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Markov Equation: X2+ Y24 72 =3XYZ

Integral solutions (x,y,z) € Z3 of this equation are called Markov triples
and each integer in a Markov triple is called a Markov number.
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Markov Equation: X2+ Y24 72 =3XYZ

Integral solutions (x,y,z) € Z3 of this equation are called Markov triples
and each integer in a Markov triple is called a Markov number.

For example, 1 is a Markov number since (1,1,1) is a solution.
There are also other solutions (1,89, 34), (29, 14701, 169), . ..

Question. How can we find all possible integer solutions?
There is a simple algorithm to produce all Markov triples.
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Markov Numbers

Let (m, my, my) be a solution of Markov equation:

m? + m% + m% = 3mmymo
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Markov Numbers

Let (m, my, my) be a solution of Markov equation:
m? + m% + m% = 3mmymo
Then we can produce another solution as follows: Consider the equation

x> 4+ m? 4+ m3 —3mimyx =0

We know that m is a solution. Denote its other solution by m’. Hence

m+m =3mmy, & mm' =mi+ms
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Markov Numbers

Let (m, my, my) be a solution of Markov equation:
m? + m% + m% = 3mmymo
Then we can produce another solution as follows: Consider the equation

x> 4+ m? 4+ m3 —3mimyx =0

We know that m is a solution. Denote its other solution by m’. Hence

m4+m =3mm, & mm =m}+ mj

= m =3mm—m
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Markov Numbers

By exchanging the roles of m, m;, my and starting with (m, my, ms), we
may derive three new solutions:

(m/1m1*m2) (mf m/1?m2) (m7 mlvm/2)

This gives a tree:

/N

a,3ab—c,b b,3bc — a,c
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(1,1,1)

«Or «Fr «Er» «E» .



(1,1,1)

(1,2,1)

«Or «Fr «Er» «E» .



(1,1,1)

(1,2,1)

(1,5,2)

«Or «Fr «Er» «E» .



Markov Tree

(1,1,1)

(1,2,1)

(1,5,2)

/N

(1,13,5)  (5,29,2)
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Markov Tree

(1,1,1)
|
(1,2,1)
|
(1,5,2)
/
(1,135)  (5,29,2)
/N
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Markov Tree

(1,1,1)
|
(1,2,1)
|
(1,5,2)
— S
(1,13,5) (5,29,2)
/N
(1,3413)  (13,1945) (5,433,29) (29,169,2)

The set of maximum Markov number in the triple is:

M ={1,2,5,13,29,34, ...}
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Example:

Fibonacci Number F5,1 are Markov numbers.

(1,1,1)
|
(1,2,1)
|
(1,5,2)
_ T~
(1,13,5) (5,29,2)
/N /N
(1,34,13) (13,1945) (5,433,29) (29,169,2)
RN VRN
(1,80,34)  (34,1325,13) (29,14701,169)  (169,987,2)
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Example:

are Markov numbers.

(L1.1)
|
(1.2.1)
|
(1.5.2)
— S
(1,13,5) (5.29,2)
/N N\
(1,34,13) (13,1945) (5433,29) (29,169,2)
/N AN
(1,80,34)  (34,1325,13) (29,14701,169)  (169,957,2)
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.
Diophantine Analysis via
Markov equation
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Simple Continued Fractions

Every real number a € [0, 1] can be written in the form:

1

a=10,a1,a,as3,...] :=
a +
Bt ———

1
a+ —

where a; € Z, a; > 0 for i > 0 and this form is called simple continued
fraction expansion of the real number o and r, = [ap, a1, a2, ..., 3,] is
called nth convergent of «.
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GL(2,7) -Equivalence
Recall.

GL(2,Z) = { (i Z) :a,b,c,dEZ,ad—bc:il}

Let v and [ be two irrational numbers.

Definition. We say o ~ f3 if there exists (i S) € GL(2,Z) with
ag+b

cB+d
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GL(2,7) -Equivalence
Recall.

