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Real zeros of random polynomials

Let {Ax}72, be random variables on the space (C, B, v), with
P(Ax € S) = v(S) and E[A(] = [ x dv(x). For Pa(x) = "p_o Acx¥, let
Niy(E) be the number of zeros of P,inaset E C C.
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Real zeros of random polynomials

Let {Ax}72, be random variables on the space (C, B, v), with
P(Ax € S) = v(S) and E[A(] = [ x dv(x). For Pa(x) = "p_o Acx¥, let
Niy(E) be the number of zeros of P,inaset E C C.

Bloch&Pdlya, 1932: E[N,(R)] = O(v/n) for Ax € {-1,0,1}
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Real zeros of random polynomials

Let {Ax}72, be random variables on the space (C, B, v), with

P(Ax € S) = v(S) and E[A(] = [ x dv(x). For Pa(x) = "p_o Acx¥, let
Niy(E) be the number of zeros of P,inaset E C C.

Bloch&Pdlya, 1932: E[N,(R)] = O(v/n) for Ax € {-1,0,1}
Littlewood&Offord, 1930-40’s: P(N,(R) < Clog®n) =1 — o(1) as

n — oo. Similar results were obtained by Erd6s&Offord and others.
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Real zeros of random polynomials

Let {Ax}72, be random variables on the space (C, B, v), with

P(Ax € S) = v(S) and E[A(] = [ x dv(x). For Pa(x) = "p_o Acx¥, let
Niy(E) be the number of zeros of P,inaset E C C.

Bloch&Pdlya, 1932: E[N,(R)] = O(v/n) for Ax € {-1,0,1}
Littlewood&Offord, 1930-40’s: P(N,(R) < Clog®n) =1 — o(1) as
n — oo. Similar results were obtained by Erd6s&Offord and others.

Kac, 1943: If {A}72, arei.i.d. A(0, 1) variables then

E[N(R)] = % logn+ o(logn) as n— cc.
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Real zeros of random polynomials

Let {Ax}72, be random variables on the space (C, B, v), with

P(Ax € S) = v(S) and E[A(] = [ x dv(x). For Pa(x) = "p_o Acx¥, let
Niy(E) be the number of zeros of P,inaset E C C.

Bloch&Pdlya, 1932: E[N,(R)] = O(v/n) for Ax € {-1,0,1}
Littlewood&Offord, 1930-40’s: P(N,(R) < Clog®n) =1 — o(1) as
n — oo. Similar results were obtained by Erd6s&Offord and others.

Kac, 1943: If {A}72, arei.i.d. A(0, 1) variables then

E[N(R)] = % logn+ o(logn) as n— cc.

Error term: Wang, 1983; Edelman&Kostlan, 1995; Wilkins, 1988;
Do&Nguyen&Vu, 2015
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Real zeros of random polynomials

Let {Ax}72, be random variables on the space (C, B, v), with

P(Ax € S) = v(S) and E[A(] = [ x dv(x). For Pa(x) = "p_o Acx¥, let
Niy(E) be the number of zeros of P,inaset E C C.

Bloch&Pdlya, 1932: E[N,(R)] = O(v/n) for Ax € {-1,0,1}
Littlewood&Offord, 1930-40’s: P(N,(R) < Clog®n) =1 — o(1) as
n — oo. Similar results were obtained by Erd6s&Offord and others.

Kac, 1943: If {A}72, arei.i.d. A(0, 1) variables then

E[N(R)] = % logn+ o(logn) as n— cc.
Error term: Wang, 1983; Edelman&Kostlan, 1995; Wilkins, 1988;
Do&Nguyen&Vu, 2015
Assumptions on coefficients: Erd6s&Offord, 1956; Stevens, 1969;
Logan&Shepp, 1968; Ibragimov&Maslova, 1971; Do&Nguyen&Vu,
2015
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Real zeros of random polynomials

Let {Ax}72, be random variables on the space (C, B, v), with

P(Ax € S) = v(S) and E[A(] = [ x dv(x). For Pa(x) = "p_o Acx¥, let
Niy(E) be the number of zeros of P,inaset E C C.

