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Weighted star discrepancy

For P = {xo,X1,...,xy_1} in [0,1)9 the local discrepancy is

_Pni0,a)

Ap(a) : N — Volume([0, v)).
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Weighted star discrepancy

For P = {xg,X1,-..,xy_1} in [0,1)? the local discrepancy is
Ap(a) = W — Volume([0, ).

Star discrepancy of P:

Dyn(P) = sup |Ap(a)l.
ag[o,1]4
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Weighted star discrepancy
@ For d € Nlet [d] :={1,2,...,d}.
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Weighted star discrepancy

@ For d € Nlet [d] :={1,2,...,d}.
o uC|[d]
o For a = (a1,...,aq) €[0,1]¢ and for u C [d] put

o o Qj if jeu,
(o, 1) = (y1,---,¥d) where yf_{l T
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Weighted star discrepancy

@ For d € Nlet [d] :={1,2,...,d}.
o ucC|d
o For a = (a,...,0q4) €[0,1]¢ and for u C [d] put

. o Qj if j €u,
(o, 1) = (y1,....¥4) Where yf_{l T

e Product weights: v = (7;);j>1 weight sequence with ~; > 0.
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Weighted star discrepancy

For d € N let [d] := {1,2,...,d}.

u C [d]

For o = (a1,...,aq) € [0,1]¢ and for u C [d] put

. o Qj if j €u,
(o, 1) = (y1,....¥4) Where yf_{l T

Product weights: v = (7;);j>1 weight sequence with ; > 0.
For 0 # u C [d] put
Yu = H'Yj-

JEuU
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Weighted star discrepancy
@ For d € Nlet [d] :={1,2,...,d}.
o uC|[d]
o For a = (a,...,0q4) €[0,1]¢ and for u C [d] put

. o Qj if j €u,
(o, 1) = (y1,....¥4) Where yf_{l T

e Product weights: v = (7;);j>1 weight sequence with ~; > 0.

e For ) # u C [d] put

'Vu:H'Yj-

JEuU
~-weighted star discrepancy of P:

Dy ~(P) := su max Ap(oy,1
N,7( ) ae[O},Dl]d@?éuQ[d]FYJ P, 1)
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Weighted star discrepancy
@ For d € Nlet [d] :={1,2,...,d}.
o uC|[d]
o For a = (a,...,0q4) €[0,1]¢ and for u C [d] put

. o Qj if j €u,
(o, 1) = (y1,....¥4) Where yf_{l T

e Product weights: v = (7;);j>1 weight sequence with ~; > 0.

e For ) # u C [d] put

'Vu:H'Yj-

JEuU
~-weighted star discrepancy of P:

Dy ~(P) := su max Ap(oy,1
N,‘y( ) ae[O},Dl]d@?éuQ[d]FYJ P, 1)

If 7 = 1 for all j > 1, then Dy _(P) = Dy(P).
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Weighted star discrepancy and multivariate integration

Let .
wi = w1 (0,1%)

be the Sobolev space of functions defined on [0, 1]¢ that are
@ once differentiable in each variable, and

@ whose derivatives have finite L1 norm.
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Weighted star discrepancy and multivariate integration

Let
wi = wittD((0, 1)
be the Sobolev space of functions defined on [0, 1]¢ that are
@ once differentiable in each variable, and

@ whose derivatives have finite L1 norm.

Consider
Faiy={F WL ¢ [[flla1y < oo},
where
1 |l o
IFllaay =1FO+ > =[5 F(xu 1)
Ofucla] T I O% L
= 1

F. Pillichshammer (JKU) Tractability of the weighted star discrepancy

4/20



Weighted star discrepancy and multivariate integration
QMC integration in 41 ~: the worst-case error of a QMC rule is

1 N—-1
/[0,1]d fe)de - ; Fxn) .

QMC rule

e(P; Fa1~) = sup
a1
1£llg.1 4 <1
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Weighted star discrepancy and multivariate integration
QMC integration in 41 ~: the worst-case error of a QMC rule is

N-1

1
e(P; Fai1~) = sup / ftdt——gfx,,.
( d]-"‘/) [071]d () Nn:0 ( )

fe]:d,lrr
IFllg1~<1
QMC rule
Recall:
1| oM
Pl = £+ Y0 | SF 0 1)
0uc[d] " Y Ly
olul

> small 7 forces || —f(xu, 1)[|1, to be small

in order to guarantee ||f|[g1 <1
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Weighted star discrepancy and multivariate integration
QMC integration in 41 ~: the worst-case error of a QMC rule is

