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Ensemble prediction system with M members:

d . . )
! i | H
_dtZt_f(Zt)' Z. ~ o, i=1,...,M.

Source: ECMWF
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Assimilation

time

Model:
dZ = f(Z)dt + Y2 dW;

Data: y;, at discrete times t,
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Discrete-time observations:

ye, =h(Zt,)+RY?2=Z:, n=1,...,N.

Likelihood function:
1
L(z[o,1]) == exp (—5 > llye, — h(Ztn)Ilﬁ) :
n

Bayes: R
dPpo, 1 L(Zjo,m)
[071])=—7""7.
dPo, Po,m[L]
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Notation:
Prediction/Forecast: M(Zn+1|Y1:n)
Filtering/Analysis: M(Zn+1 | Y1:n+1)
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Classic bootstrap particle filter (sequential MC):

1) propagate M particles zﬁ) under the model dynamics to yield forecasts
E;Hl, i=1,...,M.

2) data likelihood assigns importance weights WZH to each
propagated particle Eln+1

3) resample to obtain equally weighted particles zf7+1 from the filtering
distribution at tp1.
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Classic bootstrap particle filter (sequential MC):

1) propagate M particles zﬁ) under the model dynamics to yield forecasts
E;Hl, i=1,...,M.

2) data likelihood assigns importance weights WZH to each
propagated particle Eln+1

3) resample to obtain equally weighted particles szl from the filtering
distribution at tp1.

This approach is not applicable to geophysical/meteorological
applications because of:

i) small sample sizes M ~ 102
ii) high dimensionality of models (discretised PDEs) D ~ 107

iii) medium number of observations N ~ 103
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Remedies used in data assimilation:

1) Formulate assimilation of data as an optimisation problem (4DVar,
3DVar)
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Remedies used in data assimilation:

1) Formulate assimilation of data as an optimisation problem (4DVar,

3DVar)
2) Replace importance-resampling step by low variance ensemble
transformations ”
j o Si *
Zln+1 - Zn+1 t//
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Remedies used in data assimilation:

1) Formulate assimilation of data as an optimisation problem (4DVar,
3DVar)

2) Replace importance-resampling step by low variance ensemble
transformations
n+1 Z n+1 //

3) Localise assimilation of data

) M L i
2,10 = D321 (%) £ (X)
=t o o e
x € R3 grid point being .| o
Observations outside
updated. Iocalzation radius

Observations inside
localization radius
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Forward observation model: y,‘;isl =h(Zn1) +RY?=h11

Best linear unbiased estimator (BLUE): Zn4+1 :Ayzisl +b
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Forward observation model: y,‘;isl h(Zni1) +RY?Zp 11

Best linear unbiased estimator (BLUE): Zn4+1 :Ayzisl +b

Empirical BLUE/EnKF:

A=PR1

b =2}, —A(hE.0) +RY?2) 1)
with

M
. T =i ~
M 1 Zl +1 n+1 hn+1) ’ —n+1 N(O' I)
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Forward observation model: y,‘;isl h(Zni1) +RY?Zp 11
. - . . z —AyoPs 1 p
Best linear unbiased estimator (BLUE): n+l =AYy 3t

Empirical BLUE/EnKF:

A=PR7!
b/*Eln+1_A(h(Eln+1)+R1/2—n+1)
with
P—Lf?’ hE . .)—hns1)T = ~N(O,/
T M—1 - . n+1( ( n+1) n+1)’ —n+1 (0.1).
j=

EnKF induced particle transformation:

n+1 Z n+1 U
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Importance weights: W, X exp (_E”h(z;,+l) _Yn+l)||,2;)
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Ensemble transform particle filter
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Importance weights: W, X exp (_E”h(z;,+l) —Yn+1)||§)

Importance weigth

10 15 20
Particle Number

Universitat Potsdam/ University o




Ensemble transform particle filter

Importance weights:
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Ensemble transform particle filter

Importance weights:

Importance weigth

10 15 20
Particle Number

T* minimiser of

subject to:
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Importance weights:

Importance weigth

10 15 20
Particle Number

T* minimiser of

subject to:

T* induces linear transformation:
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Ensemble transform particle filter

Importance weights:
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T* induces linear transformation:
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Numerical example | 3,
=, o
Lorenz-63 model, first component observed infrequently (At =0.12) and

with large measurement noise (R = 8):
ensemble transform filters

) —%—ETPF

—6— symmetric NETF
7 random NETF
—©— optimal NETF
—r—2nd order ETPF | |

(<]
T

ESRF
=== S|R benchmark

o

RMS error
N

1 ‘ ‘
15 20 25 30 35

ensemble size
Figure: RMSEs for various second-order accurate LETFs compared to the ETPF, the

