y + 172 82(8) 1,0y + (—Ds2) 2 £2(1)IIE,0)-
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Micro-macro energy estimate

. . lobal existen:
5. Global existence of the solution (Bt i

Global existence

Proposition 7. Let r = 2. Then, there exist some positive constants ¢; > 1,
e1 > 0 such that for all go € HZO(RS ) satisfying

llgoll(2,0) < €1,

the Cauchy problem admits a global solution satisfying
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Micro-macro energy estimate

. . lobal existen:
5. Global existence of the solution (Bt i

Global existence

Proposition 7. Let r = 2. Then, there exist some positive constants ¢; > 1,
e1 > 0 such that for all go € HZO(RS ) satisfying

llgoll(2,0) < €1,

the Cauchy problem admits a global solution satisfying

1
HgHLW([O,+M[,H(2=O)(R§‘V)) +IH2(1 - P)gHL2([0,+oo[1H(2,0)(Rg_yv))

1
+ [(=Ag2)> (1 - P)g”LZ([O,+0<:[,H<2=0>(]};2'V)) < allgollz,0):
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Micro-macro energy estimate

. . lobal existen
5. Global existence of the solution (Bt i

Global existence

Proposition 7. Let r = 2. Then, there exist some positive constants ¢; > 1,
e1 > 0 such that for all go € HZO(RS ) satisfying

llgoll(2,0) < €1,

the Cauchy problem admits a global solution satisfying
1
HgHLW([O,+M[7H(2=0)(R§‘V)) +IH2(1 - P)gHL2([0,+oo[1H(210)(R2:V))
1
+ [(=Ag2)> (1 - P)g”LZ([O,+0<:[,H<2=0>(]};2'V)) < allgollz,0):

where P denotes the Lz(Ri) orthonormal projection on the space of collisional
invariants.
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Micro-macro energy estimate

. . lobal existen:
5. Global existence of the solution (Bt i

Global existence

Proposition 7. Let r = 2. Then, there exist some positive constants ¢; > 1,
e1 > 0 such that for all go € HZO(RS ) satisfying

llgoll(2.0) < €1,
the Cauchy problem admits a global solution satisfying
1
HgHLW([O,+M[,H(2=O)(R§‘V)) +IH2(1 - P)gHL2([0,+oo[1H(2,0)(Rg_yv))
1
+ [(=Ag2)> (1 - P)g”LZ([O,+0<:[,H<2=0>(]};2'V)) < allgollz,0):

where P denotes the Lz(Ri) orthonormal projection on the space of collisional
invariants.

This can be extended to r > 3/2.
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6. Concluding Remarks

We can write Landau Equation (and also some other kinetic equations) as
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6. Concluding Remarks

We can write Landau Equation (and also some other kinetic equations) as

ou ou

S A = T(u,u).
ot T Cax T LY (u, )
v/ dierlSiOl’\

transport
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6. Concluding Remarks

We can write Landau Equation (and also some other kinetic equations) as

ou ou

S A = T(u,u).
ot T Cax T LY (u, )
v/ dierlSiOl’\

transport

e The matrix S is selfadjoint, the matrix A is selfadjoint non-negative, but not

positive-definite.
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6. Concluding Remarks

6. Concluding Remarks

We can write Landau Equation (and also some other kinetic equations) as

ou ou
+S + Au = T(u,u).
ot Ox ~~ (u, u)
N———" diffusion
transport

e The matrix S is selfadjoint, the matrix A is selfadjoint non-negative, but not
positive-definite.

e The commutator [S,A] is not zero and the iterated commutators of S with A
produce estimates for the components of u in the kernel of A. That non-commutation
property is fundamental to the hypoellipticity properties of this equation.
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6. Concluding Remarks

6. Concluding Remarks

We can write Landau Equation (and also some other kinetic equations) as

Jdu du

S Au = T(u,u).
ot ook T L = T
— diffusion

transport

e The matrix S is selfadjoint, the matrix A is selfadjoint non-negative, but not
positive-definite.

e The commutator [S,A] is not zero and the iterated commutators of S with A
produce estimates for the components of u in the kernel of A. That non-commutation
property is fundamental to the hypoellipticity properties of this equation.

e The matrix A is diagonal in a suitably chosen Hilbertian basis and the expression of
the quadratic term T (u, u) is explicit in that basis. The calculations are indeed
intricate, but the special functions involved are rather classical.
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6. Concluding Remarks

6. Concluding Remarks

We can write Landau Equation (and also some other kinetic equations) as

ou ou

S A = T(u,u).
ot T Cax T LY (u, )
v/ dierlSiOl’\

transport

e The matrix S is selfadjoint, the matrix A is selfadjoint non-negative, but not
positive-definite.

e The commutator [S,A] is not zero and the iterated commutators of S with A
produce estimates for the components of u in the kernel of A. That non-commutation
property is fundamental to the hypoellipticity properties of this equation.

e The matrix A is diagonal in a suitably chosen Hilbertian basis and the expression of
the quadratic term T (u, u) is explicit in that basis. The calculations are indeed
intricate, but the special functions involved are rather classical.

