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(Mis)conceptions about particle filters

@ Something useful only for very specific models (hidden Markov
models, state-space models);

@ Or alternatively something as versatile as MCMC
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(Mis)conceptions about particle filters

@ Something useful only for very specific models (hidden Markov
models, state-space models);

@ Or alternatively something as versatile as MCMC

Which one it is?
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Let's have a quick look at a particle filter.
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Structure

Algorithm 0.1: Basic PF algorithm

Operations involving index n must be performed for all n € 1: N.
At time 0:
(a) Generate XJ ~ Mp(dxp).

(b) Compute wf = Go(Xg), and WJ' = w@/ SN _ w.
Recursively, for t =1,..., T:
(a) Generate ancestor variables A7 € 1 : N independently
from M(WEY).
(b) Generate X/ ~ I\/It(XtAgl,dxt).
(c) Compute w( = Gt(Xt 1,X”), and
= Wt/Zm 1 W
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Comments

@ All particle filters have (essentially) this structure. (Let's ignore
variations based on alternative resampling schemes, etc.)
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Comments

@ All particle filters have (essentially) this structure. (Let's ignore
variations based on alternative resampling schemes, etc.)
@ The user must specify:
o kernel My(x¢—1,dx;): J:hat’s how we simulate particle X/, given

a certain ancestor XtAjl;
o Function G¢(x;—1,x:); that's how we reweight/grade particle
X! (and its ancestor).
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Comments

@ All particle filters have (essentially) this structure. (Let's ignore
variations based on alternative resampling schemes, etc.)
@ The user must specify:
o kernel My(x¢—1,dx;): J:hat’s how we simulate particle X/, given

a certain ancestor XtAjl;
o Function G¢(x;—1,x:); that's how we reweight/grade particle
X! (and its ancestor).

o Easy part: How. Less easy: Why
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@ Presentation of state-space models

© Examples of state-space models

© Sequential analysis of state-space models
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The aim of this chapter is to define state-space models, give
their main properties.

examples of such models from various areas of science, and discuss
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Presentation of state-space models
Examples of state-space models
Sequential analysis of state-space models

A first definition (with functions)

A time series model that consists of two discrete-time processes
{Xt}:= (Xe)e=0, {Ye}:= (Ye)t>0, taking values respectively in
spaces X and ), such that

Xt = Ke(Xe-1, Ut 0), t>1
Y: = He(Xe, Vi, 0), t>0

where Koy, K:, H:, are determistic functions, {U;}, {V;} are
sequences of i.i.d. random variables (noises, or shocks), and 6 € © is
an unknown parameter.
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A first definition (with functions)

A time series model that consists of two discrete-time processes
{Xt}:= (Xe)e=0, {Ye}:= (Ye)t>0, taking values respectively in
spaces X and ), such that

Xt = Ke(Xe-1, Ut 0), t>1
Y: = He(Xe, Vi, 0), t>0

where Koy, K:, H:, are determistic functions, {U;}, {V;} are
sequences of i.i.d. random variables (noises, or shocks), and 6 € © is
an unknown parameter.

This is a popular way to define SSMs in Engineering. Rigorous, but
not sufficiently general.
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po(x0) = p§(x0)

Po(xe|x0:t—1) = Pf(Xt|Xt—1) t>1
Po(}’t|X0:t,YO:t—1) = fte(}/t|xt)

(0.1)
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A second definition (with densities)

po(x0) = pg(x0)
po(Xe|x0:t-1) = Pf(Xt|Xt 1) t>1 (0.1)

PG(Yt‘XO:tv }/O:t—l) fe(Yt‘Xt)

Not so rigorous (or not general enough): some models are such that
X¢| Xt—1 does not admit a probability density (with respect to a
fixed dominating measure).
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@ Presentation of state-space models

© Examples of state-space models

© Sequential analysis of state-space models
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Signal processing: tracking, positioning, navigation

X: is position of a moving object, e.g.
Xe = Xe—1+ U, Up ~ N2(0,0%h),

and Y; is a measurement obtained by e.g. a radar,

X:(2
Y; = atan <Xi21;) + Vi, Vi~ Nl(O,U%/).

and 0 = (02,0%).
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Signal processing: tracking, positioning, navigation

X: is position of a moving object, e.g.
Xe = Xe—1+ U, Up ~ N2(0,0%h),

and Y; is a measurement obtained by e.g. a radar,

X:(2
Y; = atan <Xi21;) + Vi, Vi~ Nl(O,U%/).

and 0 = (02,0%).

(This is called the bearings-only tracking model.)
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GPS

In GPS applications, the velocity v; of the vehicle is observed, so
motion model is (some variation of):

Xe = Xe—1+ ve + U, Ur ~ N>(0, 02/2)-

Also Y; usually consists of more than one measurement.
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More advanced motion model

A random walk is too erratic for modelling the position of the target;
assume instead its velocitity follows a random walk. Then define:

b 0, O
X, = ( 2 2> X1+ (02 U2t> U ~ No(0,02h),

with obvious meanings for matrices 0> and /.
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More advanced motion model

A random walk is too erratic for modelling the position of the target;
assume instead its velocitity follows a random walk. Then define:

b 0, O
X, = ( 2 2> X1+ (02 Ui) U ~ No(0,02h),

with obvious meanings for matrices 0> and /.

Note: X:(1) and X;(2) (position) are deterministic functions of
X¢—1: no probability density for X¢| X:_1.
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process.

Same ideas except {X;:} now represent the position (and velocity if
needed) of a set of targets (of random size); i.e. {X:} is a point
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Time series of counts (neuro-decoding, astrostatistics,
genetics)

o Neuro-decoding: Y; is a vector of d, counts (spikes from
neuron k),

Ye(K)[ Xt ~ P(Ak(Xe)),  log A(Xt) = ak + BiXt,

and X; is position+velocity of the subject’s hand (in 3D).

