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Definition of the model

Random environment: (&;).cz i.i.d. under P, which is non-degenerate
and elliptic,
0<ce<& <C

Branching random walk in RE: Given (&),

> start with one particle at 0

> every particle performs a continuous time SRW on Z
» when at x, every particle branches (binary) at rate &,
>

all particles move independently

Notation: P - quenched distribution of the BRWRE
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Questions.

Questions.
» Behaviour of the fastest (right-most) particle.
» Relation to other models: PAM and randomized F-KPP equation.
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Questions.

Questions.
» Behaviour of the fastest (right-most) particle.
» Relation to other models: PAM and randomized F-KPP equation.

Notation:
» N; = the set of particles at time ¢
> (Y5)s<¢ trajectory of a particle Y € N,
> position of the maximal particle

Mt = maX{th Y € Nt}

» m; = median of M, under Pg (random variable under PP)
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Homogeneous BRW/BBM

In the homogeneous situation a lot is known

t
LLN: 2 222 4 ass.

v

v

precise asymptotics

3
my = vot — §clogt +0(1)

v

tightness: (M — my)¢>o is tight

v

point-process convergence:  y-cn. Oy, —m, COnverges

‘Failure’ of the first moment prediction:
Set N=(t,x) = #{Y € N, : Y; > z} and define

my =sup{z € Z: EgN=(t,z) > 3}.
Then 1
e = vot — iclogt +0(1)
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Homogeneous branching random walk |l
Relation to the discrete F-KPP equation:

w(t,x) = Aw(t,z) + w(t, z)(1 — w(t, z))

w(0,2) = wo(x)

Is solved by

w(t,z) =1 on{ H (1 —wo(:ch}))}

YEN,
In particular, for wy = 1_x,,
w(t,x) = Po(M; > x).

Some other properties of the F-KPP equation.

» F-KPP equation has travelling wave solutions w(t, x) = w,(z — vt)
for every v > vy

> If wy = 1_x,, then w(t,x + ms) = Wy, ()

5/16



Previous results

Related models

» BRW in temporarily varying environment (Bovier-Kurkova,
Bovier-Hartung, Fang-Zeitouni)

» BRW in temporarily random environment (Malein-Mito$ 2015)
Maximal particle of BRW

» Comets-Popov 2007: Shape theorem for BRWRE in Z¢
= LLN for the maximal particle
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Previous results: Parabolic Anderson model
PAM: linear PDE with random coefficients

du(t,z) = Au(t,z) + {(z)u(t, z)
u(0,z) = 1o(x)

PAM gives the first moment of the BRWRE:
u(t,z) = ES[N(t,z))]

Lyapunov exponent: P-a.s.
1
Aw) = tlggo 7 log u(t, [tv]), veR.

Two important velocities:
> vp: solution to A(vg) =0, vp > 0.
> v, > 0: minimal v s.t. X is strictly convex on (v, 00).

Breakpoint = the front of the PAM
My = sup{x €Z: ESZu(t,y) > %}
y>x
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Results for the BRWRE

Theorem (CD'17)

Assume & is non-degenerate, elliptic and vy > v.. Then
LLN (CP'07): Mt — v, P x Pj-a.s.

» FCLT for the breakpoint:

v

Mpt — VNt P
\//;i n—o0o

» approximation for the median: m; > m; and

BM,

my — my

lim sup C, P-a.s.

t—oo  logt T

= FCLT for the median

» approximation for the maximum: |M; — my| < C'logt
—> FCLT for the maximum

v

tightness: no proof yet
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Implications for the PAM

Theorem
» CLT for the breakpoint

> For every v > v,

logu(t,vt) —tA(v) P

Oy \/i t—o00

N(0,1).
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Implication for the randomized F-KPP equation
Randomized F-KPP equation:

atw(tvm) = Aw(tvx) + g(l)w(tvx)(l - w(tvx))
w(0,x) = wo(x)
Front of the solution:
e =sup{z € Z: w(t,z) > 1/2}

Previous results: Nolen 2012 gives CLT for 17, for initial conditions
such that the speed of the front is > vyg.
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Implication for the randomized F-KPP equation
Randomized F-KPP equation:

8tw(t7m) = Aw(tvx) + g(l)w(tvx)(l - w(tvx))
w(0,x) = wo(x)
Front of the solution:
e =sup{z € Z: w(t,z) > 1/2}

Previous results: Nolen 2012 gives CLT for 17, for initial conditions
such that the speed of the front is > vyg.

