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Some history

Unit interval orders originated in the study of psychological
preferences, in the work of Norbert Wiener (1914).

W. E. Armstrong (1939), among others, later explored them in
greater detail. For a flavor of this field, Armstrong describes one
possible assumption about preferences as follows:

 454 THE ECONOMIC JOURNAL [SEPT.

 Let us call such a class of alternatives an indifference-class,
 whether or not we assume that the introspective test is a satis-
 factory one; then the economist's assumption with regard to
 choice may be expressed as the assumption that for any given
 individual at a given moment there is a function, which we will
 call the utility-function of the alternatives, any of which could
 conceivably be presented to the individual, and this function
 determines an indifference-class of alternatives, one of which will
 be chosen as a consequence of factors which the economist can
 ignore since they are irrelevant to the determination of value.
 It is assumed that the precise delimitation of this class is signii-
 cant for the determination of value; in other words, the rejection
 of all the alternatives outside the indifference-class is significant.

 On this point all economists are agreed, and in the above sense
 of the term utility all economists make use of the concept of
 utility and assume a utility function giving the required partial
 determinateness of choice.

 But with regard to the nature of utility, the form of the
 utility function, and the way the indifference-class (between the
 members of which choice can be regarded as indeterminate so far
 as value-theory is concerned) is determined by the utility function,
 there are grave differences of opinion. In anticipation of the
 argument to be developed it may be noticed that the following
 views have at one time or another been held: (1) An estimate of
 the relative pleasurableness or painfulness of the altematives is
 made, and the alternative estimated to be most pleasurable is
 chosen. If a number of alternatives are indistinguishable in this
 respect, then choice between these alternatives is indeterminate
 (i.e., those circumstances which determine the choice of one
 of these alternatives are irrelevant to the determination of
 value and can be neglected by the economist). (2) The
 alternatives are wanted with varying intensities and the
 alternative wanted most is chosen. If a number of alternatives
 are wanted equally, then choice between these alternatives is
 indeterminate in the above sense.' (3) The alternatives fall into
 relations of preference or indifference and the alternative pre-
 ferred to all others is chosen. If no single alternative is preferred
 to all others, then it is assumed that the individual is indifferent

 1 It might be maintained that we can want alternatives with unequal intensities
 and yet be unaware of any difference of intensity. Choice between such alterna-
 tives would then be indeterminate in the above sense. As we shall see, p. 463,
 it is possible to escape certain difficulties of the want-theory by making a dis-
 tinction between the intensity of a want and the individual's estimate of the
 intensity.
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Robert Luce (1956) studied unit interval orders to axiomatize a
class of utilites in the theory of preferences.

Unit interval orders show up in many circles: psychology,
economics, game theory, mathematics . . .
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For today:

Get to know unit interval orders (UIO).

Introduce Matroids (and Positroids) and their connection
to UIOs.

Main results and final thoughts.

Anastasia Chavez Dyck Paths and Positroids from Unit Interval Orders



Unit Interval Orders

Definition

A poset P is a unit interval order if it can be represented by a collection
of intervals [qi, qi + 1] for qi ∈ R such that for distinct i, j ∈ P ,

i <P j ←→
I1

I2

I3

I4

I5

6

i  j
.

Example

2

4

5

1

3

5

I1

I2

I3

I4

I5

6
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Antiadjacency Matrices of Labeled Posets

Definition (Antiadjacency Matrix)

If P is a poset on n elements, then the antiadjacency matrix of P is the
n× n binary matrix A = (ai,j) with ai,j = 0 if and only if i <P j.

Example

Anastasia Chavez Dyck Paths and Positroids from Unit Interval Orders



Antiadjacency Matrices of Labeled Posets

Proposition (Skandera–Reed, 2003)

A unit interval order has an altitude preserving labeling if and only if
its antiadjacency matrix has the 0’s and 1’s separated by a Dyck path
supported on the main diagonal.

Example
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Dyck Matrices

Definition (Dyck Matrix)

A binary square matrix is called a Dyck matrix if the 0’s and 1’s are
separated by a Dyck path supported on the main diagonal. Denote the
set of Dyck matrices of size n as Dn.

Example

A 6× 6 Dyck matrix

Propositions

(Stanley, 1999)
Every Dyck matrix is totally
positive (all minors ≥ 0).

(Freund–Wine, 1957;
Dean–Keller, 1968)

|Dn| = 1
n+1

(
2n
n

)
, the n-th

Catalan number.
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Matroids and Positroids

Definition (Matroid)

Let E be a finite set, and let B be a nonempty collection of subsets,
called bases, of E. The pair M = (E,B) is a matroid if they satisfy the
following axioms:

(B1) B 6= ∅.
(B2) For all A,B ∈ B and a ∈ A \B, there exists b ∈ B \A such that

(A \ {a}) ∪ {b} ∈ B.

