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| COMPENDIUM ON (FRACTIONAL) DIFFUSION LIMITS|
|[FOR THE LINEAR BOLTZMANN EQUATION |
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Diffusion Approximation of Linear Boltzmann Equation

Linear Boltzmann equation, for a system of monokinetic particles,
with isotropic scattering

(0t + w-Vx +0)f(t,x,w) =o(f)(t,x) := U/sdl f(tp(,(u')%

Distribution function f = f(t,x,w) > 0, scattering rate 0 > 1
1 1
f(t,x,v) =(F)(t,x) — —w - Vif(t,x,w) — —0:f(t, x,w)
g g

~(F)(8,) — ~w - TulF)(t3) — 20F)(t,%) + 0(1/0)
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Two Fundamental Ingredients

(a) Local conservation of particle number (exact)

Ot (f) + divy(wf) =0

(b) Fourier law for the current (approximate)

(F) = (@){F)(8,) — W @) - VudF)(E3) ~ = {w)elF)(t,%)

~ —1<w ®w> . Vx<f>(t,x) = dilo_vx<f>(t7x)

)

since
@)=0, (wow) =1l =21

Conclusion f ~ (f) ~ p(t, x), with

1
atp(tv X) = %AXp(tv X)
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Boundary Condition

olf the linear Boltzmann equation is posed on a C! domain Q with
outward unit normal ny, the Dirichlet condition for incoming particles

f(t,x,w) = Rp(x), x€0Q, w-ny<O0

leads to the Dirichlet condition for the diffusion equation at order 0

plt.x) = Ro(x), x € 99

oAt order 1 in 1/0, one has a Robin boundary condition

L
p(t, x) + ganp(t,x) = Rp(x), x€0Q

Extrapolation coefficient is computed in terms of a boundary layer
equation (Milne problem); L := .7104 if d =3
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Fractional Diffusion Approximation | (Mellet, [UMJ)

Linear Boltzmann equation of the form

(8t+v-vx—|—a)f(t,x,v):/\/l(v)/ f(t,x,w)dw, x,veR?
R4

Probability density on RY
M= M(v) = M(—v) ~|v|7972*  a€(0,1)

In the limit as 0 > 1
f~ p(t/o2°‘7x)M(v), Orp = c(—Ax)%p

Standard diffusion regime impossible since the would-be diffusion
coefficient

/M2M(v)dv = o0
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Fractional Diffusion Approximation Il (Frisch?, MNRAS'77)

Non LTE radiative transfer

(o(v) = h(E)ud) ! (x; 1, v) = (1 = e)o(v){o ()] ) + ea(v)Q(x)

] 1
= ;/ / f(u,v)dudy
0 -1

o(v) = %ef”z ,  set h(e) :=e/|In¢]

where

In the case

the source function

5(x) := (1= e){o(v)I)(x) + eQ(x)

satisfies

S(x) +V-AS(x) = Q(x)
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Two Mechanisms Driving to Fractional Diffusion

(1) In the work of Mellet (see also similar ideas in the work of several
authors — Aceves-Sanchez, Cesbron, Mischler, Mouhot, Schmeiser...
— the scattering rate is constant, but the fractional diffusion comes
from the “heavy tail” in the equilibrium distribution, so that the
current is not proportional to the gradient of the density (Fick's
law does not hold)

(2) In the work of H. and U. Frisch, the scattering rate is not uni-
formly large in v — thus the background medium is opaque for low
v and “transparent” for high v; fractional diffusion sets in as a com-
promise between standard diffusion and ballistic transport
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|A NEW ROUTE TO FRACTIONAL DIFFUSION LIMITS]
]FOR THE LINEAR BOLTZMANN EQUATION‘
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Caffarelli-Silvestre Approach to the Fractional Laplacian

Let f € LP(T9), with 1 < p < o0, and let 0 < < 2. Then

(—2x)"72f(x) = =0, F(x,0)

with F = F(x,y) € Cp([0, 00); LP(T?)) the harmonic extension

AF(x,y) +7°2y* 2 N02F(x,y) =0, y >0
F(x,0) = f(x), xeTd

with
¢y =27 (=/2)|/T(~/2)

Remarks (a) If y =1, thenc, =1
(b) In this case, fractional Laplacian=Dirichlet-to-Neuman operator
Not always true...
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Radiative Transfer in a Half-Space

Position variable z = (x, y) with x € R? and y > 0
Gray radiative intensity in direction w € S? denoted f = f(z,w) > 0

w- V. f(z,w) = 0/52 p(w, ) (f(z,w') — f(z,w))dw', y >0

Thomson type scattering, at (frequency independent) rate o > 0
Scattering transition probability p = p(w,w’) € L?(S? x S?) s.t.
p(w,w') = p(w,w) >0, / p(w,w)dw’ =1