@ astro-statistics: Y; is number of photon emissions; intensity
varies over time (according to an auto-regressive process)

@ Y} is the number of ‘reads’, which is a noisy measurement of
the transcription level X; at position t in the genome;
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Time series of counts (neuro-decoding, astrostatistics,
genetics)

o Neuro-decoding: Y; is a vector of d, counts (spikes from
neuron k),

Ye(K)[ Xt ~ P(Ak(Xe)),  log A(Xt) = ak + BiXt,

and X; is position+velocity of the subject’s hand (in 3D).

@ astro-statistics: Y; is number of photon emissions; intensity
varies over time (according to an auto-regressive process)

@ Y} is the number of ‘reads’, which is a noisy measurement of
the transcription level X; at position t in the genome;

Note: ‘functional’ definition of state-space models is less
convenient in this case.
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Stochastic volatility (basic model)

Y: is log-return of asset price, Y: = log(p:/pt—1),

Yt‘Xt = Xt ~~ N(O, eXp(Xt))

where {X:} is an auto-regressive process:
Xe—p=¢Xee1 — ) + U, Up ~ N(O,U2)

and 6 = (i, ¢, 0?).
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Stochastic volatility (basic model)

Y: is log-return of asset price, Y: = log(p:/pt—1),

Yt‘Xt = Xt ~~ N(O,exp(xt))

where {X:} is an auto-regressive process:
Xe—p=¢Xee1 — ) + U, Up ~ /\/’(0702)

and 0 = (u, ¢,0°).

Take || < 1 and Xg ~ N(u,0%/(1 — p?)) to impose stationarity.
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Stochastic volatility (variations)

@ Student dist’ for noises
@ skewness: Y; = aX; + exp(X:/2)V;
o leverage effect: correlation between U; and V;

@ multivariate extensions
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Nonlinear dynamic systems in Ecology, Epidemiology, and
other fields

Y: = Xt + Vi, where {X;} is some complex nonlinear dynamic
system. In Ecology for instance,

Xe=Xe1+01— 0> exp(03Xt,1) + U

where X; is log of population size. For some values of 6, process is

nearly chaotic.
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Nonlinear dynamic systems: Lokta-Volterra

Predator-prey model, where X = (Z1)2, X,(1) is the number of
preys, X¢(2) is the number of predators, and, working in
continuous-time:

Xe(1) B 2X,(1)
X(1) + X:(2) B 2x,(2), teR*
X:(2) &0

(but Y; still observed in discrete time.)
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Nonlinear dynamic systems: Lokta-Volterra

Predator-prey model, where X = (Z1)2, X,(1) is the number of
preys, X¢(2) is the number of predators, and, working in
continuous-time:

Xe(1) B 2X,(1)
X(1) + X:(2) B 2x,(2), teR*
X:(2) &0

(but Y; still observed in discrete time.)

Intractable dynamics: We can simulate from X;|X;_1, but we
can't compute pg(x¢|x¢—1).
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Nonlinear dynamic systems: Lokta-Volterra

Predator-prey model, where X = (Z1)2, X,(1) is the number of
preys, X¢(2) is the number of predators, and, working in
continuous-time:

Xe(1) B 2X,(1)
X(1) + X:(2) B 2x,(2), teR*
X:(2) &0

(but Y; still observed in discrete time.)

Intractable dynamics: We can simulate from X;|X;_1, but we
can't compute pg(x¢|x¢—1).
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State-space models with an intractable or degenerate
observation process

We have seen models such that X;|X;_1 is intractable; Y:|X; may
be intractable as well. Let

X =(Xe,Y:), YI=Yi+ Vi Vi~ N(0,0°)

and use {(X{, Y{)} as an approximation of {(Xt, Y)}.
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State-space models with an intractable or degenerate
observation process

We have seen models such that X;|X;_1 is intractable; Y:|X; may
be intractable as well. Let

X{=(X,Y:), Y{=Ye+ V., Vi~N(0,07)
and use {(X{, Y{)} as an approximation of {(Xt, Y)}.

= Connection with ABC (likelihood-free inference).
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Finite state-space models (aka hidden Markov models)

X ={1,...,K}, uses in e.g.

@ speech processing; X; is a word, Y; is an acoustic measurement
(possibly the earliest application of HMMs). Note K is quite
large.

@ time-series modelling to deal with heterogenity (e.g. in
medecine, X; is state of patient)

@ rediscovered in Economics as Markov-switching models; there
X: is the state of the Economy (recession, growth), and Y; is
some economic indicator (e.g. GDP) which follows an ARMA
process (with parameters that depend on X;)

@ also related: change-point models
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Finite state-space models (aka hidden Markov models)

X ={1,...,K}, uses in e.g.

@ speech processing; X; is a word, Y; is an acoustic measurement
(possibly the earliest application of HMMs). Note K is quite
large.

@ time-series modelling to deal with heterogenity (e.g. in
medecine, X; is state of patient)

@ rediscovered in Economics as Markov-switching models; there
X: is the state of the Economy (recession, growth), and Y; is
some economic indicator (e.g. GDP) which follows an ARMA
process (with parameters that depend on X;)

@ also related: change-point models

Note: Not of direct interest to us, as sequential analysis may be
performed exactly using Baum-Petrie filter.
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@ Presentation of state-space models

© Examples of state-space models

© Sequential analysis of state-space models
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Definition

The phrase state-space models refers not only to its definition (in
terms of {X;} and {Y;}) but also to a particular inferential
scenario: {Y;} is observed (data denoted yp,...), {X:} is not, and
one wishes to recover the X;'s given the Y}'s, often sequentially
(over time).
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Filtering, prediction, smoothing

Conditional distributions of interest (at every time t)

Filtering: X:| Yot

Prediction: X¢|Yo:t—1

data prediction: Y| Yo.t—1

fixed-lag smoothing: X;_p.¢| Yo.t for h > 1
complete smoothing: Xo.t| Yot

likelihood factor: density of Y;|Yp.+—1 (so as to compute the
full likelihood)
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Parameter estimation

All these tasks are usually performed for a fixed 6 (assuming the
model depends on some parameter ). To deal additionally with
parameter uncertainty, we could adopt a Bayesian approach, and
consider e.g. the law of (6, X;) given Yy.; (for filtering). But this is
often more involved.
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Formal notations

o {X:} is a Markov process with initial law Py(dxp), and Markov
kernel Pe(xt—1,dx;).

