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Somos—(4)

Somos—(4) sequence {s,} is defined by initial data
St =85 =5 =54=1
and recurrence relation
Sn+2Sn—2 = Sns1Sn—1 + Sh.
It begings with
...,2,1,1,1,1,2,3,7,23,59,314,1529, . ..

(Obviously s, = s5_5.)
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Somos—(6)

Somos first introduced the sequence Somos-(6) such that

S =8 =83=84=55=55 =1
and
2
Sn+35n—3 = Sp+2Sp—2 + Sp+1Sn—1 + Sp.

He raised the question whether all the terms are integer:

*
1470. Proposed by Michael Somos, Cleveland, Ohio.
Consider the sequence (a,) where agp = ay = -++ = a5 = 1 and
g = Sn-1%n-5 + On-20n-g + an3
n
On -6
for n > 6. Computer calculations show that ag,ar,...,a100 are all integers.
Consequently it is conjectured that all the a, are integers.

Prove or disprove.

[§ Somos M. Problem 1470. Crux Mathematicorum, 15: 7 (1989), p. 208.
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Integrality

The integrality of Somos—(4) and Somos—(5) was proved by Janice
Malouf, Enrico Bombieri and Dean Hickerson (1990).

The integrality of Somos—(6) was proved by Dean Hickerson (April
1990).

The integrality of Somos—(7) was proved by Ben Lotto (May 1990).
D. Gale: The proof, rather than illuminating the phenomenon, makes it

if anything more mysterious. .. One is reminded of the proof of the
four-color theorem.
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Somos—(8)

Somos—(8) is a sequence with initial data
51 :32:33:34:35:36237:58:1
satisfying recurrence relation
Sn+4Sn—4 = Sp+35n-3 + Sn2Sn-2 + Sni1Sn—1 + .
Somos—(8) is NOT an integer sequence:

420514

1 1,1,1,1,1,1,1,4,7,13,25,61,187,775,5827, 14815, ~—

[It is a wild object with no properties.]
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Somos sequences

For integer k > 4 Somos—k sequence is a sequence generated by
quadratic recurrence relation of the form

[k/2]
Sn+kSn = E QSntk—jSn+js
j=1

where «; are constants and sy, ..., Sk are initial data.

In particular Somos-4 is defined by initial data sy, s1, $», $3 and
fourth-order recurrence

2 a2
Snt+2Spn—2 = Sp+1Sp—1 + B8,

Somos-6 is defined by initial data sy, ..., S5 and sixth-order recurrence

: 2
Sn+3Sn—3 = aSpy2Sp—2 + BSp11Sn—1 + 7 Sp-
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A sigma-function solution for Somos—4

The integrality of Somos—(4)- - - (7) may be proved by elementary
methods. But elementary proofs don’t spread any light on the nature of
Somos sequences: there is some elliptic curve hidden behind
Somos—4 and hyperelliptic curve of genus 2 behind Somos—6.

A solution of general Somos—4 recurrence relation was given by C.
Swart (2003) and A. Hone (2005)

o(z0 + nz)

s, = AB"
! a(z)"

where z, zy € C*, and
z 1rzH\2
(T(Z): —Z H <1 _W> W+2(W)
wel\{0}

is Weierstrass sigma-function associated to plane lattice I'.
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Integrality condition

Theorem (Fomin and Zelevinsky, 2002)

For a Somos—k sequences (k = 4,5,6 and 7) all of the terms in the
sequences are Laurent polynomials in these initial data whose
coefficients are in Z[ox, . . ., k2], so that

Sn€ Zlan, ..., a2, ST, .., S forall n € Z.

[1 Fomin S. and Zelevinsky A. “The Laurent Phenomenon”, Adv.
Appl. Math. 28 (2002) 119-144.

Integrality of original Somos—(k) sequences follows from the theorem
with

But this Theorem is not a final step.
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Finite rank sequences

The main property of Somos—4 and Somos—6: they have finite rank.

The sequence {s,}72_ has a (finite) rank r if maximal rank of two
infinite matices

o oo

) (Sm4+n+1Sm—n)
m,n=—oo

(3m+n5m—n)
m,n=—o0

isr. y
Definition (1)

The sequence {s,}%2 _ has a (finite) rank r if r is a least possible k
such that for all integer m and n

k

k
Sm+nSm—n = Z fi(m)g;(n), Sm+n+1Sm—n = Z fi(m)g;(n).
j=1 j=1
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Finite rank sequences: examples

Example (1)
Let s, = AB". Then
Sm+nSm_n = Aszm = f(m)g(n),

where
f(m) = A2B®™ and g(n)=1.

