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In this talk we consider:

* Homogeneous equation without cutoff with full range of angular
singularity.

* The case of Maxwell and hard potentials (the later is singular in
velocity growth).

*Lr theory (including the case p=x) with exponential weights
based in the L1 and L2 theories.

e Sobolev regularity with exponential weights.



The Boltzmann model

Of(t,v) = Q(f. /)(t,v),  (t,v) € (0,00) x R

The collision operator

Qo NW= [ [ (6f0) = g(w) ) lub(a- o)dodv.

The fractional diffusion: O<s<1

sin?=20b(cosb) ~ by/60'7*, when 60=~0



Coercivity estimate:
Importance of conservation laws and entropy

Lr estimate for the Heat equation
o fIIb+ SV P25 =0,  p>1.

Needs Integration by parts and explicit estimation of the
Dirichlet product

(V. VP L



For the collision operator

In the space

U(Dy, Ey) = {g measurable : g > 0, /

gdv > Dy, / g(1+[v]* +Ing)dv < Eo}
Rd Rd

we have that

~(QUe. D). £) , = eoll )72l = ClIY > £ o
based on the fact that

Cy(g, f) = /// b()|v — v 9. (f — f)*dvdv, do,
J J JR3IXR3 x§2

> ol (0)" fllfgs = C'lIflIZ2



Important lemma for the Dirichlet product

Lemma 1. For any 6 > 0

/ 1
2/ 2
(3) 0?7 —1< =(6* 1) -

2
g—1) . 1. 00]|.
e max{p,p’}( ) ’ p € (1,09

In particular, in the limit p — 1 it follows that
2logh < (0% —1) — (0 — 1)°.

Note that equality is achieved in estimate (3) for the case p = 2.




Simple argument...

Cancellation lemma

v P2\ 2/p’
];‘((v))Pﬂ )2/ B 1)

1
max{p,p'}

P v \P/2
< F(’U)p<p/ (?((U))p B 1) ; max{lp,p’} (114;((?)))’)/2 E 1)2>

(F(U/)p/Q _ F(U)p/Q)

Coercivity estimate
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Energy estimate for emergence of LP norms

Proposition 1. Take g € U(Dy, Ey), F sufficiently smooth, v € [0,1], s € (0,1), and
p € (1,00). Then,

Cqg

Q(g, F)(v)FP~Y(v)dv < — .
R max{p, p'}

where the constants ¢, and C, depend on Dy, Ey, d, v, and s.

19 Cy ) n/omm
| ()2FP s + p—f’H(-)”/QF”/QI@a

Which leads to

1
1Ol < cp||<~>2fo||1( L 1), p € (1,00)

t 28})’




Special case - Lo case: A De Giorgi argument

Fg(v) := F(v) — K and Ff;(v) = FK(U)l{FKZO}

Compute
F@) (i () 1ry 20~ Fx ()10
= Fg(v) <FK(U,)1{F;\.ZO} — FK(U)l{FKZO}> + K(FK(U/)l{F;/\—ZO} = FK(U)l{FKZO})
= Fie(0) (Lzez0p + LUpw<oy ) (Fx (@)1 gr 50 = Fic(0) Lm0y )
+ K(FK(U,)I{F;\,.ZO} - FK(U)l{FKZO}) :

Note that

Fi(v)1 <0} (FK(Ul)l{F;\.ZO} - FK(U)l{FKZO}) = Fr(0)pre <oy Fi (V) 1pr >0y <0



Then,

F(v) (FK(UI)l{F;<20} - FK(U)l{FKzo})
< Fre(w) Lm0y (Fie () ry 50, — Fic(0)lme50)
+ K(FK(U/)l{F;<zo} - FK(U)l{FKzo})
= §(FEW)? = F()?) = 3(FE() - Fgg(v))2 + K (FE () - F ()
L2 remainder Coercive part L' remainder

This leads to

Proposition 2. Take g € U(Dy, Ey), F sufficiently smooth, v € [0,1], and s € (0,1)|
Then,

RdQ(g,F)(?J)I*}‘E(v)(llv < —¢gll()2F s + Coll ()P FENS + Co K| () Fit s

where the constants ¢, and Cy depend on Dy, Ey, d, v, and s.




Level set energy estimate

d, . /2 . .
3 IS IB + coll (Y2 IR < Coll ()2 FEIB + Co K 1) fi
Energy functional
T
Wi=1 sup [f®IB+co [ 1672 fuls)}eds, T >t.>0.
te(ty,T) tr

Sobolev embedding and the key observation

2k @
Lok = (Efk—l) : Va > 0.

gives that




This proves the theorem

Theorem 2 (Generation/propagation of L*-norm). Let v € [0,1] and s € (0,1), and
assume fo € U(Dgy, Ey). Then,

: , 1
22) 1O < NP Rl (5 +1). e>0
where C' depends on Dy, Ey, d, v and s. Furthermore, if additionally fo € LOC(R’I), then,
(23) Sup 1f () lloo < max {2[|folloo, CII{-Y*foll1}

where C' depends also on || fo|2.