@ {Y:} has conditional distribution F:(x¢,dy:), which admits
probability density f:(y¢|x:) (with respect to common
dominating measure v(dy;)).

@ when needed, dependence on 6 will be made explicit as follows:
P?(thladxt)r fte(yt’Xt), etc.
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Formal notations

o {X:} is a Markov process with initial law Py(dxp), and Markov
kernel Pe(xt—1,dx;).
@ {Y:} has conditional distribution F:(x¢,dy:), which admits

probability density f;(y¢|x:) (with respect tocommon
dominating measure v(dy;)).

@ when needed, dependence on 6 will be made explicit as follows:
Pf(thladXt)r fte(yt’Xt), etc.

Algorithms, calculations, etc may be extended straightforwardly to
non-standard situations such that X', ) vary over time, or such that
Y:| Xt also depends on Yp.:—1, but for simplicity, we will stick to
these notations.
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Applications of SMC beyond state-space models

nicolas.chopin@ensae.fr
(based on a forthcoming book with Omiros Papaspiliopoulos)
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Rare-event simulation

Consider the simulation of Markov process {X;}, conditional on
X: € A; for each t.
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Rare-event simulation

Consider the simulation of Markov process {X;}, conditional on
X: € A; for each t.

Take Y; = 1(X; € A¢), v+ = 1, then this tasks amounts to
smoothing the corresponding state-space model.
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A particular example: self-avoiding random walk

Consider a random walk in Z2, (i.e. at each time we may move
north, south, east or west, wit probability 1/4). We would to
simulate {X;} conditional on the trajectory Xp.7 never visiting the
same point more than once.
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A particular example: self-avoiding random walk

Consider a random walk in Z2, (i.e. at each time we may move
north, south, east or west, wit probability 1/4). We would to
simulate {X;} conditional on the trajectory Xp.7 never visiting the
same point more than once.

How to define {X;} in this case?
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Bayesian sequential estimation

For a Bayesian model, with parameter 6, data Yp,..., Y:, ... (no

latent variables), we would like to approximate recursively
the posterior p:(6|yo:t). Could we treat this as a filtering problem,

where

is a constant process?
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Tempering

We wish to simulate from (or compute the normalising constant of):

7(df) o< exp{—V/(6)}do

To do so, we introduce a tempering sequence:
P¢(d0) oc exp{—A:V(0)}

where 0 = Mg < ... < A7 =1, and use SMC to target recursively
Po, P1, ....
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Plot of tempering sequence
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Fundamental question

In all these applications, how are we going to set the Markov kernels
M; to simulate the particles?
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Fundamental question

In all these applications, how are we going to set the Markov kernels
M; to simulate the particles?

Hint: use MCMC.
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Importance sampling
Feynman-Kac
Resampling

Laying out the foundations: importance sampling,
resampling, Feynman-Kac

nicolas.chopin@ensae.fr
(based on a forthcoming book with Omiros Papaspiliopoulos)
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Q Importance sampling

© Feynman-Kac

© Resampling

@ Motivating examples
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B Xq() mlx)dx
/X (x)q(x)dx = / P02 5 m(x)d

Warning: valid only if m(x) =0 = g(x) = 0.



Importance sampling
Feynman-Kac
Resampling

Basic identity

p()a()dx = [ o)L mixax
A /

X m(x)
Warning: valid only if m(x) =0 = q(x) = 0.

Normalised IS estimator:
1 N
55 w(XT)p(x7)
n=1

where X" ~ m, w(x) = q(x)/m(x).
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Auto-normalised IS

Sometimes, we can compute densities m or g only up to a
constant. However:

fX QD m((x)) ( ) dx
f)( m(x dX
Sy e(x ;’;L(&)) m(x) dx

f X m u(();) dX

/X (x)a(x) dx =
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Auto-normalised IS

Sometimes, we can compute densities m or g only up to a
constant. However:

fX QD m((x)) ( ) dx
f)( m(x dX
Sy e(x ;’;L(&)) m(x) dx

f X m u(();) dX

/X (x)a(x) dx =

This suggests the autonormalised IS estimator:

w(X")
-
Zm:l W(Xm)
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Change of measure

In a more general setting, the proposal and the target may be
probability measures M(dx), Q(dx), and provided that M
dominates QQ, we way reweight according to a function proportional
to the Radon-Nykodim derivative.
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Change of measure

In a more general setting, the proposal and the target may be
probability measures M(dx), Q(dx), and provided that M
dominates QQ, we way reweight according to a function proportional
to the Radon-Nykodim derivative.

This is equivalent to applying a change of measure:
1
Qdx) = ;M(dx)w(x)

where L = M(w) € (0, c0).
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Approximating moments, or approximating a distribution?

Since, for any function ¢, we have
N
D> W(X") = Q(p)
n=1

we could say that:

Q"(dx) ~ Q(dx)

where Q" is the following random distribution:

N
QN(dx) =) " W"6xn(dx)
n=1

(In particular, QN () = Z,’Yzl ©(XM).)
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ESS (Effective sample size)

A popular criterion:

ESS = =
Sz S w(Xn)

s (20 wexn)”
2

which has several justifications:

o ESS € [1, N].
o If w(x) = 1a(x), ESS is number of non-zero weights.

e N/ESS converges to the chi-square (pseudo-)distance of g
relative to m: [, m(q/m — 1)2.
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Curse of dimensionality in importance sampling

Now assume that both m and ¢ are densities of IID variables
Xo, ..., X7; then

m(x my(x¢)

ax) 11 alx)
-1

and the variance of the weights is of the form rT+L 1, with r > 1.
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Curse of dimensionality in importance sampling

Now assume that both m and ¢ are densities of IID variables
Xo, ..., X7; then

m(x my(x¢)

ax) 11 alx)
-1

and the variance of the weights is of the form rT+L 1, with r > 1.