(And almost the same for Sp1 1 1Sm—n.) So the sequence s, = AB"
has rank 1.

Example (2)

The sequence s, = n has rank 2 because

Sm+nSm_n = m2 - nz, and Sm+n+1 Sm_n = m(m + 1) - n(n -+ 1)
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Finite rank sequences: examples

s, = n* has rank 2k.

Example (4)

Sp = sinn has rank 2: sin(m+ n)sin(m—n) = % (cos2m —cos2n).

Example (5)

For Fibonacci sequence s, = F, we have

1
Fm+nFm—n = 5 (L2m - (_1)m+nL2n) )

1
Foins1Fm-n= 5 (Lomst — (=1)™"Loptq)

where L, = F,_1 + F,.1 are Lucas numbers. So Fibonacci sequence
has rank 2 as well.
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Finite rank sequences: non-trivial examples

Example (6)
The sequence s, = o(Zy + zn) has rank 2 because of addition formula

o(u—v)o(u+v) = —p(u)o(u)?c(v)? + p(v)o(u)?o(v)?.

Example (7)
The same for

Sp = Qj(Zo T zn)

because we know addition theorems of the form

01(y + 2)01(y — 2)65 = 05(y)05(2) — 05(y)03(2) ...
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Finite rank sequences: Somos examples

Example (Ma, 2010; conjectured by Gosper & Schroeppel, 2007)
Somos-4 has rank 2.

It follows from general formula

o(z0 + nz)

s, = AB"
! a(z)™

Example (Hone, 2016; conj. by Gosper & Schroeppel, 2007)
Somos-6 has rank 4.

It follows from general formula for s, in terms of the Kleinian
sigma-function of genus two.
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Somos-4: the main property

Magic determinant

General Somos-4 has rank 2. It means that Somos—4 sequence
satisfy “magic determinant property” or “addition formula” (Ma, 2010)

n no n3
m Sm1 +n4 Sm1 —MNy Sm1 +no Sm1 —no Sm1 +n3 3m1 —n3
My |Smy+n Smp—ny  Smp+n,Smp—n,  Smy+n3Smy—ng| = 0,

m3 Sm3+n1 Sms—fh Sm3+n2 Smg—ng Sm3+n3 Smg—ng

where m;, n; (i = 1,2, 3) are arbitrary integers or half-integers. It is the
main property because another properties of Somos-4 sequence
follow from “magic determinant”.
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Magic determinant

Applications: additional recurrences

The identity
k 1 0
N |SpikSn—k Sn+1Sn—1 Sh
1 |S14kS1_k S8 2| =0,
0 | sks_k S1s_1 St

means that Somos-4 is Somos-k for arbitrary k > 4: for some ay, 5k

2
Sn+kSn—k = QkSn1Sn—1 — BkSh-

General “magic determinant property” follows from this equation by
simple algebraic manipulations.
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The main goal

For Somos-4 sequence we must have

2
Sn+kSn—k = QkSn+1Sn—1 — BkSh,

Sntk+1Sn—k = QkSny2Sn—1 — BkSn11Sn,

Purely algebraic proof of this formula was given by van der Poorten
and Swart (2006). But it was based on some tricky symmetry.

Our goal is to obtain direct proof by induction.
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Gauge transformations: 2 degrees of freedom

Somos-4 sequences

2
Sny2Sp—2 = aSp41Sp—1 + BSy

are invariant under the two-parameter abelian group of gauge
transformations defined by

Sn%gn:A'Bn‘Sn.
Thus it is natural to introduce the gauge-invariant variables

Sn—1Sn+1
="z
Sh

satisfying
for1fofh_q = afy + B.
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First non-trivial case

The equation
Sn+3Sn—2  Sn+2Sn—1  Sp+1Sn
S45_1 S350 S81 | =0
S3S_» S2S_1 S1S0

is equivalent to

1 1 15} 1 1 I}
faf, +oz( )+ :ff+a(+>+.
it fn o fofpy 2 fh fofy

So the quantity

11 5
T—ff o
nln- ‘*“(fn f_ >+fnfn1

must be conserved. (This equation defines an elliptic curve in the
(fa fa—1) plane.)
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Invariance of the first integral T

fot1 f,?fn—1 —afp=p= n+2f +1 fo — afnid /(fafni1)

o) 15} « 1 1
footfp— — = ——— = fop1fpio — — +1nf, +a< >
n—11n an f fn+1 n+11/n+2 f, nin+1 f fn+1

fotfn + fofiy + = = T = fofpi1 + fos1foae + fL
! nt1
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In particular this proof gives new representation for T
f(foq1 + fopq) = Th — a
Together with the main equation
fop1fefpy = afy + B

it allows to express f,_1 + 1 and f,_1f,¢ in terms of f,.
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Desired formula

2
Sn+kSn—k = QkSp11Sn—1 — BkSp

can be rewritten as
Sn+kSn—k _ f
— = — = akfp — Pk
Sn

Induction step:

o (Sn+k5n—k+2)(sn—ksn+k72)
Snt+kSn—k = .