N-1

1
e(P; Fai1~) = sup / ftdt——gfx,,.
( d]-"‘/) [071]d () Nn:0 ( )

fe]:d,lrr
IFllg1~<1
QMC rule
Recall:
1 || ol
Ifllairy = FO[+ > — e (xu1)
pAucla) M 1% L

» small v, forces Hglxuu‘ f(xy, 1)1, to be small

in order to guarantee ||f|[g1 <1

Theorem (Sloan & Wozniakowski; Koksma-Hlawka)
e(P; Fa1~) = Dy~ (P)
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Tractability

For d, N € N the Nth minimal weighted star discrepancy is

discy (N, d) = pcigfl)d Dy ~(P).
QP;N
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Tractability

For d, N € N the Nth minimal weighted star discrepancy is

discy (N, d) = pcigfl)d Dy ~(P).
#?:éN

Fore € (0,1) and d € N the inverse of the weighted star discrepancy is

N (e, d) ;== min{N € N : disc, (N, d) < e}.
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Tractability

For d, N € N the Nth minimal weighted star discrepancy is

discy (N, d) = pcigfl)d Dy ~(P).
#?:éN

Fore € (0,1) and d € N the inverse of the weighted star discrepancy is

N (e, d) ;== min{N € N : disc, (N, d) < e}.

We are interested in the behavior of N (e, d) for ¢ — 0 and d — oc.
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Tractability
Notions of tractability help to classify the dependence of Nf;(e, d) on

d and L.
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Tractability

Notions of tractability help to classify the dependence of N (e, d) on

d and &1

Tractability
© Polynomial tractability (PT): if 3 C,«, 5 > 0:

Ni(e,d) < Cd*c™? VdeN, Ve € (0,1)
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Tractability

Notions of tractability help to classify the dependence of Nf;(e, d) on

d and &1

Tractability
© Polynomial tractability (PT): if 3 C,«, 5 > 0:

Ni(e,d) < Cd*c™? VdeN, Ve € (0,1)

@ Strong polynomial tractability (SPT): if 3 C,«a > 0:

Ni(e,d) < Ce™™ VdeN, Ve € (0,1)
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Tractability

Notions of tractability help to classify the dependence of Nf;(s, d) on

d and &1

Tractability
© Polynomial tractability (PT): if 3 C,«, 5 > 0:

Ni(e,d) < Cd*c™? VdeN, Ve € (0,1)

@ Strong polynomial tractability (SPT): if 3 C,«a > 0:

Ni(e,d) < Ce™ VdeN, Ve e (0,1) (1)

The infimum of & > 0 for which (1) holds is the e-exponent of SPT.

v
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Existing results for the unweighted star discrepancy
For 7, = 1 for all u C [d]:

Theorem (Heinrich, Novak, Wasilkowski, Wozniakowski, 2001)

d
disc1(N, d) < Cy/ N forall N,d eN

and hence
Ni(e,d) < C?de2
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Theorem (Heinrich, Novak, Wasilkowski, Wozniakowski, 2001)

d
disc1(N, d) < Cy/ N forall N,d eN

and hence
Ni(e,d) < C?de2

@ star discrepancy is PT
e Hinrichs: Nj(e,d) > cde! for all € € (0,0) and d € N

2o i
e the exact dependence of Nj (e, d) on d_l near
€ still open
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Existing results for the unweighted star discrepancy
For v, =1 for all u C [d]:

Theorem (Heinrich, Novak, Wasilkowski, Wozniakowski, 2001)

d
disc1(N, d) < Cy/ N forall N,d eN

and hence
Ni(e,d) < C?de2

@ star discrepancy is PT
e Hinrichs: Nj(e,d) > cde! for all € € (0,0) and d € N

2o i
e the exact dependence of Nj (e, d) on d_l near
€ still open

@ Aistleitner: C = 10 and hence C2 = 100

e Gnewuch & Hebbinghaus: C = 2.5287 and hence C? = 6.3943. ..
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Existing results for the weighted star discrepancy

Theorem (Hickernell, Sloan, Wasilkowski, 2004)
If 37 > 0 such that 3 ;] < oo, then

discy (N, d) < C(6,7) for all d,N € N.

1
N1/2—6
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Existing results for the weighted star discrepancy

Theorem (Hickernell, Sloan, Wasilkowski, 2004)
If 37 > 0 such that > ;77 < oo, then

discy (N, d) < C(6,7) for all d,N € N.