1D scenario not completely fictitious.
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@ mportance sampling

© Feynman-Kac
© Resampling

@ Motivating examples
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Feynman-Kac structure

Consider the following generic class of distributions: for each t > 0:

o M (dxp:¢) is the distribution of a Markov process {X;}; with
density:
= mo(Xo)ml(X1|X0) e mt(xt|xt,1)
@ Q¢(dxo.+) is the distribution that corresponds to the following
change of measure, that is the distribution with density

t

= thmo(xo)ml(xﬂxo) come(xelxe—1) [ ] Gs(x)
s=0
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Importance sampling? Curse of dimensionality.
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How to approximate the Q;'s?

Importance sampling? Curse of dimensionality.

However, if we are only interested in certain marginal distributions
of the Q;, we might be able to express our calculations in a much
smaller dimension. This is the key observation.
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Forward recursion

Suppose we have computed the marginal density g;—1(xt—1) (of
variable X;_1 with respect to Q;_1. Then:

@ Extend:

Qt—l(Xt—b Xt) = qt—l(Xt—l)mt(Xt|Xt—1)-

@ Embrace (the next potential function):

Qt(Xt—L Xt) X qt—l(Xt—h Xt)Gt(Xt)

© Extinguish (marginalize out X;_1)
qt(Xt):/ qe(Xe—1, X )dxe—1
X
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Why do we care?

Let's go back to state-space models. The smooting distribution at
time t is the distribution of Xp.+ given Yp.: = vo.t, and has the
expression:

t t
o po(x0) [ [ pe(xelxe—1) [ ] felvelxe)
s=1 s=0

hence, the same structure as Q(dxo.+) provided we take:

© my(Xe|xt—1) = pe(xe|xt—1)
® Gi(xt—1,xt) = fr(yelxe)
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Why do we care?

Let's go back to state-space models. The smooting distribution at
time t is the distribution of Xp.+ given Yp.: = vo.t, and has the
expression:

t

x po(xo) H pe (Xt |xe—1) H fe(yelxt)

s=1 s=0

hence, the same structure as Q(dxo.+) provided we take:

© my(Xe|xt—1) = pe(xe|xt—1)
® Gi(xt—1,xt) = fr(yelxe)

In particular, the forward recursion may be used to compute
recursively the filtering distributions.
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Practical implementations of the forward recursions

o finite state-space: replace integrals by sums, exact calculations,
complexity O(K?) per time step (Baum-Petrie)

@ linear-Gaussian state-space models: propagatinng
mean/variance through the Kalman filter

@ other state-space models: importance sampling and resampling
= particle filters.
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Exercise

Rewrite the forward recursion when:

e function G; depends on both X; and X;_1 (for t > 1);

@ The Markov process {X;} is defined through Markov kernels
M (x¢—1,dxt) (which does not necessarily admit a density
me(x¢|x¢—1) w.r.t. a fixed measure).
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@ mportance sampling

© Feynman-Kac
© Resampling

@ Motivating examples
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N
QY (dxo) = > We'dxp

X" ~ My,
and now interested in

Wn

0:

Two solutions

(QoMn)(dxo:1) = Qo(dxo) M1 (xo, dxi)

«O> «Fr «=>» = = Qv

wo(Xg')
Em 1W0(X )



IS from M; = MM to QoM;:

(a) sample (Xg, X{") from MoMy;
(b) compute weights.

This ignores the intermediate approximation of Q by QQ’.
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Importance sampling
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Resampling

Second solution: resampling

N
Qf (dxo)Mi(x0, dxt) = > WIMy (X7, dxq)
n=1
and now we sample from this approximation:
N

1 ~
5 > Ogp.  whereXfy ~ QY (dxo) M1 (x0, dx1).

One way to obtain such samples is to do:

wvn A7 n : : n A7
Xo1 = (Xo LX{ ), Ai N /\/l(Wo1 N)v X{ ~ MI(XO 1,dX1)
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Why resample??
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Toy example

e X =R, My is N(0,1), wo(x) = 1(|x| > 7); thus Qq is a
truncated Gaussian distribution

o Mi(xo,dx1) so that X1 = pXp + /1 — p2U, with U ~ N(0,1)
° gp(Xl) = x1; note that (@oMl)(QO) =0
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Resampling

Toy example

o X =R, My is N(0,1), wo(x) = 1(|x| > 7); thus Qo is a
truncated Gaussian distribution

o Mi(xo,dx1) so that X1 = pXp + /1 — p2U, with U ~ N(0,1)

@ ¢(x1) = x1; note that (QoMi)(¢) =0

N
Gis =Y WEX[,  (X§.X[) ~MoM,
n=1
N

PR=NTI X, X ~Q)M
n=1
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No resampling

no resampling

-2

-4
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Motivating examples

with resampling
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Assume that, among the N particles X, k have a non-zero weight,
then

2 2
poC(r) 1-p
k + k
R 2cl T 1— 2
var[QIr] ~ P k( ) + Np

var[pis] ~

In words:

IS: only k particles are "alive”.
IR: all N particles are alive, but they are correlated.
if p not too large, IR beats IS.

If 7 gets larger and larger, relative performance of IS vs IR
deteriorates quickly. = Resampling is the safe option.
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Resampling sacrifices the past to save the future.
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(based on a forthcoming book with Omiros Papaspiliopoulos)
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@ Objectives

© The algorithm

© Particle algorithms for a given state-space model

@ When to resample?