Bloch&Pdlya, 1932: E[N,(R)] = O(v/n) for Ax € {-1,0,1}
Littlewood&Offord, 1930-40’s: P(N,(R) < Clog®n) =1 — o(1) as
n — oo. Similar results were obtained by Erd6s&Offord and others.

Kac, 1943: If {A}72, arei.i.d. A(0, 1) variables then

2

E[N(R)] = = logn+ o(logn) as n— cc.
Error term: Wang, 1983; Edelman&Kostlan, 1995; Wilkins, 1988;
Do&Nguyen&Vu, 2015
Assumptions on coefficients: Erd6s&Offord, 1956; Stevens, 1969;
Logan&Shepp, 1968; Ibragimov&Maslova, 1971; Do&Nguyen&Vu,
2015
Variance and other statistics: Maslova, 1974; Bleher&Di, 2004;
Tao&Vu, 2014
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Gaussian coefficients, degree 200

Kac polynomials with normal coefficients; degree = 200
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Gaussian coefficients, degree 500

Kac polynomials with normal coefficients; degree = 500
15 T T T T
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Uniform zero distribution of random polynomials

Consider P,(z) = >_k_, Axz* with random coefficients A, € C and
zeros Z, k=1,...,n. Letm,:= 130 1 67 and dur(e) := dt/(2r).
Question: When 7, % pr with probability one (a.s.)?
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Uniform zero distribution of random polynomials

Consider P,(z) = >_k_, Axz* with random coefficients A, € C and
zeros Z, k=1,...,n. Letm,:= 130 1 67 and dur(e) := dt/(2r).
Question: When 7, % pr with probability one (a.s.)?

Selected results: Hammersley, 1956; Shparo&Shur, 1962; Arnold,

1966; Shepp&Vanderbei, 1995; Ibragimov&Zeitouni, 1997;
Shiffman&Zelditch, 2003; Bloom, 2007; Hughes&Nikeghbali, 2008
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Uniform zero distribution of random polynomials

Consider P,(z) = >_k_, Axz* with random coefficients A, € C and
zeros Z, k=1,...,n. Letm,:= 130 1 67 and dur(e) := dt/(2r).
Question: When 7, % pr with probability one (a.s.)?

Selected results: Hammersley, 1956; Shparo&Shur, 1962; Arnold,

1966; Shepp&Vanderbei, 1995; Ibragimov&Zeitouni, 1997;
Shiffman&Zelditch, 2003; Bloom, 2007; Hughes&Nikeghbali, 2008

C1 A¢ € Care iid. r.v. with P(Ay = 0) < 1 and E[log™ |Ag|] < oc.
Ibragimov and Zaporozhets, 2013: 7, % ur a.s. < C1
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Uniform zero distribution of random polynomials

Consider P,(z) = >_k_, Axz* with random coefficients A, € C and
zeros Z, k=1,...,n. Letm,:= 130 1 67 and dur(e) := dt/(2r).
Question: When 7, % pr with probability one (a.s.)?

Selected results: Hammersley, 1956; Shparo&Shur, 1962; Arnold,

1966; Shepp&Vanderbei, 1995; Ibragimov&Zeitouni, 1997;
Shiffman&Zelditch, 2003; Bloom, 2007; Hughes&Nikeghbali, 2008

C1 A¢ € Care iid. r.v. with P(Ay = 0) < 1 and E[log™ |Ag|] < oc.
Ibragimov and Zaporozhets, 2013: 7, % ur a.s. < C1

Arnold, 1966: C1 < limsup,_,. |Ax|"/" =1 as.
Hence the radius of convergence for > ° j A,z"is 1 a.s.
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Uniform zero distribution of random polynomials

Consider P,(z) = >_k_, Axz* with random coefficients A, € C and
zeros Z, k=1,...,n. Letm,:= 130 1 67 and dur(e) := dt/(2r).
Question: When 7, % pr with probability one (a.s.)?

Selected results: Hammersley, 1956; Shparo&Shur, 1962; Arnold,
1966; Shepp&Vanderbei, 1995; Ibragimov&Zeitouni, 1997;
Shiffman&Zelditch, 2003; Bloom, 2007; Hughes&Nikeghbali, 2008

C1 A¢ € Care iid. r.v. with P(Ay = 0) < 1 and E[log™ |Ag|] < oc.
Ibragimov and Zaporozhets, 2013: 7, % ur a.s. < C1

Arnold, 1966: C1 < limsup,_,. |Ax|"/" =1 as.
Hence the radius of convergence for > ° j A,z"is 1 a.s.