We work now with polynomial and exponential weights

w(v) = (0) or w(v) = & ML)

w(v) — (3”"<""’>"', with o € (0, 1]



Adding weights to previous estimates
F(v) = f(v)w(v), G(v) = g(v) w(v)
Compute
f@) (PP w(@) = Fo)' w(v))
= F()(FP~! = F@P™!) + f0)F (o) (w(v) = w(v))
= F(o) (F"~" = Fp™') + f(o) (F('y~" = F) ") (w(v') = w(v))
+ F)F ()~ (w(v') —w(v)) .

The first is the leading term, already computed. Second and third terms are
remainder terms. The estimation of these terms rely in several classical
inequalities such as the cancellation lemma and

o) — o) <V2  sup  [0p(@)] x [ulsin(6).

|z| <A/ | 0|24 |vs |2
‘/812 (V') — w(v)dw‘ < |Sd—2’ sup |3299(a:)‘ % \u\Q si112(0)_

< /IoP+os]?



The final estimate is given by

Lemma 2. Assume that g € U(Dy, Ey), v € [0,1], and set F(v) = f(v)w(v) and G(v) =
g(v)w(v), for polynomial or exponential weight w. Then, for any 6 > 0

v)F ()P tw(v)dv < — €0 NITAYA N2 ER/2)2,
g) I Q(g, f)( )F((J) (v)dv < (max{p’p,} 5||(>CG1)|<> R,
+ (p—? +(CH+ TG ) IR + FH<‘>47+25G||1||<'>$F|\g.

The constants Cy and co depend on Dy, Ey, d, v, s. The constant C' depends also on the
corresponding weight parameter k > 0 orr > 0.

Generation of moments and Lemma 2 lead to the estimate

- 1
1040l <c(+1), k20

- mi v, 1
Her min{t,1}(-) f(t)Hp <(C ( — + 1) , P < (1.06), (N~ (0,7‘0) :

t=

 Rates include emergence of moments and regularity.
e Constants depend only mass, energy and entropy




The Lo case with exponential weights

Fr(v) = (f(v)w(v) — K)
Notation Fif = Frg(0)1{p, >0

F(v) := f(v)w(v)
Compute
f(v)(F;:,(v’)w(v') — Ff\f(v)w(v)) < FIT(?))(F;(?)/) — FZ(?)))

+ K(F]'\t(v') — FZ(?))) + f(0)FE (") (w((') — w(v))

Only one extra term



Again, one is lead to

Proposition 3. Take v € [0,1] and s € (0,1), and assume f € U(Dy, Ey) is sufficiently
smooth and decaying. Consider also, for any K > 0, the level function Fp = (fw —
K) 1{fw—K20}° Then,

c

RdQ(f, f)(U)F;(U)w(U)dU < —50||<.>7/2F[-(F||%{5

C S S : S
“ O (1 CHIREER + K IO FEl + K202 1)

Ta—s)

where the constant cy depends on Dy, Ey, d, v, and s. The constant C' depends also on
the corresponding weight parameter k> 0 orr > 0.

A similar argument to that of the Lo - norm leads to

w(v) _ <U>k or w(v) . min{t,1}(v)”

[wfOle<C(z+1).  t>0



Emergence of exponentially weighted
regularity: commutator

Theorem 5. For v € [0,1], s € (0,1), and w(v) = @)* or w(v) = "7, with k > 0,
r € (0, %) the following estimate holds

(1+(=4)2Q(g, /) = Qlg, (1 + (=) 2 ) + R(g. f).
The remainder satisfies the estimate
lwR(g, f)ll2 < C||sin® 6 b (I!<->“‘w9|h + |\w9H2> 1) w [l

with a = max{2y,v — 1+ 2s}. The constant C' depends, in addition to d, s, and -y, on the
corresponding weight parameter k or r as well.

This is an pointwise remainder result




Bobylev’s formula

F{ 1+ (=2)5Q(g. () } (&) = <§>5f{@<g, N }e)
= [ (€ F Lol f @l }E €9 = © F oo Il }0,9)4E - )do

—— e—

+/S (€7 = (€9)*) Flowa) F () [ul g™, €b(E - 0)do = T (g, )(€) + T(g, (&)

For the second term, it have been proven that

|wZ(g, )]l < Cllsin? 0bllsgamry (1) Gl + G112 1)

s A s s [! 1—(1(5-0)
—( (1 A2 — (alé-o A2 ) =2 —do.
Note that ((+\£|) (a(€ )+|£|)) 2/0 (ol .