© Numerical experiments
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Objectives

The algorithm

Particle algorithms for a given state-space model
When to resample?

Numerical experiments

Objectives

@ introduce a generic PF algorithm for a given
Feynman-Kac model {(M, G;)}_,

o discuss the different algorithms one may obtain for a given
state-space model, by using different Feynman-Kac formalisms.

@ give more details on the implementation, complexity, and so on
of the algorithm.
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© Particle algorithms for a given state-space model

@ When to resample?

© Numerical experiments

«Or «F» «=Z)r «=)»

A



e A Feynman-Kac model {(M;, G¢)} [, such that:

o the weight function G; may be evaluated pointwise (for all t);
(for any x;_1 and t)

e it is possible to simulate from My(dxo) and from M;(x;—1,dx)
@ The number of particles N
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Objectives
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Particle algorithms for a given state-space model
When to resample?
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Structure

Algorithm 0.1: Basic PF algorithm

All operations to be performed for all n€ 1: N.
At time O:
(a) Generate XJ ~ Mp(dxo).
(b) Compute w§ = Go(Xg), W§ = w§/ 2211:1 w(', and
LY = N1 v
Recursively, for t =1,..., T:
(a) Generate ancestor variables A7 € 1 : N independently
from M(WET).
(b) Generate X/ ~ Mt(X,A

nicolas.chopin@ensae.fr Particle filtering
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N

the algorithm delivers the following approximations at each time t:

1 .
N Zl dxr approximates Q;1(dx;)
n=
N

n=1

QN(dx) = Z Wy0x» approximates Q;(dxt)

Ly

approximates L;

«O0» «Fr «=» <« 3 o >



quantity

@ by approximates, we mean: for any test function ¢, the

N
Q¥ (p) =D Wl (X))

n=1
converges to Q¢(¢) as N — +oo (at the standard Monte Carlo
rate Op(N~1/?)).
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some comments

@ by approximates, we mean: for any test function ¢, the

quantity
N

Q'(0) =) Wio(XP)

n=1
converges to Q¢(¢) as N — +oo (at the standard Monte Carlo
rate Op(N~1/?)).

e complexity is O(N) per time step.
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Objectives

The algorithm

Particle algorithms for a given state-space model
When to resample?

Numerical experiments

Principle

We now consider a given state-space model:

e with initial law Py(dxp) and Markov kernel P¢(x;—1,dx;) for
{Xt};

e with conditional probability density fi(yt|x:) for Y¢| Xz

and discuss how the choice of a particular Feynman-Kac formalism
leads to more or less efficient particle algorithms.
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The bootstrap filter

Bootstrap Feynman-Kac formalism:
Me(xe—1,dx:) = Pe(xe—1,dxt),  Ge(xe—1,%t) = fe(ye|xt)

then Q; is the filtering distribution, L; is the likelihood of yg.;, and
SO on.

The resulting algorithm is called the boostrap filter, and is
particularly simple to interpret: we sample particles from Markov
transition P¢(x¢—1,dx:), and we reweight particles according to how
compatible they are with the data.
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The boostrap filter: algorithm

All operations to be performed for all n€ 1 : N.
At time 0:

(a) Generate XJ ~ Po(dxp).

(b) Compute w§ = fo(yo|X§), W§ = WO/Z —1 Wy, and
L = N1 i,

Recursively, for t =1,..., T:

(a) Generate ancestor variables A7 € 1: N independently

from M(WET).

(b) Generate X/ ~ Pt(XtA_?l,dxt).

(c) Compute w{ = fi(y:| X)), W =w// Z,IY,:1 w{", and
LY = LN {NTT wit

nicolas.chopin@ensae.fr Particle filtering



n=1

n=1

N

1 .

N Z ©(X[") approximates E[p(X:)|Yo:t—1 = yo:t—1]
N

> WP(X))  approximates E[p(X:)| Yo:r = you]

LN approximates p(yo.t)
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The bootstrap filter: pros and cons

Pros:

@ particularly simple

@ does not require to compute the density X;|X:_1: we can apply
it to models with intractable dynamics

Cons:

e We simulate particles blindly: if Y:|X; is very informative, few
particles will get a non-negligible weight.
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The guided PF

Guided Feynman-Kacformalism: M; is a user-chosen proposal
kernel such that M¢(x¢—1,dx;) dominates P¢(x¢—1,dx;), and

_ Ffe(yelxe) Pr(xe—1, dxe)
Gt(th]_aXt) - Mt(Xt—la dXt)

_ febyelxe) pe(xelxe-1)
mt(Xt‘Xt—l)

(assuming in the second line that both kernels admit a density wrt a
common measure). We still have that Q:(dx;) is the filtering
distribution, and L; is the likelihood.

We call the resulting algorithm the guided particle filter, as in
practice we would like to choose M; so as to guide particles to
regions of high likelihood.
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The guided PF: choice of M; (local optimality)

Suppose that (Gs, Ms) have been chosen to satisfy (??) for
s < t—1. Among all pairs (M;, G;) that satisfy (??), the Markov
kernel

Mopt d (yt|Xt) P .d
t (Xt 1, Xt) fX }/t‘X Pt Xe_ 1,dx) t(Xt 1, Xt)

minimises the variance of the weights, Var [Gt(XtAfl, XM\
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Interpretation and discussion of this result

o M is simply the law of X; given X;_; and Y;. In a sense it
is the perfect compromise between the information brought by
Pi(xt—1,dx:) and by fe(ye|xt).

@ In most practical cases, I\/Ifpt is not tractable, hence this result
is mostly indicative (on how to choose M;).