C2 A, € C are identically distributed r.v. with E[|log |Ao||] < oo.
Pritsker, 2014: C2 = 7, % ur a.s.
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Uniform zero distribution of random polynomials

Consider P,(z) = >_k_, Axz* with random coefficients A, € C and
zeros Z, k=1,...,n. Letm,:= 130 1 67 and dur(e) := dt/(2r).
Question: When 7, % pr with probability one (a.s.)?

Selected results: Hammersley, 1956; Shparo&Shur, 1962; Arnold,
1966; Shepp&Vanderbei, 1995; Ibragimov&Zeitouni, 1997;
Shiffman&Zelditch, 2003; Bloom, 2007; Hughes&Nikeghbali, 2008

C1 A¢ € Care iid. r.v. with P(Ay = 0) < 1 and E[log™ |Ag|] < oc.
Ibragimov and Zaporozhets, 2013: 7, % ur a.s. < C1

Arnold, 1966: C1 < limsup,_,. |Ax|"/" =1 as.
Hence the radius of convergence for > ° j A,z"is 1 a.s.
C2 A, € C are identically distributed r.v. with E[|log |Ao||] < oo.

Pritsker, 2014: C2 = 7, % ur a.s.
Remark: C2 < lim,_, |A,|"/" =1 a.s.
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Expected discrepancy

Use Erd6s&Turan (1950) and generalizations. Let
Ala,B)=1{z:r< |zl <1/r,a<argz< 8}, 0<r<1.
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Expected discrepancy

Use Erd6s&Turan (1950) and generalizations. Let
Ala,B)=1{z:r< |zl <1/r,a<argz< 8}, 0<r<1.

Pritsker, 2014: If {A(}]_, satisfy. E[|A«|'] < oo, k=0,...,n, fora
fixed t > 0, and E[log |Ao|] > —o0, E[log |As|] > —o0, then

?|

Ao ) - 2

1 n 1
_ [
] < Cr\J - IogkzzjoE[lAkl] QHEUOQ |AcAnl].
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Expected discrepancy

Use Erd6s&Turan (1950) and generalizations. Let
Ala,B)=1{z:r< |zl <1/r,a<argz< 8}, 0<r<1.

Pritsker, 2014: If {A(}]_, satisfy. E[|A«|'] < oo, k=0,...,n, fora
fixed t > 0, and E[log |Ao|] > —o0, E[log |As|] > —o0, then

[ —af] 1 4 1
E | |[ma(Ar(a, B)) — Bzﬂo‘ < c,\l m log > "E[| Akl - 5 Ellog | AoA|.
- - k=0

If maxo<k<nE[|Aknl'] < C and mink_oen E[log |Ak nl] > ¢V n € N, then

E ||rn(Aa.8) - L2 < /8"

IE[I_Vn(A,(a,B))] - /32—7Ta,;+ o) (\/nlog n) :
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Expected discrepancy

Use Erd6s&Turan (1950) and generalizations. Let
Ala,B)=1{z:r< |zl <1/r,a<argz< 8}, 0<r<1.

Pritsker, 2014: If {A(}]_, satisfy. E[|A«|'] < oo, k=0,...,n, fora
fixed t > 0, and E[log |Ao|] > —o0, E[log |As|] > —o0, then

[ —af] 1 4 1
E | |[ma(Ar(a, B)) — Bzﬂo‘ < c,\l m log > "E[| Akl - 5 Ellog | AoA|.
- - k=0

If maxo<k<nE[|Aknl'] < C and mink_oen E[log |Ak nl] > ¢V n € N, then

E _ Tn(Ar(OL;B)) - 62;_& _ < Cr\/ lo%

IE[I_Vn(A,(a,B))] - /32—7Ta,;+ o) (\/nlog n) :

If E C C satisfies dist(E, T) > 0, then E[N,(E)] = O(log n).
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Expected discrepancy