GL(2,Z) = { (i Z) :a,b,c,dEZ,ad—bc:il}

Let v and [ be two irrational numbers.

Definition. We say o ~ 3 if there exists (i d

b> € GL(2,Z) with

ag+b
cB+d

Lemma. We say o ~ (3 if their continued fraction expansions eventually
coincide

a = [ao, a1, a2, . .., ak, 7] B = [bo, b1, b, ..., b1,7]
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Dirichlet's Theorem (1842)

The origin of the Markov's result is Dirichlet theorem:

Theorem. Let o € R and N € N. There exists p/q € Q with g < N such
that
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Dirichlet's Theorem (1842)

The origin of the Markov's result is Dirichlet theorem:

Theorem. Let o € R and N € N. There exists p/q € Q with g < N such
that )

q| " qN
Corollary. If a ¢ Q, then there exists infinitely many rational p/q with

‘ p
«

so every irrational has infinitely many " good” approximations.
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Can we find "better” rational approximations 7

Roth's theorem (1955) tells us that if
P 1
o=l < o=

is satisfied for infinitely many p/q with € > 0 then « is not algebraic. So
we cannot improve on the exponent 2.
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Can we find "better” rational approximations 7

Roth's theorem (1955) tells us that if
P 1
o=l < o=

is satisfied for infinitely many p/q with € > 0 then « is not algebraic. So
we cannot improve on the exponent 2.

Can we improve on the constant 1 7
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Can we find "better” rational approximations 7

Roth's theorem (1955) tells us that if
P 1
‘O‘ o q' < 1.2+

is satisfied for infinitely many p/q with € > 0 then « is not algebraic. So
we cannot improve on the exponent 2.

Can we improve on the constant 1 7

Definiton. Let a € R.
p' 1
a— —| <

Q L(a)=sup{L>0: 4| < I

is called the Lagrange number of a.

for infinitely many p/q}

Q@ L={L(a): € R\ Q} is called Lagrange spectrum.
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How to compute Lagrange Number ?
Lemma. Let a = [ag, a1, a2, ... ] be an irrationnal. Then

L(Oé) = n“_}”;Q Sup([an+la an+2; an+37 .. ] + [07 ana anfla e ey al])

For example,

° L(1+2\/§):\/§

o L(1+V2)=+38
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How to compute Lagrange Number ?

Lemma. Let a = [ag, a1, a2, ... ] be an irrationnal. Then

L(a) = Iin;o sup([an+1, an+2, ant3, .- -] + [0, an, an—1, ..., a1])

n—

For example,

° L(1+2\/§):\/§

o L(1+V2)=+38

Remark.

o~ B = L(a) = L(B)

<—
?

We will see this is conjectured to be true under some hypothesis.
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Hurwitz Theorem (1891)

Theorem. o ¢ Q = T inifinitely many rational p/q such that

1
V52

Moreover, if a is GL(2,7)-equivalent to v; := (1 ++/5)/2, we cannot
replace v/5 by a greater constant.

a_P'<
q
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Suppose next that ac is not GL(2.7Z)-equivalent to 1. Then there exists
infinitely many rational p/q

1
V842

and we cannot replace v/8 by a greater constant when a ~ 45 = 1+ /2.
More generally;

a_P\<
q

Buket Eren Markov Theory and Out(PGL(2, Z)) Oct 2018 22 / 45



Markov's Theorem (1879)

Theorem. Let M = {1,2,5,13,29,34, ...} be the set of Markov
numbers. Then

i. The Lagrange spectrum below 3 is given by the set

Vom2 — 4
£<3:{9n;'ﬂ:m EM}

There is a sequence of inequivalent quadratic irrationals

m+2u++vVIm? — 4

2m

/m —

where u is the characteristic number of m and whose Lagrange

numbers are
Om? — 4

L(vm) = m

ii. Conversely, every L(a) < 3 with a ¢ Q is of this form.
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Uniqueness Conjecture (1913)