@ Note also that the local optimality criterion is debatable. For
instance, we do not consider the effect of future datapoints.
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A first example: stochastic volatility

There, the log-density of X¢|X:_1, Y: is (up to a constant):

1 2 Xt e Xt
—T‘Z{xt—u—d&_l—u)} T T o Yt2

We can use €7 ~ 1+ (x — xg) + (x — x0)?/2 to get a Gaussian
approximation.
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A second example: bearings-only tracking

In that case, P¢(x¢—1,dx;) imposes deterministic constraints:
Xt(k) :thl(k)+Xt71(k+2), k: 1,2

We can choose a M; that imposes the same constraints. However,
in this case, we find that

M?pt(thla dxt) = Pe(xe—1,dxt).

Discuss.
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Guided particle filter pros and cons

Pro:

@ may work much better that bootstrap filter when Y;|X; is
informative (provided we are able to derive a good proposal).

Cons:

@ requires to be able to compute density ps(x¢|xt—1).

@ sometimes local optimality criterion is not so sound.
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The auxiliary particle filter

In the auxiliary Feynman-Kac formalism, an extra degree of freedom
is gained by introducing auxiliary function 7;, and set:

so that
Qt(dxo:t) X IED(dXO:t| Yor = yo;t)nt(xt)

and we recover the filtering distribution by reweighting by 1/7;.
Idea: choose 7; so that G; is as constant as possible.
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Output of APF

Let W := wl/ne(XP), W= w/SN_ %[, then
1 N

N wm fe(y:| X
S e e ROAIXE)

SO(th) approx. E[SO(Xt)’YO:t—l = )/O:t—l]

N
Z thSO(th) approx. E[p(Xe)[Yo:e = yo:e]
n=1

N
LY < N71> i approx. p(yo:t)

n=1
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Local optimality for M; and n;

For a given state-space model, suppose that (Gs, M) have been
chosen to satisfy (??) for s < t — 2, and M;_; has also been
chosen. Among all pairs (M, G;) that satisfy (??) and functions
N¢—1, the Markov kernel

f()/t’xt)
M (xp_1, dxe) = : Pi(x¢—1,dx
e (a1, dxe) fx f(ye|x') Pe(xt—1,dx’) el 2

and the function

7P (xe_1) = / F(yel) e, dx')
X

minimise Var Gt(X;‘?lng)/nt(Xp)} :
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Interpretation and discussion

@ We find again that the optimal proposal is the law of X; given
X:—1 and Y:. In addition, the optimal auxiliary function is the
probability density of Y; given X;_1.

o For this ideal algorithm, we would have
Gt(Xt—L Xt) = U?pt(xt);

the density of Yiy1 given X; = x;; not constant, but intuitively
less variable than f;(y¢|x;) (as in the bootstrap filter).
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log-density, then we integrate wrt x;.

We use the same ideas as for the guided PF: Taylor expansion of
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APF pros and cons

Pros:
@ usually gives some extra performance.
Cons:

@ a bit difficult to interpret and use;

@ they are some (contrived) examples where the auxiliary particle
filter actually performs worse than the bootstrap filter.
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Note on the generality of APF

From the previous descriptions, we see that:

@ the guided PF is a particular instance of the auxiliary particle
filter (take ny = 1);

@ the bootstrap filter is a particular instance of the guided
PF(take Mt = Pt)

This is why some recent papers focus on the APF.
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Which resampling to use in practice?

@ Systematic resampling is fast, easy to implement, and seems to
work best; but no supporting theory.

@ We do have some theoretical results regarding the fact that
multinomial resampling is dominated by most other resampling
schemes. (So don't use it!)

@ On the other hand, multinomial resampling is easier to study
formally (because again it is based on 11D sampling).
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Resampling or not resampling, that is the question

For the moment, we resample every time. When we introduced
resampling, we explained that the decision to resample was based on
a trade-off: adding noise at time t — 1, while hopefully reducing
noise at time t (assuming that {X;} forgets its past).
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Resampling or not resampling, that is the question

For the moment, we resample every time. When we introduced
resampling, we explained that the decision to resample was based on
a trade-off: adding noise at time t — 1, while hopefully reducing
noise at time t (assuming that {X;} forgets its past).

We do know that never resample would be a bad idea: consider
M;(x¢—1,dx;) defined such that the X; are 11D N(0,1),

Ge(x¢) = L(xt > 0). (More generally, recall the curse of
dimensionality of importance sampling.)
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The ESS recipe

Trigger the resampling step whenever the variability of the weights
is too large, as measured by e.g. the ESS (effective sample size):

w1 2, w(X7)p
PSSV = S e ™ S X

Recall that ESS(WEN) € [1, N], and that if k weights equal one,
and N — k weights equal zero, then ESS(WE ) = k.
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PF with adaptive resampling

(Same operations at t = 0.)
Recursively, for t =1,..., T:

(a) If ESS(WEY) <N
generate ancestor variables A from resampling
distribution RS( Wt_'l), and set Wt_1 = WtAnl,
Else (no resampling)
set A? [ =nand W, =1/N

(b) Generate X/ ~ My(X/,, dx;).

(c) Compute wf! = (NW/ ;) x Gy(X}* 1,X”)
LY =LY {N™ 12 1wk th:Wt/Z W
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Xe = pXe—1+oxU;

Ye =Xt +oy Vs
with p =0.9, ox =1, oy =0.2.
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Xe = pXi—1+ox Ut

Yi=Xe + oy Vs
with p =0.9, ox =1, oy =0.2.

We can implement the perfect guided filter and the perfect APF.
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hood

log-likelihood estimate
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Stochastic volatility
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Motivating problems
Notation and statement of problem

Summary

@ Motivating problems: sequential (or non-sequential) inference
and simulation outside SSMs (including normalising constant
calculation)

@ Feynman-Kac formalisation of such problems
@ Specific algorithms: IBIS, tempering SMC, SMC-ABC

@ An overarching framework: SMC samplers
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° Motivating problems

@ Sequential Bayesian learning

@ Tempering

@ Rare event simulation

© Notation and statement of problem
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Sequential Bayesian learning
Tempering
Rare event simulation

Motivating problems
Notation and statement of problem

Sequential Bayesian learning

P+(df) posterior distribution of parameters 6, given observations
Yo:t, where 8 € ©); typically:

1
Pt(

with v(d@) the prior distribution, p?(yo.;) likelihood and p:(yo.¢)
marginal likelihood.