ESRF, and the SIR PF as a function of the sample size, M.
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Hybrid filter: P := Pesrr(a) PeTPr(1 — O).
hybrid 2nd order accurate ETPF-ESRF

31| M=15 1
-©—-M=20
M=25

2.8 |~*M=30 i
—¥—M=35

RMS error

18 . . .
0 0.2 0.4 0.6 0.8 1

bridging parameter «
Figure: RMSEs for hybrid ESRF (o = 0) and 2nd-order corrected NETF/ETPF (o = 1)
as a function of the sample size, M.
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Observation model:

dyt = h(Z¢)dt + RY2dV;
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Observation model:

dyt = h(Z¢)dt + RY2dV;

Linear SDEs and observations:

dZ: = (AZt + b)dt + yY2dW;,  dy: = HZ¢dt + RY2dV;.
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Observation model:

dyt = h(Z¢)dt + RY2dV;

Linear SDEs and observations:

dZ: = (AZt + b)dt + yY2dW;,  dy: = HZ¢dt + RY2dV;.

Kalman-Bucy equations for the mean
dut = (At + b)dt — Kedlt, dlt ;= (Hutdt — dyt)

and the covariance matrix
d T
&Pt =APt + PtA" + ¥l — KtHPt¢.

with Kalman gain matrix K¢ = PtHTR™1.
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Controlled mean-field SDE:
dZ: = (AZ; + b)dt + YY2dWe + due(Z:),  due := —KedZy
with innovation Z¢

1
dZy =

E(Hzt +Hue)dt —dy:

or
dZy = HZdt + RY?dUs — dy¢

and Kalman gain K¢ = PtHTR™1.
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Controlled mean-field SDE:
dZ; = (AZ; + b)dt + YY2dWe + due(Zy),  dup := —KedTe
with innovation Z¢

1
dZy =

E(Hzt +Hue)dt —dy:

or
dZy = HZdt + RY?dUs — dy¢

and Kalman gain K¢ = PtHTR™1.

Extension to nonlinear SDEs:
Ensemble Kalman-Bucy filter(EnKBF)

dtZy = f(Z)dt + Y2 dWe — KidZe.
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Feedback particle filter:
dZ = f(Z)dt + Yy 2dWe — K¢ o dT;

with Kalman gain

Kt := Vzl/JtR_l, Vz - (MtVYt) = —mt(h— h)

and innovations 1
dZ; = E(h(zt) + ht)dt — dy¢

or
dZ¢ = h(Z¢)dt + RY2dU¢ — dyt .
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Particle approximation to elliptic PDE:
. Mo
Vor(z) ~ Y 2 ay

i=1

with zi ~ T, i=1,...,M and coefficients a'Z € R appropriately defined.
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Particle approximation to elliptic PDE:
) Mo
Vor(z) ~ Y 2 ay
i=1
with zi ~ T, i=1,...,M and coefficients a'Z € R appropriately defined.

Interacting particle system:

dz’tf(z’t)dt+y1/2dwft—(2z'ta2)R—1odz’t

i=1

with innovation ) . ‘
dz, = h(z})dt + RY2dU, — dy.
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Parameter-dependent model:

dZ; = f(Z¢, 0)dt + yV2dW; — K¢ 0 dZ¢

Marginal likelihood (evidence of the data )t = y|o,¢) under 8):

dmie(Vel6) = me(Vt16) heR™Ldye .
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Parameter-dependent model:

dZ; = f(Z¢, 0)dt + yV2dW; — K¢ 0 dZ¢

Marginal likelihood (evidence of the data )t = y|o,¢) under 8):

dmie(Vel6) = me(Vt16) heR™Ldye .

Example.
SPDE model: )
Ur = 0 Aur + Wt
W; space-time white noise.
Observation:
dyt = ut(xo) dt + RY2dV;

for fixed spatial location xg.
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D = 80 grid points, state estimation with EnKBF, M = 20 particles, and
localisation, observation interval [0, 20], measurement error R = 0.001

-12

4
N
T
.

negative loglikelihood
N >

S}
®
:
x

.

-30 x ® 4
x L o,

32 . . . . .
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

parameter 6
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» Data assimilation has become a workhorse for day-to-day weather
forecasting

» Key are a "smart" choice of biased and robust approximations to the
sequential filtering problem

» Data assimilation has applications to many areas outside weather
prediction such as medicine, geosciences, biology, etc.

» Current topics of research: combined state-parameter estimation for
PDEs, theoretical understanding of approximations such as linear
transformations & localisation

» Continuous-in-time DA naturally leads to an attractive unifying
framework in the form of mean-field SDEs.
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The End
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"Miss Peterson, may | go home? | can't assimilate
any more data today."

(source: J.B. Handelsman, New Yorker, 05/31/1969)
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