Sn+k—2Sn—k+2

So we can apply induction hypothesis
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Desired formula

2
Sn+kSn—k = QkSn+1Sn—1 — BkSp

can be rewritten as

Induction step is equivalent to

(ks 1 = Bri1)(@k—1fn — Brk—1) = (akfast — Bi) (o1 — Bk

RHS as a symmetric function of f,, ¢ and f,_1 can be expressed as a
function of f, only
(akit1fn—PBrat1)(ak_1fi—Bk_1) = ,3£f§+ak(o/kg3aﬁk T)fa+ak(akf+abk)

Comparing coefficients from both sides of this formula we get
recurrences for ay and Sy.
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The coefficients of 70 and f2 give recurrences

k101 = B2, Bk+1Bk—1 = ax(Bak + af).

The coefficient of f! give extra condition on o and Sx. In terms of
variables gk = Bk/a it can be written as

ang + ( ! + ! > + B T
_ (0% — —
e 9n  9n-1 9n9n—1

But we know that this condition follows from recurrence
1 )
Ik+19k—1 = — (agk + B)
9k
which is indeed the case.
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Elliptic divisibility sequences

We can associate with gy = S /ax a Somos-4 sequence { W} such
that gx = W“+kgvk+‘ It is sufficient to take Wj_1 W1 = B¢ and

W,f = ag (small ambiguousness can be resolved via initial conditions).
This sequence is known as Elliptic divisibility sequence.
Additional formula for general Somos-4
. _B 2 W2 ~ W, W, 2
Sn+kSn—k = OkSpn+1Sp—1 — PkSp = Wi Spy1Sp—1 k—1YWk41Sp

may be applied to s, = W, yielding

Wik Wik = WEWi iy Wi_q — W1 Wy W2
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General additional formula
SatbSa—bWeitdWe—d + SatrdSa—dWhicWpb—c — Sa+cSa—cWhydWp—g =0
is an equivalent analogue of forbidden Weierstrass three term identity

o(a+ b)o(a— b)o(c+ d)o(c—d)—
—o(a+c)o(a—c)o(b+ d)o(b—d)+
+o(a+d)o(a—d)o(b+c)o(b—c)=0.

Equivalent form:

0 Sk+IWk—1  Sk+mWk—m  Sk+nWk—n
pe | SHKkWi-k 0 SitmWi-m  Si+aWi-n | _ o
Sm+kWm—k  Sm+1Wm—/ 0 Sm+nWm—n

Sn+kWn—k  SnyiWn—i  SntrmWn-m 0
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Conclusions

@ Main properties of Somos-4 sequences can be drived by purely
algebraic way without any help of special functions.

@ Firstintegral and elliptic divisibility sequences arise naturally on
this way.

@ Hopefully this approach will be suitable for higher rank sequences.
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Somos sequences: further directions

Different sides of integrability

Properties which seemed to be more or less equivalent for general
Somos sequences:

@ Integrality

@ Laurent phenomenon

@ Finite rank

@ Periodicity (mod N)

General formula in terms of theta-functions

A natural candidate for experiments is the Gale — Robinson sequence
generated by

Sm+nSm = &Sm+rSmtn—r + s‘<35m+psm+nfp + YSm+qSm+n—q>

wherer+p+ g =n.

Alexey Ustinov (Khabarovsk) An elementary approach to Somos-4 26/27



Somos sequences: further directions

Different sides of integrability

Properties which seemed to be more or less equivalent for general
Somos sequences:

@ Integrality
@ Laurent phenomenon
@ Finite rank
@ Periodicity (mod N)
@ General formula in terms of theta-functions
A natural candidate is the Gale—Robinson sequence generated by

Sm+nSm = aSmyrSm+n—r + BSmipSmin—p + ¥Sm+qSm+n—q>

wherer+p+qg=n.

Alexey Ustinov (Khabarovsk) An elementary approach to Somos-4 26/27



Questions?
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