Use Erd6s&Turan (1950) and generalizations. Let
Ala,B)=1{z:r< |zl <1/r,a<argz< 8}, 0<r<1.
Pritsker, 2014: If {A(}]_, satisfy. E[|A«|'] < oo, k=0,...,n, fora
fixed t > 0, and E[log |Ao|] > —o0, E[log |As|] > —o0, then

[ —af] 1 4 1
E | |[ma(Ar(a, B)) — Bzﬂo‘ < c,\l m log > "E[| Akl - 5 Ellog | AoA|.
- - k=0

If maxo<k<nE[|Aknl'] < C and mink_oen E[log |Ak nl] > ¢V n € N, then

E _ Tn(Ar(OL;B)) - 62;_& _ < Cr\/ lo%

IE[I_Vn(A,(a,B))] - /32—7Ta,;+ o) (\/nlog n) :

If E C C satisfies dist(E, T) > 0, then E[N,(E)] = O(log n).
If E is a polygon inscribed in T, then E[N,(E)] = O (\/nlog n) .
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Zeros of lacunary random polynomials

Consider lacunary polynomials L,(z) = >"y_, AxZ'*, where
{re}32, C N are increasing and {A,}7°, C C are random variables.
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Zeros of lacunary random polynomials

Consider lacunary polynomials L,(z) = >"y_, AxZ'*, where
{re}32, C N are increasing and {A,}7°, C C are random variables.

Pritsker, 2018: Let a > 0 and p > 1. Suppose either {A,}°°, are
non-trivial i.i.d. random variables satisfying E[(log™ |As|)'/?] < oo, or
{An}22,, are identically distributed and E[|log |Ap||'/P] < oc.

If r, ~ anP then 7, = ur almost surely.
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Zeros of lacunary random polynomials

Consider lacunary polynomials L,(z) = >"y_, AxZ'*, where
{re}32, C N are increasing and {A,}7°, C C are random variables.

Pritsker, 2018: Let a > 0 and p > 1. Suppose either {A,}°°, are
non-trivial i.i.d. random variables satisfying E[(log™ |As|)'/?] < oo, or
{An}22,, are identically distributed and E[|log |Ap||'/P] < oc.

If r, ~ anP then 7, = ur almost surely.

Assume that liminf,_, r,1,/” > 1. 1f {An}32, C C are identically
distributed and E[log™ |log |Ay||] < oo, then 7, = ur almost surely.
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Zeros of lacunary random polynomials

Consider lacunary polynomials L,(z) = >"y_, AxZ'*, where
{re}32, C N are increasing and {A,}7°, C C are random variables.

Pritsker, 2018: Let a > 0 and p > 1. Suppose either {A,}°°, are
non-trivial i.i.d. random variables satisfying E[(log™ |As|)'/?] < oo, or
{An}22,, are identically distributed and E[|log |Ap||'/P] < oc.

If r, ~ anP then 7, = ur almost surely.

Assume that liminf,_, r,1,/” > 1. 1f {An}32, C C are identically
distributed and E[log™ |log |Ay||] < oo, then 7, = ur almost surely.

Let {An}5°,, be identically distributed with E[|A,,|’] < oo for a fixed
te (0,1], and E[log|An|] > —oo. If liminf,_ o /"= q > 1then
B—al’" A

IirIP_)sup Tn(Ar(a, B)) — o < \?Cl

a.s.
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Random polynomials spanned by general bases

Let E C C be compact, cap(E) > 0, with the equilibrium measure ue.
Define || Pyl|e := sup,cg |Pn(2)|. Let Bk(z) = Zj’.‘:o bj k2, where
bjx € Cand by x # 0for k =0,1,2,.... We assume that

limsup ||Bi||* <1 and lim |byx|"/* = 1/cap(E).
k—o0 k—o0
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Random polynomials spanned by general bases

Let E C C be compact, cap(E) > 0, with the equilibrium measure ue.
Define || Pyl|e := sup,cg |Pn(2)|. Let Bk(z) = Zj’.‘:o bj k2, where
bjx € Cand by x # 0for k =0,1,2,.... We assume that

limsup ||Bi||* <1 and lim |byx|"/* = 1/cap(E).
k—o0 k—o0

Applies to many orthonormal polynomials and to other bases.
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Random polynomials spanned by general bases

Let E C C be compact, cap(E) > 0, with the equilibrium measure ue.
Define || Pyl|e := sup,cg |Pn(2)|. Let Bk(z) = Zj’.‘:o bj k2, where
bjx € Cand by x # 0for k =0,1,2,.... We assume that
limsup ||Bi||* <1 and lim |byx|"/* = 1/cap(E).
k—o0 k—o0

Applies to many orthonormal polynomials and to other bases.