1
N1/2—6

® > ;7] < oo = SPT with e-exponent at most 2
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Theorem (Hickernell, Sloan, Wasilkowski, 2004)
If 37 > 0 such that > ;77 < oo, then

discy (N, d) < C(6,7) for all d,N € N.

1
N1/2—6

® > ;7] < oo = SPT with e-exponent at most 2

e e.g., if for some a >0

1
71<<J-T-,,
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Existing results for the weighted star discrepancy

Theorem (Hickernell, Sloan, Wasilkowski, 2004)
If 37 > 0 such that > ;77 < oo, then

discy (N, d) < C(6,7) for all d,N € N.

1
N1/2—6

° Zj nyT < oo = SPT with e-exponent at most 2

e e.g., if for some a >0

1
V< 7
@ H.S.W. conjectured that this condition might be necessary for SPT
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Existing results for the weighted star discrepancy

Theorem (Aistleitner, 2014)
If 3c > 0 such that 3, exp(—c'yjfz) < 00, then

discy (N, d) for all d, N € N.

1
<< -
T VN
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Existing results for the weighted star discrepancy

Theorem (Aistleitner, 2014)
If 3c > 0 such that }_; exp(—cyjfz) < 00, then

discy (N, d) for all d, N € N.

1
Ly —F—=
TN

° > exp(—c'yj_z) < 00 = SPT with e-exponent at most 2
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Existing results for the weighted star discrepancy

Theorem (Aistleitner, 2014)
If 3c > 0 such that }_; exp(—cyjfz) < 00, then

discy (N, d) for all d, N € N.

1
Ly —F—=
TN

° > exp(—c'yj_z) < 00 = SPT with e-exponent at most 2

° e.g.
1

VT Viog]
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Existing results for the weighted star discrepancy

Theorem (Dick, Leobacher, Pil., 2005)

If >°;7j < oo, then one can construct (CBC) a polynomial lattice point
set P over [F, such that

DK’;'Y(P) <<7’5 W
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If >°;7j < oo, then one can construct (CBC) a polynomial lattice point
set P over [F, such that

DK/,‘Y(P) <<’7’5 W

® > ;7 < oo = SPT with e-exponent 1
@ P = P(~) depends on the weights
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Existing results for the weighted star discrepancy

Theorem (Dick, Leobacher, Pil., 2005)

If >°;7j < oo, then one can construct (CBC) a polynomial lattice point
set P over [F, such that

DK/,‘Y(P) <<’7’5 W

° Zj 7j < oo = SPT with e-exponent 1
@ P = P(~) depends on the weights
e fast CBC construction with O(dN log ') operations
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Existing results for the weighted star discrepancy

Theorem (Wang, 2002)

Let P be the first N elements of an d-dimensional Niederreiter sequence in
prime-power base g. Then

1

DiA(P) < & @Qad]jeﬂu [;(C jlog(j + q) log(qN))],

with a suitable constant C > 0.
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1

DiH(P) < 4 wgad]jeﬂu [vi(C jlog(j + q) log(qN))],

with a suitable constant C > 0.

e result explicit, no (CBC) construction required

® > ;7j(logj) < oo = SPT with e-exponent 1
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Existing results for the weighted star discrepancy

Theorem (Wang, 2002)

Let P be the first N elements of an d-dimensional Niederreiter sequence in
prime-power base g. Then

1

Dy (P) < @ng[d]jeﬂu [7;(C jlog(j + q) log(qN))] ,

with a suitable constant C > 0.

e result explicit, no (CBC) construction required
® > ;7j(logj) < oo = SPT with e-exponent 1

@ similar results for Sobol" and Halton sequences
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Existing results for the weighted star discrepancy

Theorem (Wang, 2002)

Let P be the first N elements of an d-dimensional Niederreiter sequence in
prime-power base g. Then

Dny(P) < : =3 ]H [vi(C jlog(j + q) log(gN))],

JEU

with a suitable constant C > 0.

@ result explicit, no (CBC) construction required
® > ;7j(logj) < oo = SPT with e-exponent 1

@ similar results for Sobol’ and Halton sequences

@ further results for so-called p-sets and sequences that are based on
certain RNG (Dick, Gomez-Perez, Pil., Winterhof)
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Halton sequence
Let b> 2. For n=ng + nib+ nyb? + - - - define
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Halton sequence

Let b > 2. For n = ng + nib+ nyb? + - - - define

Halton sequence

Let by, by, b3, ... be the prime numbers in increasing order. Then

Hby,...by = (Xn)n>0 where x, = (p,(n),...,@p,(n)).
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Halton sequence

Let b > 2. For n = ng + nib+ nyb? + - - - define

no n ny
nN=—+-—5+—+
©wp(n) b+b2+b3+
Halton sequence
Let by, by, b3, ... be the prime numbers in increasing order. Then

Hby,...by = (Xn)n>0 where x, = (p,(n),...,@p,(n)).

