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Irrationality exponent vs Growth of partial quotients

Irrationality exponent

1(0) = sup {7 eR ‘ |6 — p/q| < |q|77 admits oo solutions in (¢,p) € ZQ}
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Irrationality exponent vs Growth of partial quotients

Irrationality exponent

wu(0) = sup {7 eR ‘ !9 —p/Q} < |g|™7 admits oo solutions in (g, p) € ZQ}

Relation to the growth of partial quotients

0 = [ag; a1, a2,...| =ay + ———, — = [ag; a1, ...,an],
a + ———
a2+...

then
Inan4q

w1(0) — 2 = limsup
n—+oo 1lQn
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Geometry of continued fractions

. Ina,
p(61) — 2 = lim sup —= 01>1, —1<6,<0
n—+oo 1l1({n y =6tz
91 = [ao;al,ag, .. ]
7‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ —1/03 =la_1;a_2,a_3,...]
N ’C2 o Vp = (qn)7 Vp =0pVp-1+ Vp_2
p7l

y = b
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Geometry of continued fractions

Inan,41
f1) — 2 = limsu 0 1, —-1<86
p(61) imsup === . 1> 1, <6 <0
01 = [ag; a1, az, .. ]
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. K @i i . Vp = (qn)7 Vip = apVp—1 + Vp_2
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Geometry of continued fractions
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Geometry of continued fractions

Inan,41
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Geometry of continued fractions

Inan,41
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Geometry of continued fractions

Inan,41
f1) — 2 = limsu 0 1, —-1<86
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Irrationality exponent in terms of lattice exponents

. Ina,
plfr) =2 = lim sup nq:1 y=bx Li(q,p) = ¢61 —p, La(q,p) = b2 —p
L L] leesees)
K2
L. Vo “DE
Ky
V_3 V_ B
V_9 —

y = b
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Irrationality exponent in terms of lattice exponents

Ina,i1
01) — 2 = limsu I o , .
1(61) ooy gy, y =6z 1(¢,p) = g6y —p,  La(q,p) = g2 —p
HEEEY AN el
i | | | ; log (|61—p/q|”"
K p(61) = limsup % _
N b el |
: log (|q(gf1—p)|~*
=92+ limsup —— > —
- Vo Tl ‘q,‘pezp logq|
q|—o0 ) L, .
K1 P — 2 4 limsup log(|L1(l\(’;';;)|fnl(vn)| )
V-3 v_ st oo
V_2 L.

y = b
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Irrationality exponent in terms of lattice exponents
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Irrationality exponent in terms of lattice exponents

: Ina,i1
f1) — 2 = limsu — _ — _
p(61) imsup === y=bx Li(q,p) = ¢61 —p, La(q,p) = b2 —p
L L leesees)
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Irrationality exponent in terms of lattice exponents

. lnan+1
01)—2=1 a B 7 B
uo) ggfﬁ? Ingq, y =0z Li(q,p) = q01 —p, La(q,p) =qb2—p
Ly reemehen]
N | | 1 Vn): Vi -t
2 (61) = 2 + tim sup (L) Lo ™)
Tl e n—+oo
. Vn -t
1(f2) = 2 + lim sup log (|L1(1‘(’3';)|VL:|( )Y
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Irrationality exponent in terms of lattice exponents

Inan,41

f1) — 2 = limsu
H(6L) n~>+o£) ngn y =6tz

Ko w(f1) = 2+ limsup

n—+oo

Li(q,p) = q01 —p, La(q,p) = qb —p
A= {(Ll(z),Lg(z)) z € ZQ}

tog (|1 (va)-La(va)| ™)
Tog [vn]

tog (|1 (va)-La(va)| ™)
Tog [vn]

1(f2) = 2 + lim sup
—_ Vo — n——oco
K1

o max(u(61), u(62)) =2+ 2w(A)

lo —1/2
w(A) = limsup o8 \fal ) (|:c1:z:2\ )
. x=(z1,x2)EA IOg |X|
|x|—00
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Reformulation

: Inan 41
p(61) — 2 = limsup ——"+ Li(q,p) = 01 —p, La(g,p) =qb2 —p
n—+oo 1 Qn y =06z
HEEEY AN i
B I I | —1/2
Ko w(A) = limsup %
— S — x=(z1,x2)EA
|x|—00
. Vo .
log
K w(A) = % lim sup M
e v|—oo log |V‘
v v vl )
veV(K1)UV(K2)
V_9 —

y = b
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Higher dimensions: lattice exponents and Klein polyhedra

A a lattice in RY, det A =1 J

H(x):|x1...xd|1/dforx:(ml,...,xd)eRd J

Lattice exponent

w(A) = limsup 7103; (H(x)_l)

xEA IOg |X‘
|x|—00

= sup {’y eR ) II(x) < |x|77 for infinitely many x € A}
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Higher dimensions: lattice exponents and Klein polyhedra

A a lattice in RY, det A =1 J

H(x):|x1...xd|1/dforx:(ml,...,md)ERd J

Lattice exponent

w(A) = limsup 7103; (H(x)_l)

xEA IOg |X‘
|x|—00

= sup {’y eR ) II(x) < |x|77 for infinitely many x € A}

O an orthant J

Klein polyhedron

K = conv ((’) N A\{O})
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Higher dimensions: lattice exponents and Klein polyhedra

A a lattice in R%, det A = 1 J

Klein polyhedron

K = conv ((’) N A\{O})
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Higher dimensions: lattice exponents and Klein polyhedra

A a lattice in R%, det A =1

Klein polyhedron

K = conv ((’) N A\{O})

S

V.

Determinant of a face F'

Let vq,..., vy be the vertices of F. Then
det F' = Z |det(viy,...,vi,)|

1<i <. <ig<k

Determinant of an edge star Sty

Let rq,...,r; be the primitive vectors parallel to the edges incident to v. Then

detSty = Y [det(ry,,...,1;,)]

1<i1<...<ig<k
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Higher dimensions: lattice exponents and Klein polyhedra

A a lattice in R?, Ky,...,Kqa its Klein polyhedra, V(K;) set of vertices J
Two-dimensional statement
log(det St
o) =1 Wagyy B i)
|[v|—oo IOg |V|
veV(K1)UV(K2)
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Higher dimensions: lattice exponents and Klein polyhedra

A a lattice in R?, Ky,...,Kqa its Klein polyhedra, V(K;) set of vertices J
Two-dimensional statement
log(det St
o) =1 Wagyy B i)
|[v|—oo IOg |V|
veV(K1)UV(K2)

Question, arbitrary dimension

log(det St
Is it true that w(A) =< limsup log(det Sty) ?
|[v|—oco log ‘V|
vel,; V(Ks)
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Higher dimensions: lattice exponents and Klein polyhedra

A a lattice in R?,

Ky, ..

Two-dimensional statement

., KCoa its Klein polyhedra, V(K;) set of vertices J
w(A) =% limsup log(det Sty)
2 |[v|—oo IOg |V|
vEV(K1)UV(K2)

Question, arbitrary dimension

Is it true that

1
w(A) =< limsup log(det Sty) ?
|[v|—oco log ‘V|
vel,; V(Ks)

E. Bigushev, O.G., 2018

For d = 3 we have

1
w(A) < 2 limsup log(det Sty)
[v|—o0 log |V‘
vel; V(K:)
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Thank you!