Pritsker, 2014-15: Suppose that E has empty interior and connected
complement. If {Ac}72, satisfy either C1 or C2, then the zero

counting measures for P,(z) = ZZ:O Ak Bk (z) satisfy 7, 5 e
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Random polynomials spanned by general bases

Let E C C be compact, cap(E) > 0, with the equilibrium measure ue.
Define || Pyl|e := sup,cg |Pn(2)|. Let Bk(z) = Zj’.‘:o bj k2, where
bjx € Cand by x # 0for k =0,1,2,.... We assume that

limsup ||Bi||* <1 and lim |byx|"/* = 1/cap(E).
k—o0 k—o0

Applies to many orthonormal polynomials and to other bases.

Pritsker, 2014-15: Suppose that E has empty interior and connected
complement. If {Ac}72, satisfy either C1 or C2, then the zero

counting measures for P,(z) = ZZ:O Ak Bk (z) satisfy 7, 5 e

Example: E = [a,b] C R and {Bx};2, are orthonormal w.r.t. a
measure v supported on E such that »/ > 0 a.e. on [a, b], with

ax

Man ) = ==X
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Random Legendre, (0, 1) coefficients, deg=200

Legendre polynomials with normal coefficients; degree = 200
15 ‘ T T ‘ ‘

0.5r 4

ot o gt {aen £33 15 S o sedunmd tecie et e poninetee f

15 I I I I I
-15 -1 -0.5 0 0.5 1 15

Igor E. Pritsker Uniform distribution for zeros of random polynomials



Random Chebyshev, N (0, 1) coefficients, deg=200

Chebyshev polynomials with normal coefficients; degree = 200
15 ‘ T T ‘ ‘
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Real zeros of random orthogonal polynomials on R

Let {Ax}2, be i.i.d. real Gaussian random variables and {px}° , be
orthonormal Legendre polynomials. Consider P,(x) = >4 _, AxPr(X).
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Real zeros of random orthogonal polynomials on R

Let {Ax}2, be i.i.d. real Gaussian random variables and {px}° , be
orthonormal Legendre polynomials. Consider P,(x) = >4 _, AxPr(X).

Das, 1971, and Wilkins, 1997: E[N,([-1,1])] = n/v/3 + o(n®), € > 0
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Real zeros of random orthogonal polynomials on R

Let {Ax}2, be i.i.d. real Gaussian random variables and {px}° , be
orthonormal Legendre polynomials. Consider P,(x) = >4 _, AxPr(X).

Das, 1971, and Wilkins, 1997: E[N,([-1,1])] = n/v3 + o(rF), £ > 0
Das&Bhatt, 1982: E[N,([-1,1])] ~ n/+/3 for Jacobi polynomials
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Real zeros of random orthogonal polynomials on R

Let {Ax}2, be i.i.d. real Gaussian random variables and {px}° , be
orthonormal Legendre polynomials. Consider P,(x) = >4 _, AxPr(X).

Das, 1971, and Wilkins, 1997: E[N,([-1,1])] = n/v3 + o(rF), £ > 0
Das&Bhatt, 1982: E[N,([-1,1])] ~ n/+/3 for Jacobi polynomials

Let E C R be a finite union of compact intervals, and dv(x) = w(x)dx
with w > 0 a.e. on E. Let {pk(x)}:2, be orthonormal w.r.t. v.
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Real zeros of random orthogonal polynomials on R

Let {Ax}2, be i.i.d. real Gaussian random variables and {px}° , be
orthonormal Legendre polynomials. Consider P,(x) = >4 _, AxPr(X).