Relation of BRWRE and rF-KPP:
w(t,z) = Pi[Mt > 0]
solves rF-KPP with wg = 1 _x.

Theorem (CLT for the front)

mt—’UQt P
— 5 N(0,1).
0—\/% t—o0 ( )
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Tools and ideas |

First and second moment of N(¢,x) can be computed with help of
Feynman-Kac representation, resp. many-to-one formula (Harris-Roberts
'17, O. Giin-Kénig-Sekulovi¢ '13),

ESH{Y ENt:p1(r) <Y, < pa(r) Vr e [O,t]}H

= oo { [ €00} < X < patr) e € 04
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Tools and ideas |

First and second moment of N(¢,x) can be computed with help of
Feynman-Kac representation, resp. many-to-one formula (Harris-Roberts
'17, O. Giin-Kénig-Sekulovi¢ '13),

ESH{Y ENt:p1(r) <Y, < pa(r) Vr e [O,t]}H

— E, {exp { /Otg(XT) dr}; e1(r) < X, < a(r) Vr € [O,t]}

E§ H{Y € Ni: o1(r) <Yy < pa(r) Vr € [0, t}}|2]

— B [exp{/tg(xr)dr};w(r) < X» < ga(r) Vr € [O,t]}
0

t s
+2/ EO[BXP{ / é(X'r)dT}f(XS)lgpl(r)gXngpg(r) vre(0,s]
0 0
t—s

X (Exs [eXp{ ; £(Xr)d7“};<p1(r+5) <Xr <pa(r+s)Vr<t— SDQ}dS-
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Why the CLT?
With H; denoting the hitting time of ¢, one has

t
ESN (¢, vt) = Ey [exp {/ £(X,) dr}; X, = vt}

0

=e MTE, [exp { /Ot(f(X,«) +n) d?"};Xt = vt]
—e "Eo[exp Z/ »)+mn) dT‘—l—/H(ﬁ(Xr)-l-n)dr};thut}

vt
Pick n = n(t,z) so that X; = x is a likely event to obtain

_ et f[ By [exp { /OH (€(X,) +1) dr}] X error

i=1
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Why the CLT?
With H; denoting the hitting time of ¢, one has

t
ESN (¢, vt) = Ey [exp {/ £(X,) dr}; X, = vt}

0

¢
=e MTE, [exp { / E(X,)+mn) dr}; X = vt]
0
=e ”Eo[exp Z/ ) +n) dr—i—/(ﬁ(X,,)—i—n)dr};thut}
H'ut

Pick n = n(t,z) so that X; = x is a likely event to obtain

vt H;

= H E;,_, |:exp {/ E(X,)+mn) dr}] X error
i=1 0

Problem: 7(t,x) is actually n(¢, x, &)
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Tools and ideas: homogeneous case

To understand the behaviour of the maximum one needs

> a precise large deviation estimate
c
Py Xy ~vt] = —e 11 4 o(1
o[ Xi ~ vt] 7 (1+0(1))
» Ballot theorem

P [Xt ~ot, Xy <wvsVs < t} = %PO [Xt ~ vt]
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Tools and ideas: random case

To understand the behaviour of the maximum one needs
> a precise large deviation estimate

5 efgt &(X<>d57 ~ otl] = c e_lé(“i)
o X ~ vt]] NG
» Ballot theorem

Bo[edo €% Xy o, X, < Vs < 1]

1 ot .
= ;Eo [edo £(X) ds ; Xy € [vt — 1, vt]]
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The Ballot theorem in random environment

By; and W; be two independent Brownian motions, variances 0123, U%V.
Question. Understand the behaviour of

F(t) = P[Bs+ 1> W,Vs < t|W]
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The Ballot theorem in random environment

By; and W; be two independent Brownian motions, variances U%, U%V.
Question. Understand the behaviour of

F(t) = P[Bs+ 1> W,Vs < t|W]

Theorem (Malein-Mito$, 2015)

log F'
lim og F'(t)

t—oo logt = o5, 0w), W—as.

for some y(op,ow) > 3.
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Thank you
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