52

p(Qw,Qu’) = p(w,w’), Q€ O3(R), w,w €8

Examples
(a) p(w,w’) = 2 (isotropic scattering)

b) p(w,w’) = 2=(1 + (w - w')?) (Rayleigh phase function
167
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Boundary Condition

Incoming radiation at y = 0: Lambert reflection+ isotropic source
— e.g. black body

f(x,0,w) = R(x) + a/ f(x,0,w")|wy|dw’, wy >0
Q wy, <0
Example
Source R(x) = aT(x)* where T(x) =temperature at x (black-body)
. 8 kg

3:= 1r 573 (Boltzmann-Stefan constant)

« = albedo coefficient
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Scaling Assumptions

(a) High scattering regime o > 1
(b) High albedo regime 1 — a ~ 1/ko
Realized by taking

KO
o =
1+ ko’

S(x) = (14 ko)R(x)

Notation
@ = [ oo, (v), =)

with
w}jf := max(£wy, 0)
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High scattering

High albedo

Figure: The interface problem: diffusion approximation holds in the high
scattering region; Lambert’s reflection law holds on the interface with the
high albedo lower half-space. The radiation pressure on the interface is
governed by a fractional diffusion equation involving v—A
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Rescaled equation

o Vaf(2.0) 4 0f(z0) = 0 [ ple)F(z)
52

(BVP)

S(x) KO
1+ ko + 1+ ﬂ0<<f>>_(x, 0

f(x,0,w) =
Equivalent form of BC
f(x,0,w) = S(x) — 4ro(wf)(x,0), wy >0

since

(1 + ko)f(x,0,w) = f(x,0,w) + 4ko{w™f)(x,0), wy >0

Francois Golse Fractional Diffusion Approximation of Boltzmann



Main Result

Denote

Z=T2x(0,+0), Lf(z,w):= f(z,w)—/ p(w,w)f(z,w")dw'
S2

Thm A
Let S € WL>°(T?). For each o > 0 there exists a unique solution
to the BVP satisfying

f, € 1%(Z x S?)

sit. forall j=1,2

o]l oo (zxs2) < S lLoo(2)
([0 fo [l oo (zx52) < 1105 Sl oo (T2)
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Main Result (continued)
Lemma There exists a unique Q € L?(S?) s.t.

(L) (W) =w, (2)=0

Example Assuming that p(w,w’) = g((w-w')?), one finds Q(w) = w

Thm B
In the limit as ¢ — oo, one has

fol,_o=R=R(x) in L*(T?x 8% |wy|dxdw)

where R = R(x) is the solution to the fractional diffusion equation

R(x) + 2k(w- Q)(-A)Y?R(x) = S(x), xeT?
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(1) To prove that
f,—pin L®(ZxS?) and o(f—(f))—=—Q-V,pin L*(ZxS?)

where
p=p(z) € L(2), and  Vpe [3(2)

(2) ... and that
Ap(z) =0, zeZ
p(x,0) — 45(Q-w)dyp(x,0) = S(x),  x€T?
(3) Finally, to prove that
fg‘y:oéR = R(x) in L2(T2,w;dwdx)
olwyf)—= = 5(Q-w)dyp|,_o in H3(T?)
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KEY POINTS/IDEAS IN THE PROOF
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Lemma The operator £ is bounded, self-adjoint, Fredholm on L2(S?):

ker L=R, ranL=R". (¢|L&)12 > ullé — (&)]7:
Proof: the operator | — L is Hilbert-Schmidt because p € L?((S?)?);
that the nullspace is the set of constants follows from p(w,w’) > 0
Entropy flux

U,u/ Ifo — (£)]122 dxga/ (f5|LF,) 2 dx
T2 “ T2 “

d 2
=~ |0y

Integrating in y

fw/ 1y — ()12 dz < 12
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Uniqueness

Assume that S = 0.

(1) by H Theorem

/ (%a@,ff}(x,y)dx is nonincreasing
T2

(2) splitting f, = f, — (f;) + (f;) and expanding square norm

/1_2<éwyfaz>(x7)/)dxe L;—i—Lf, = —0asy— o0

(3) since S=0
o [ 1= (6 s dz = 0

O_fa <f0>_0£fazvafU+BC:>fg:0

Francois Golse Fractional Diffusion Approximation of Boltzmann



Bound on f, — (f,)

(1) Straightforward application of H Theorem gives

5]l ege
fo— (B2 < x
1o = (fo)liz,, < o

Gives O(1/4/0), but O(1/c) is needed
(2) Write BVP for g,(z,w) = f,(z,w) — F5(z), where

Fo(z) = (28 + 22:(6)_(0) 1 -y

One gets

W'nga+0—£gU:_w'vF0(Z)7 :O

&| y=0,u,>0

H Thm applied to the BVP satisfied by g, implies that
Ho'(fa - <fo>)”L§’w = ”U(ga - <grr>)HL§ < CHSHWIOO (T2)
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Diffusion Limit

Write weak formulation of BVP for the test function

od(z) + Qw) - Vz6(2), ¢ € C2(2)

Passing to the limit as ¢ — oo, one gets

Hlw

(56 = .00, 0)db = (@) [ Vo V(z

One recognizes in this identity the variational formulation of
Oa z € Z
p(x,0) = k(2 w)dyp(x,0) = S(x),  x€T?