Wang 2002

Zj 7j(jlogj) < co = SPT with e-exponent 1
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Halton sequence

Theorem (Hinrichs, Pill., Tezuka 2018)
o If

Jj=>1

then the weighted star discrepancy of the Halton sequence Hy, . 1,

achieves SPT with e-exponent 1.
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Halton sequence

Theorem (Hinrichs, Pill., Tezuka 2018)
o If
doii<oo, eg =
Jj=>1
then the weighted star discrepancy of the Halton sequence Hy, . 1,
achieves SPT with e-exponent 1.
o If

g I <o o8 =)

d>1 W#uc[d]

then the weighted star discrepancy of the Halton sequence Hy, . 1,
achieves SPT with e-exponent at most 2.
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Halton sequence

Proof: Unweighted star discrepancy:

) 6 log N)U .
DN(th...,bd(u)) < % HJ
jeu
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Halton sequence

Proof: Unweighted star discrepancy:

i 6 log )1l .
Di(H, () < OBV

jEuU

Inserting in formula for D,’(,,,Y:
o Case 1:
« 1 ,
Dity(Hbn,ps) < gy, max [ (6 1og )
= JEu
1 d Cs
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Halton sequence

e Case 2: Trivially, Dy (Hp,,... b, (1)) < 1.

* (6 log N)Ul —
DN,‘y(Hbl,...,bd) < @;212){(‘1] H'yj min ¢ 1, s H-/

JEu
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Halton sequence

e Case 2: Trivially, Dy (Hp,,... b, (1)) < 1.

, (6log N

D} \olog V)™ .
N,7(Hb1,...,bd) > @7232)[(‘1] H’YJ min < 1, N H‘I
Jeu
Then
|og|ogN6
. (6 log NI _ —L R _
min 1,THJ <N (Sog )HJ’
JEU jEU

log log x
logx

where W(x) =~ log x — log log x +
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Summary

Existence results:

weight condition

e-exp.

H.N.W.W.

H.S.W.

F. Pillichshammer (JKU)

unweighted = PT
2.7 <oo= SPT
> exp(—C'yJTz) < oo = SPT
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<2
<2
<2
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Summary

Existence results:

weight condition e-exp.
H.N.W.W. unweighted = PT <2
H.S.W. 2.7 <oo=SPT <2
A. > exp(—C'yjfz) <oo=SPT | <2
Constructive results:
point set P weight condition e-exp.
D.L.P. || PLPS (CBQ) Zj 7j < oo = SPT 1
D.P. p-sets > < oo = SPT <2
H.P.T. Halton > ;Jv < oo = SPT 1
supy maxy [[;jyj < oo = SPT | <2
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Discussion

Consider ; = 1/j1%% with a > 1. Then >_j>1J7 < oo and hence

cs
D ~(Hby,...bg) < NI
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Discussion

Consider ; = 1/j1%% with a > 1. Then >_j>1J7 < oo and hence

Cs

Dy (Men,...ba) < =5

Closer look into the proof:

o a—1\ W
G5 = (1+(Oé].6)W>

Wz—1+((a_61)5(1+£1))”

where
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Discussion

) 0.9 0.5 0.1

DITI,‘y 5 N—O.l N—0.5 N—0.9
Cs 4 % 1035714 10139333 105152589 a=15
Cs 5x10% 1,6 x10% |1,7x107 |a=2
Cs 24.5 1129.5 1.7x10Y% |a=3
Cs 1.29 2.5 1922 a=4
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Message

It is dangerous to write
d?

Dy < OoF  Nje,d) < dblag=1/e,
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Message

It is dangerous to write

d?
Dy~ < N O Ni(e, d) < dblag=1/e,
Better: 5
d
Dy~ < CNa or  Nj(e,d) < Claghlag=t/a

and study also the size of the constant C.
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Message

It is dangerous to write

d?
Dy~ < N O Ni(e, d) < dblag=1/e,
Better: 5
d
Dy~ < Cm or  Nj(e,d) < Claghlag=t/a

and study also the size of the constant C.

Open problem J

Improve the discrepancy bounds with respect to the implied constants.
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