Uniqueness Conjecture. Let o, 5 € R\ Q. Then

Lla)=LB)<3=a~p
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1.
Out(PGL(2,7Z)) and Markov Theory
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Functional Equation |

g0 +1) = 8(x) +5()
g(x) = g("7)
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Functional Equation |

g0 +1) = 8(x) +5()
g(x) = g("7)

g: Q-0 — Qo

q

This function is called numerator and denoted by num(x).
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Functional Equation Il :
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Functional Equation Il :

1
X

fx+1) = F(x) + (=)

1
f(x)="r
()= (7)
If we assume (1) =1,
f(n) = Fn+1

where F, is n th Fibonacci number with n € N.
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Functional Equation Il :

fx+1) = F(x) + (=)

1
X

1
f(x)="r
()= (7)
If we assume (1) =1,
f(n) = Fn+1

where F, is n th Fibonacci number with n € N.
Can we extend f on Q7

Yes. It is called the conumerator and denoted by con(x).
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The answer is as follows:

Lemma. For all x € Q¢ and n € N, we have:

con(n + x) = Fpcon(x) + Fpp1con(1/x)
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The answer is as follows:

Lemma. For all x € Q¢ and n € N, we have:

con(n + x) = Fpcon(x) + Fpp1con(1/x)

For example,
con(3/2) = con(1 + 1/2)
= Ficon(1/2) 4+ Frcon(2)
=Ff+ FRFR
=3
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The answer is as follows:

Lemma. For all x € Q¢ and n € N, we have:

con(n + x) = Fycon(x) + Fpyicon(1/x)

For example,

con(3/2) = con(1 + 1/2)
= Ficon(1/2) 4+ Frcon(2)
=Ff+ FRFR
=3

It can be shown that
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Involution of irrationals : Jimm

Jimm is defined as follows:

Buket Eren Markov Theory and Out(PGL(2, Z))

Oct 2018

29 / 45



Involution of irrationals : Jimm

Jimm is defined as follows:

con(x)
J(x) :=
)= Conti/x)
By using functional equation of conumerator

JA+x)=1+1/J(x) & J(1/x)=1/J(x)

——> Jimm admits a natural extension to Q.
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Jimm is an involution

con(x)

Recall. J(x) = con(1/x)

Then,

JU(x)) =

Buket Eren Markov Theory and Out(PGL(2, Z))

Oct 2018

30 / 45



Jimm is an involution

con(x)

Recall. J(x) = con(1/x)

Then,
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Jimm is an involution

con(x)
con(1/x)

con con(x)
con(1/x) ~ num(x)

AN = n(con(l/x)) - num(1/x)

con(x)

Recall. J(x) =
Then,

=X

= J(J(x)) = x
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Jimm is defined on R\ Q

We can express Jimm of irrational in terms of continued fraction:
Lemma.
J([307 a1,4d2,a3;,. .. ]) = [180—1’ 2, 181—27 2, 132—27 2,... ]

with two rules:

[...a.l0.b,...]:==[...,ab,...]
.. 311b =1 a+b—1 ]

where 1) representes the sequence 1,1,...,1 of length k.
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Origin of Jimm:

px+q
rx +s

Recall. PGL(2,Z) = { ' p,S,q,r €7, ps —qr = :l:l}

Dyer (1978) showed the existence of a unique outer automorphism of
PGL(2,Z).

M. Uludag & H. Ayral (2015) reformulated action on R=RuU {0},
explicitely on continued fraction expansion:

J(x)
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What relationship with the theory of Markov?

Theorem. Jimm preserves the set of quadratic irrational numbers.
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What relationship with the theory of Markov?

Theorem. Jimm preserves the set of quadratic irrational numbers.

Question. What is J(ym) where v, is a Markov irrational ?
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Markov irrationals 7,

J(vm)

Buket Eren

1+45
"= 5
Y =1+V2
9+ V221
V5 = 10
23 + /1517
T

=[1]
=2
= [22,12]

= [22,14]
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What is the quadratic form of Jimm of Markov irrationals ?