Definition (Positroid)

A representable matroid M on [n] of rank d, associated with matrix A,
is a positroid when A is totally nonnegative (all maximal minors are
nonnegative).
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Positroids

Example

Recall the 3× 6 real matrix

A =




1 0 0 1 1 1
0 1 0 −1 −1 0
0 0 1 1 1 0




All maximal minors are nonnegative, thus A is totally nonnegative.

The matroid M = ([6],B) represented by A is a positroid.
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Induced Positroids

Lemma (Postnikov 2007)

For an n× n real matrix A = (ai,j), consider the n× 2n matrix
B = φ(A), where




a1,1 . . . a1,n
...

. . .
...

an−1,1 . . . an−1,n

an,1 . . . an,n




φ7→




1 . . . 0 0 ±an,1 . . . ±an,n
...

. . .
...

...
...

. . .
...

0 . . . 1 0 −a2,1 . . . −a2,n
0 . . . 0 1 a1,1 . . . a1,n


.

Then minors of A correspond to maximal minors of φ(A).

This allows us to associate each Dyck matrix to a positroid.

Anastasia Chavez Dyck Paths and Positroids from Unit Interval Orders



Induced Positroids

Lemma (Postnikov 2007)

For an n× n real matrix A = (ai,j), consider the n× 2n matrix
B = φ(A), where




a1,1 . . . a1,n
...

. . .
...

an−1,1 . . . an−1,n

an,1 . . . an,n




φ7→




1 . . . 0 0 ±an,1 . . . ±an,n
...

. . .
...

...
...

. . .
...

0 . . . 1 0 −a2,1 . . . −a2,n
0 . . . 0 1 a1,1 . . . a1,n


.

Then minors of A correspond to maximal minors of φ(A).

This allows us to associate each Dyck matrix to a positroid.

Anastasia Chavez Dyck Paths and Positroids from Unit Interval Orders



Induced Positroids

Example

By Lemma, the Dyck matrix A induces the positroid represented by
φ(A):

1 1 0

1 1 0

1 1 1







A

φ7→

1 0 0 1 1 1

0 1 0 -1 -1 0

0 0 1 1 1 0







φ(A)

B =

{
123, 124, 125, 134, 135, 234,
235, 236, 246, 256, 346, 356

}
.
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Unit Interval Positroid

Definition (Unit Interval Positroid)

For an n× n Dyck matrix D, the positroid on [2n] represented by φ(D)
is called a unit interval positroid.

Theorem (C.–Gotti 2017)

Every n-element unit interval order induces a unit interval positroid on
the ground set [2n]. This implies there are 1

n+1

(
2n
n

)
unit interval

positroids on [2n].
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Positroid Representations

Theorem (Postnikov 2007)

Positroids can be represented by several classes of combinatorial
objects, with bijections existing among them:

Grassmann necklaces

Decorated permutations

Le-diagrams

Plabic graphs
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Decorated Permutation

Definition (Decorated Permutation)

A decorated permutation is an element π ∈ Sn whose fixed points j are
marked either “clockwise”(denoted by π(j) = j) or “counterclockwise”

(denoted by π(j) = j).

Example

263̄145 = (12654)(3̄)

1 

2 

3 
4 

5 

6 

1 

2 

3 
4 

5 

6 

1 

2 

3 
4 

5 

6 

1 

2 

3 
4 

5 

6 

(12654)3 (12354)6 

(123654) (162354) 
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Decorated Permutations of Unit Interval
Positroids

Theorem (C.–Gotti 2017)

The decorated permutation representation of a unit interval
positroid encodes a Dyck path as a full-length cycle.

The decorated permutation can be recovered by a special labeling of
the Dyck path on the associated antiadjacency matrix.
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Decorated Permutation from Dyck Matrix

Example

The decorated permutation π associated to the positroid represented
by the 5× 5 Dyck matrix D

1 0 0 0 0

1 1 1 0 0

1 1 1 1 0

1 1 1 1 1

1 1 1 1 1

0
BBBBBB@

1
CCCCCCA

8

→
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Example
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BBBBBB@

1
CCCCCCA

8

→

can be read bottom to top from the Dyck path of D, obtaining

π = (1, 2, 10, 3, 9, 4, 8, 7, 5, 6).
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Decorated Permutation from Interval
Representation

Theorem (C–Gotti)

Given a unit interval representation, label the left and right endpoints
of [qi, qi + 1] by n+ i and n+ 1− i, respectively. Then the decorated
permutation representation of the associated unit interval positroid is
the cycle given by reading the labels from right to left.

Example

The decorated permutation (1, 12, 2, 3, 11, 10, 4, 5, 9, 6, 8, 7) is obtained
by reading the labels from right to left.
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Merci!

Reference: A. Chavez and F. Gotti, Dyck Paths and Positroids from
Unit Interval Orders, J. Comb. Theory A Ser. A, 154 (2018), 507–532.

email: anachavez@math.ucdavis.edu
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