P.(d6) = o) 2 (vo:t)v(df)

Note that P (d6)
t 0 _
H])t_l(de) (&8 pt(yt’yo.t—l)'
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Tempering
Rare event simulation

Motivating problems
Notation and statement of problem

Practical motivations

sequential learning

Detection of outliers and structural changes
Sequential model choice/composition

‘Big’ data

Data tempering effect
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Sequential Bayesian learning
Tempering
Rare event simulation

Motivating problems
Notation and statement of problem

Tempering

Suppose we wish to either sample from, or compute the normalising
constant of

P(d0) = 7 exp{~V(6)}u(d6).

Idea: introduce for any a € [0, 1],

P2(d0) = Llaexp{—aV(é?)}u(dO).

Note that
]P’b(dH)
P2(do)

o exp{(a — b)V(0)}
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Motivating problems
Notation and statement of problem

Rare events

Suppose we wish to either sample from, or compute the normalising
constant of

P(d6) = 7 1e(6)(d).

for some set E.

As for tempering, we could introduce a sequence of sets
© =EyD...D E,=E, and the corresponding sequence of
distributions.
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@ Motivating problems

@ Sequential Bayesian learning

@ Tempering

@ Rare event simulation
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Motivating problems
Notation and statement of problem

Statement

Sequence of probability distributions on a common space (©, B(©)),
Po(dh),...,P7(dh). In certain applications interest only in Pr, in
others for all P, in others mainly interested in normalising
constants.

For simplicity, assume that P;(d6) has density v¢(0)/L¢ (wrt to
some common dominating measure).
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Motivating problems
Notation and statement of problem

Forward recursion

o Let Gy(0) such that S0 o G,(0).

@ Suppose we can construct a MCMC kernel M; that leaves
invariant Py_1(d6).

Then

P.(d6")
P,_1(d0')

— G(0) /@ My (0, d0')P,_+(d6)

P,(d¢) P,_1(d0)

= We recognise the forward recursion of a Feynman-Kac model.
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Motivating problems
Notation and statement of problem

In practice

This means that, provided:

e We can compute v¢(0)/~:—1(0) pointwise;

@ We can sample from M;(0;_1,df), a MCMC kernel that leaves
invariant P;_(d#);

We are able to implement a SMC sampler that targets P;(d6) at
every iteration t. (Same algorithm as usual!)
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Motivating problems
Notation and statement of problem

How to choose the MCMC kernels?

A standard choice for MCMC kernel M; is a Gaussian random walk
Metropolis. Then we can calibrate the random walk variance on the
empirical variance of the resampled particles.

It is also possible to automatically choose when to do
resampling+MCMC:

o for sequential inference, trigger resampling+MCMC when ESS
is below (say) N/2.

e for tempering SMC, one may choose recursively §; = a; — a;j_1
by solving numerically ESS = N /2 (say).
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Motivating problems
Notation and statement of problem

Numerical experiment

Logistic regression, two datasets:

e EEG (tall): d =15, T ~ 15000
@ Sonar (big): d =60, T =200

We compare IBIS vs tempering, for estimating the marginal
likelihood and the posterior expectations.
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Motivating problems
Notation and statement of problem

EEG (tall): IBIS behaviour

é*-l--}'?-i-'*"!""*‘

9860 - *

=
= _os80- T
Bl
=
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¢
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N tempering
£ B ibis
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nb MCMC steps
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Motivating problems
Notation and statement of problem

EEG (tall): IBIS behaviour

1000 -

%)
‘z
2
131
Q
2
7
5]

200 -

0 2000 4000 6000 8000 10000 12000

nicolas.chopin@ensae.fr SMC samplers



Motivating problems
Notation and statement of problem

EEG (tall): marginal likelihood
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Motivating problems
Notation and statement of problem

EEG (tall): posterior expectations

variance times nb MCMC steps

—— ibis

temperin;
0.4 - IEsiiE

0.3 -

0.1-

nb MCMC steps
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Motivating problems
Notation and statement of problem

Sonar (big): marginal likelihood
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Motivating problems
Notation and statement of problem

Conclusion

@ Even more general SMC samplers may be obtained by
considering kernels that are not invariant; see Del Moral et al
(2006).

@ However, even these general algorithms are special instances of
the generic SMC algorithm.

@ In practice, the main appeals of SMC samplers are:

@ parallelisation;
@ easy to make them adaptive;
© estimate of the marginal likelihood for free.
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Tractable models

For a standard Bayesian model, defined by (a) prior p(#), and (b)
likelihood p(y|f), a standard approach is to use the
Metropolis-Hastings algorithm to sample from the posterior

p(0ly) o< p(8)p(y|6).

Metropolis-Hastings

From current point 6,
@ Sample 6, ~ H(0r,,db,)
@ With probability 1 A r, take 6,41 = 6, otherwise 0,41 = 0,

where
p(0x)p(y|0x)h(0m0s)
P(0m)p(y|0m)h(0«]0m)

This generates a Markov chain which leaves p(f|y).invariant.
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Metropolis Proposal

Note that proposal kernel H(0,,df,) (to simulate proposed value
0*, conditional on current value 0,,). Popular choices are:

e random walk proposal: h(6*|0,,) = N(6*;0,,%); usual
recommendation is to take ¥ ~ cgXpost, With cg = 2.382/d.
@ independent proposal: h(6*|0,) = h(6*).

@ Langevin proposals.
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Intractable models

This generic approach cannot be applied in the following situations:

@ The likelihood is p(y|0) = hg(y)/Z(0), where Z(0) is an
intractable normalising constant; e.g. log-linear models,
network models, Ising models.