Markov irrationals vy, J(vm)
145 <

m=-—7 =[1] — 00

T2 =1+V2 = [2] — (1,2 =7
9+ 221 N —

BE = [22, 1] — [1,2,4] =7
23 + 1517 — .

M= e = [22,14] — [1,2,6] =7

Buket Eren
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How to find quadratic form ?

The general functional equation is

J(Mx) = J(M)J(x) for all M € PGL(2,Z)
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How to find quadratic form ?

The general functional equation is

J(Mx) = J(M)J(x) for all M € PGL(2,Z)

If there is a matrix M such that
x = Mx

then
J(x) = J(Mx) = J(M)J(x)
It means that J(x) is fixed also by J(M).

— Find J(M)
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We may express

J: PGLy(Z) — PGLy(Z)

-0 9 a2 2)

in terms of conumerator function. We know that J(1) =1 and J(2) = 2,

r+s _c—i—d
2p+q\ 2a+b
2r+s) 2c+d

J(M1) = J(M)J(1) = J<p+ q> ath

J(M2) = J(M)J(2) = J(
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It is equivalent to say

c0n<p+q> =a+b
r+s
con<r+s> =c+d
p+gq
2
con( p—i—q) =2a+b
2r+s

Find a, b, ¢, d and put them into the matrix J(M):
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(")

2p+gq p+q p+q 2p+gq
con — con 2con — con

2r+s r+s r+s 2r+s

2r+s r+s r+s 2r+s
con — con 2con — con

2p+gq p+q p+q 2p+q
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Recall that Markov quadratic irrational is of the form

m+2u+vVIm? —4

2m

Ym =

and it is fixed by the matrix

M= <2m+u 2m—u—v>

m m—u

which is hyperbolic where m is a Markov number and u, v are
characteristic numbers of associated Markov triple.

Remark. This matrix comes from a Cohn matrix. J
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Example

Let m=2, u =1, v =1 and quadratic irrational associated is

72:14-\@

and it is fixed by the matrix M,

e (3 ) -

3x+4
e X = x==+V2
2x+3
= J(n) = V2
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m Markov irrational v, J(vm)

1 (1+V5)/2 00

2 1++v2 V2

5 (9 4+ v/221)/10 V6 —1

13 (23 + /1517) /26 V12 -2

29 (53 + \/7565)/58 (V210 — 6)/6

34 (15 + /650) /17 V20 -3

89 (157 + /71285)/178 V30 — 4

169 (309 + 1/257045) /338 (v/7140 — 35)/35
194 (344 + /338720) /388 119 -2

233 (411 + \/488597) /466 Va2 -5

433 (791 + /1687397) /866 (121/143 — 60) /59

Remark that J(~p,) is simpler !
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m Markov irrational v, J(vm)

1 (1++/5)/2 00

2 1++2 V2

5 (9 4+ v/221)/10 V6 —1

13 (23 +V/1517) /26 V12 -2

29 (53 + 1/7565) /58 (v/210 — 6)/6

34 (15 + /650) /17 V20 -3

89 (157 +1/71285)/178 V30 — 4

169 (309 + /257045) /338 (/7140 — 35)/35
194 (344 + \/338720) /388 V119 — 2

233 (411 + /488597) /466 V42 -5

433 (791 + /1687397) /866 (121/143 — 60)/59
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Theorem. (E. , Uludag, 2018)

Let v, be a Markov irrational with m = Fp,41 as follows

Fant1+ Fan—1+ 4/ 9F5,41 — 4

’7F2n+1 = 2F2 11
n

fixed by the hyperbolic matrix

M= <2F2n+1 + F2n_1 F2n+2 - F2n—3>
F2n+1 F2n

Then image of M under Jimm is

- (2 972)

and positive fixed point of this matrix which is equal to J(vm) is

vVn2+n—n+1
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Thanks for your attention !
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