It would be interesting to check some numerical simulations using the above

expression, maybe starting with the simpler Kac equation.
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6. Concluding Remarks

A slight variation would be to consider that the density f is singular when it vanishes.
Setting f = e~ %, we get

Orp + v - Oxp + e¢Q(e‘¢, e‘¢) =0.

An upside of that version is that non-negativity of the density is guaranteed, even in a
perturbation mode with ¢ = ¢g + €, yielding for e~ %0 = p,

Orth + v - Ot + ,u_lews_lQ(ue_sw“ue_w) =0.

The H theorem has a simpler expression and proof in that framework with

d
— // (be_d’dxdv >0,
dt

since with S = [[ ¢pe~?dxdv we have

s= [[(@-ode v = [[e(6-1)(v 06+ Qe 7)) dnd
- //(¢ ~1)Q(e=?, e %)dxdv = // $Q(e™?, e=*)dxdv > 0.
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6. Concluding Remarks

Thank you for your attention
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Reminder on special functions

Hermite functions

The standard one-dimensional Hermite functions are given by,

_ Y Ed a1 o dyn 2
d)"(x)* \/me an(e )7 W(x dX> (e )1 XGR, I’IZO?

and define an orthonormal basis of L2(R). Setting for n > 0, o = (cj)1<j<3 € N3,
x €ER, v =(vi, v, v3) € R3,

1 /x dn 3
Un(x) =27 480(2712x), g = ﬁ(g =) 0 Vav) = [T, (v). (13)
: j=1

we get that the family (Wa),cps is an orthonormal basis of L2(R%) composed by the
eigenfunctions of the Harmonic Oscillator

2
H:,AVJF%:Z(/(JF%)M, Id =" "P, (14)

k>0 k>0

where P, denotes the orthogonal projection onto &, = Span{\lla}aeNs,M:k.
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Reminder on special functions

Laplace-Beltrami operator on S?

Using spherical coordinates

x=rcosfBsina, [r=+/x2+y2+ 22,

y =rsinfsina, < a=ImLog(z+iy/x2+ y2) € (0,7) is the zenithal angle,

z = rcosq, B =ImLog(x + iy) € (—m,7) is the azimuth,
we get that
2 2 2 1 1
r*Ags = (ror)” + (ror) + Ag2, Age =0, + —5—05+ Oa-
sin® « tana

The space of spherical harmonics ), with degree [ in three dimensions is defined as
the space of homogeneous harmonic polynomials with degree [/ in three variables,
dimY, =2/ +1,

—ApY =I(I+1)Y, forY e
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Reminder on special functions

The real spherical harmonics Y,’”((r) with I € N, —/ < m </, are defined as
Y{(o) = (4m)~1/2 and for any I > 1,

1/2
(%) / Pj(cos o), ifm=0
m\1/2 .
Y"(o) = (2;1 ((Il+m)) ) P’"(cosa) cosmB  ifm=1,..,1/
(2;';1 (Il+':1)) ) P M(cosa)sinmB if m=—I,...,—1,

where P; stands for the /-th Legendre polynomial and P/" the associated Legendre
functions of the first kind of order / and degree m. We recall that

! /
P =G (%) a-#)'
P = - 2y (2)" e,
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Reminder on special functions

Laguerre Polynomials

The generalized Laguerre polynomials are given by

Dy = e (i)n (e "),

n! dt

We set for any n,/ >0, -/ < m< |,

2

ensot) =2 (T () () e ()

The family (#n,1,m)n,i>0,|m|</ is an orthonormal basis of L?(R%) composed by
eigenvectors of the harmonic oscillator and the Laplace-Beltrami operator on the unit
sphere S?,

v2 3
(7 Ay + % - §><pn,l,m = (2’7 + I)‘Pn,l,ma 7AS2‘Pn,I,m = l(l + 1)‘Pn,/,m~
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