Finally one obtains the fractional diffusion equation by the harmonic
extension representation of v —A
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FINAL REMARKS/EXTENSIONS
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More General Domains

If Z is a smooth (bounded) domain of R¥*1 with boundary 9Z and
outward normal field denoted n, for z € 07, the diffusion limit of

w-V,fyo+oLlf, =0 in Z
(BVPI) S(x ko |S9

fff’r 14£f<)a + (1+m‘7)“|3d\ ((w- ”z)+fa>‘r
is

Bd+1‘

{Ap( z)=0, zeZ
P‘az + ‘|Bd| R{Q- w>8np|az =35

Denoting by A the Dirichlet-to-Neuman operator on 9Z, we conclude
that R := p‘az satisfies the equation

R+B510(Q w)AR =S
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When is A = Const.\/—A?

Dirichlet-to-Neumann operator A: H/2(82) — H=1/2(8Z) given by

AU=0 inZ
ANu = (9,,U‘6Z where
U‘az =u
so that
(Nuy V) =172 e = / VU(z) - Vv(z)dz
z
Examples

(a) If Z =R9 x (0,00) (half-space), then A = v/ —AR’
(b) If Z = B? (unit disk in R?), then A = \/ —AS*
(c) If Z =B (unit ball in Rd), then

;1+ /(df41)2 _ AS? < /7Asd
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Open Questions

(a) Is there an analogue of this result for the linearized Boltzmann
equation of the kinetic theory of gases? Need to get rid of maximum
principle in the argument...

(b) Can one get powers of —A other than v/—A? Requires strong
anisotropy in the diffusion limit for the linear Boltzmann equation
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Preliminary Ideas on Question (a) (with K. Aoki)

Linearizing about M = M4 o 1) the Boltzmann equation in the half-
space x3 > 0 with accomodation BC at x3 = O:

v VyF = Z£B(F,F)

F(x,v) = (1—a)F(x, vR) + a\/szrvl\/l(Lo’-,-W)/ F(x,v)|s|dv

3<0
with F = M(1+ g) and T, =1+ 6,, (assuming g,0,, < 1) gives
v-Vyg + ﬁﬁg =0
g(x,v) = (1 — a)g(x,vF) + a3 (|vf - 4)

+aVv2r g(x,v)|vs|Mdv

v3<0
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Asymptotic Analysis (Aoki-Inamuro-Onishi JPSJ 1979)

Scaling @« = Kn = ¢ < 1...unlike 1 — o < 1 in Radiative Transfer!
Hilbert expansion + Knudsen layer

ge(Xa V) = gO(Xa V) +e (gl(X7 V) + ¢(X1?X2’ X?s, V)) +.

One finds
go(x, v) =to(x) - v+ fo(x)5(|v[* — 5)
g1(x,v) =p1(x) + u1(x) - v + 61 (x)5(|v[* = 3)
— Vato(x) : A(v) — Vibo(x) - B(v)

where
LA=v®2—L|v[l, LB=vi(|v]*-5)
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Knudsen Layer

.. while ¢ solves the Milne problem

v30,¢ + L¢P =0 for x3 > 0
{ R and lim ¢=0
(b(O’ V) - gb(oa v ) = (D(V) z—+400

where

D :

v[2—
(&f —&1-8)| o +V2r | &l _olusIMdv+0, =

v3<0
Vanishing condition at infinity
/¢(V)V3X(V)Mdv =0 for x(v) =1,v1, v, |v|?

[Aoki-Inamuro-Onishi JPSJ1979, FG-Perthame-Sulem ARMA1988|
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Limiting Equation

One finds that

Vp=vAu, divuy =0, x3 > 0
{(Uo,j — \/%1/8)6 uo,j)’)g:o = u073‘x3:0 =0, j=1,2
so that up = 0, and
kAfy =0, x3 >0
{(90 - @K&geo)‘)@:o =0,

Setting © = 00‘X3:0' this is equivalent by harmonic extension to

O(x1,x2) + @,«;\/—A@(Xl,xz) = Ow(x1, x2)
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