Das, 1971, and Wilkins, 1997: E[N,([-1,1])] = n/v3 + o(rF), £ > 0
Das&Bhatt, 1982: E[N,([-1,1])] ~ n/+/3 for Jacobi polynomials

Let E C R be a finite union of compact intervals, and dv(x) = w(x)dx
with w > 0 a.e. on E. Let {pk(x)}:2, be orthonormal w.r.t. v.

Lubinsky&Pritsker&Xie, 2016: If Ve > 0 3S C E of Lebesgue
measure |S| <cand C > 1suchthat C-' <w< Cae.onE\ S,
then Pn(x) = Y_r_o AxPr(x) with i.i.d. Gaussian coefficients satisfy

lim E[Nn(R)]/n = 1/V3
and for [a,b] C E\ S we have

Jim B[N, (1a.6])] /1= pe(la. B)/V3.
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Real zeros of random orthogonal polynomials on R

Let {Ax}2, be i.i.d. real Gaussian random variables and {px}° , be
orthonormal Legendre polynomials. Consider P,(x) = >4 _, AxPr(X).

Das, 1971, and Wilkins, 1997: E[N,([-1,1])] = n/v3 + o(rF), £ > 0
Das&Bhatt, 1982: E[N,([-1,1])] ~ n/+/3 for Jacobi polynomials

Let E C R be a finite union of compact intervals, and dv(x) = w(x)dx
with w > 0 a.e. on E. Let {pk(x)}:2, be orthonormal w.r.t. v.

Lubinsky&Pritsker&Xie, 2016: If Ve > 0 3S C E of Lebesgue
measure |S| <cand C > 1suchthat C-' <w< Cae.onE\ S,
then Pn(x) = Y_r_o AxPr(x) with i.i.d. Gaussian coefficients satisfy

lim E[Ny(R)]/n=1/v3
and for [a,b] C E\ S we have
lim B[Ny (a, b])] /n = ue([a, b))/ V3,
Questions: Error terms in asymptotic formulas,
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Real zeros of random orthogonal polynomials on R

Let {Ax}2, be i.i.d. real Gaussian random variables and {px}° , be
orthonormal Legendre polynomials. Consider P,(x) = >4 _, AxPr(X).

Das, 1971, and Wilkins, 1997: E[N,([-1,1])] = n/v3 + o(rF), £ > 0
Das&Bhatt, 1982: E[N,([-1,1])] ~ n/+/3 for Jacobi polynomials

Let E C R be a finite union of compact intervals, and dv(x) = w(x)dx
with w > 0 a.e. on E. Let {pk(x)}:2, be orthonormal w.r.t. v.

Lubinsky&Pritsker&Xie, 2016: If Ve > 0 3S C E of Lebesgue
measure |S| <cand C > 1suchthat C-' <w< Cae.onE\ S,
then Pn(x) = Y_r_o AxPr(x) with i.i.d. Gaussian coefficients satisfy

lim E[Nn(R)]/n = 1/V3
and for [a,b] C E\ S we have
Jim B[N ([a,b])] /n = ne(la, b))/ V3

Questions: Error terms in asymptotic formulas, random coefficients
with more general distributions,
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Real zeros of random orthogonal polynomials on R

Let {Ax}2, be i.i.d. real Gaussian random variables and {px}° , be
orthonormal Legendre polynomials. Consider P,(x) = >4 _, AxPr(X).

Das, 1971, and Wilkins, 1997: E[N,([-1,1])] = n/v3 + o(rF), £ > 0
Das&Bhatt, 1982: E[N,([-1,1])] ~ n/+/3 for Jacobi polynomials

Let E C R be a finite union of compact intervals, and dv(x) = w(x)dx
with w > 0 a.e. on E. Let {pk(x)}:2, be orthonormal w.r.t. v.

Lubinsky&Pritsker&Xie, 2016: If Ve > 0 3S C E of Lebesgue
measure |S| <cand C > 1suchthat C-' <w< Cae.onE\ S,
then Pn(x) = Y_r_o AxPr(x) with i.i.d. Gaussian coefficients satisfy

lim E[Nn(R)]/n = 1/V3
and for [a,b] C E\ S we have
Jim B[N ([a,b])] /n = ne(la, b))/ V3

Questions: Error terms in asymptotic formulas, random coefficients
with more general distributions, almost sure convergence.
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