— ag.g)+9+|§+|z)7

— s [1 s\~ o (1-alf-0))bs(E o)
_ S ¢ +
§) = 2/ /Sd_l< N > F(E&.¢7) 2. dodf.

o =-5 [ [ [ o0l ) (0ml 1ehe)

x L(0,u-0) 5 (1 —a(t-0))bs(a - o)dodv,db .

Complete cancelation

Then

IO|>—A




Fractional differentiation product

Y FLg(u) F@)ul Y€, ) = Flg(w) (1 + (=A) 2 (F()mo| - ) (0) e, €)
— F{g(w) (1 + (=A))2 f(v) [u]") + R, f(0) } (£, €™).

Leads to

T@DE© = [, (Flo 1+ ) @ 1)@} E6)
— F{g(va) (1+ (=4))* F(v) [u]") (©)}(0,€) )b(€ - 0)do
+ /S (F{Ru @)} €, €)= F{Ru. £(0)}(0,6) )b(é - 0)do

———— e

—: 19, 1)(€) + Falg, 1)(E).



Explicit remainder

We already computed
[VB(z)|

2]

1
R, f(v) = s/ T2 f(v) ®(u, x) dr, where ®(u,z)=x- / ng;(‘u‘7_2u> dé,
Rd 0

B = F ()2

Leading to

J2(9, f)(v) = S/ M Q@(u’w)(g,%f)(v) dx .

Re 7]

After some painful calculations and a classical result

Lemma 3. For~y € (0,1 and s € (0,1) it follows that

| Dolo N < C(I0 gl + gl )1 O flar WAl = (v = 1425)"

for some constant C' depending only on d, s, and . In fact, for hard spheres v = 1 the
L?-norm of g can be omitted.




Adding weights

/ |VB(€1J)|(’1:)"“’w(iz:)dI < 00, K eR, re(0, %) :
Rd

Leads to

Corollary 2. Fory € (0,1] and s € (0,1) it follows that

J2(9, f)(v) w(v) h(v)dv

Rd
< (1) wglly + llw gl ) 116)* w 1l

hl|lgs, a=max{2y,v—1+ 2s},

for some constant C' depending only on d, s, and . It also depends on the corresponding

weight parameter k > 0 or r € (O, %) For hard spheres, the case v = 1, the L*-norm of g
can be omitted.




Generation and propagation of
smoothness

%wa”%{s = /Rdw(l-i- (—A))%fw(1+ (—A))QiQ(f f)dv—l—/

Rd

2

w(atw)‘ (14 (-A)) 5f dv

:/Rdw(u(—A))%wa(f, (14 (=A))3 f)do

2

+/Rdw(1+(—A))5fw7z(f,f)dv+/ dv

w () | (14 (-A)* f
Rd

Leads to q

CIFIB + 2N (FFIR. < O (6% +1).

Then,

Proposition 4. Let v € (0,1] and s € (0,1), r € (O, min{m,%}). Assume that fy €
U(Dy, Ey). Then, it follows that

He7 min{t,1}(v) (1 + (_A)) 2}‘”% < C(t_( 4 1) , t>0.

The constant C' depends on Dy, Ey, d, s, and vy, whereas the constant ¢ > 0 depends only
ond, s,y and r.




Sobolev smoothness

Theorem 6 (Appearance and propagation of exponentially weighted higher regularity).
Let v € (0,1] and s € (0,1), k € N, and r € (0, min{r, %}) Assume that fo € U(Dy, Ey).
Then, it follows that

: 1
||€r min{t,1}(v)? akf”% < Cvk<t(_k + 1> . t>0.

The constant C}. depends on Dqy, Ey, d, s, and 7y, whereas the constant ¢, > 0 depends only
on k, d, s, and . Furthermore, in the range v € [0,1], if e fo e LY and "9k fy €
L?, with o € (0,1], then

sup [l MM 9 £(1)]2 < max {[le"" 0" folla, Ch}

t>0

The constant C). depends additionally on the L'-exponential norm of fj.




One key step: using Prop. 4

|, QO N wwd* Fdo < Caug (160 w0l + 100 1) 1) w e w09l

< Claory (7 + D))" 0 |2l 0¥ £ 11

Interpolation weight - regularity

[ wdk flla < Cull ()@t D w =L L™ w08 £
ns >0 and 65 € (0,1)

Leads to

d - - _ 2%k
w F13 + collew 9 FIfs < Caon (770 +1)),
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