@ The likelihood p(y|#) is an intractable integral

p(y16) = /X p(y, x/6) dx.

© The likelihood is even more complicated, because it
corresponds to some scientific model involving some
complicate generative process (scientific models,
"likelihood-free inference”, ABC).
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Example of likelihoods as intractable integrals

When p(y|6) = [ p(y, x|6) dx.
@ phylogenetic trees (Beaumont, 2003);

@ state-space models (see later);
@ other models with latent variables.

We will focus on this case, but certain ideas may also be applied to
the two other cases.
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General framework

Consider posterior

7(0, x) o< p(8)p(x|0)p(y|x, 0)

where typically x is of much larger dimension than 6.

One potential approach to sample from the posterior is Gibbs
sampling. iteratively sample 0|x, y, then x|6,y. However, there are
many cases where Gibbs is either difficult to implement, or quite
inefficient.

Instead, we would like to sample marginally from

7(6) o p(0)p(v18).  p(y]6) = /X p(x, y16) dx

but again p(y|f) is intractable...
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Importance sampling

| cannot compute p(y|6), but | can compute an unbiased estimator
of this quantity:

1 <~ ply, x"[9) id
H(yl0) = — B2 B XN g(x
p(y|0) NnZ_‘I ) q(x)

using importance sampling.

nicolas.chopin@ensae.fr Particles as auxiliary variables: PMCMC and related algorithms



Background

GIMH

PMCMC

Practical calibration of PMMH
Conditional SMC (Particle Gibbs)

The pseudo-marginal approach

GIMH (Beaumont, 2003)

From current point 6,
@ Sample 6, ~ H(0r,,db,)
@ With prob. 1 A r, take 0,11 = 0y, otherwise 0,11 = 01, with

_ P(0:)p(y|0:)h(Om|0x)
P(Om)B(y|0m)h(6.]0m)

Note that p(y|0s) is based on independent samples generated at
iteration m.
Question: Is GIMH a non-standard HM sampler w.r.t. standard
target 7(0)?
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Validity of GIMH

Property 1

The following function

is a joint PDF, whose #-marginal is 7(0) o p(8)p(y|0).

Proof: Direct consequence of unbiasedness; fix 6 then

/ H a(x")p(0)B(y10) X1 = p(O)E [B(10)] = p(6)p(y16)

nicolas.chopin@ensae.fr Particles as auxiliary variables: PMCMC and related algorithms



Background

GIMH

PMCMC

Practical calibration of PMMH
Conditional SMC (Particle Gibbs)

GIMH as a Metropolis sampler

Property 2

GIMH is a Metropolis sampler with respect to joint distribution
7(6,xN). The proposal density is h(0,|0m) [TV, q(x7).

Proof: current point is (6, xx"V), proposed point is (6,, x*N) and

HM ratio is
_ T aGD)p(02)B(y 0x) h(Om| 0. ) Ty 9 (i)
N atx) p(Om) (Y 10m) h(0:]Om) [Ty (X7

Thus, GIMH is a standard Metropolis sampler w.r.t. non-standard
(extended) target 7(6, x*N).
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There is more to life than this

Property 3
Extend 7(0, x*'N) with k|0, x*N o 7(6, x¥)/q(x¥), then,
o the marginal dist. of (6, x¥) is 7(6, x).

o Conditional on (6, x*), x, ~ q for n # k, independently.

Proof: let
7(0, "N, k) = {Hq } =S T ax™ ¢ =(6,x%)
n#k

then clearly the sum w.r.t. k gives #(#, x""V), while the above
properties hold.
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We can do Gibbs!

One consequence of Property 3 is that we gain the ability to
perform Gibbs, in order to regenerate the N — 1 non-selected
points x", n # k. More precisely:

@ Sample k ~ m(k|0, x¥*N) o< 7(6, x¥) /q(x¥)
@ regenerate x" ~ q, for all n # k.

Could be useful for instance to avoid " getting stuck”, because say
the current value 7(6) is too high.

nicolas.chopin@ensae.fr Particles as auxiliary variables: PMCMC and related algorithms



Background

GIMH

PMCMC

Practical calibration of PMMH
Conditional SMC (Particle Gibbs)

Main lessons

@ We can replace an intractable quantity by an unbiased
estimate, without introducing any approximation.

@ In fact, we can do more: with Proposition 3, we have obtained
that

@ it is possible to sample from 7(6, x) jointly;
@ it is possible to do a Gibbs step where the N — 1 x", n # k are
regenerated (useful when GIMH " get stucks”?)

@ but careful, it is possible to get it wrong...
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Unbiasedness without an auxiliary variable representation

This time, consider instead a target 7(6) (no x), involving an
intractable denominator; an important application is Bayesian
inference on likelihoods with intractable normalising constants:

R(6) < p(6)oly ) = p(6) o)

Liang & Lin (2010)'s sampler
From current point 6,
@ Sample 0, ~ H(O™, db,)
@ With prob. 1 A r, take 0,41 = 05, otherwise 6,11 = 0, with

r:(f@5>mam&wwwma>
Z(0.) ) P(Om)ho,,(y)h(@10™)
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Russian roulette

See the Russian roulette paper of Girolami et al (2013, arxiv) for a
valid algorithm for this type of problem. Basically they compute an
unbiased estimator of Z(6)~! at every iteration.

Note the connection with Bernoulli factories: from unbiased
estimates Z;(6) of Z(0), how do you obtain an unbiased estimate
of ©(Z(0))? here p(z) =1/z.
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PMCMC: introduction

PMCMC (Andrieu et al., 2010) is akin to GIMH, except a more
complex proposal mechanism is used: a PF (particle filter).
The same remarks will apply:

@ Unbiasedness (of the likelihood estimated provided by the PF)
is only an intermediate result for establishing the validity of
the whole approach.

@ Unbiasedness is not enough to give you intuition on the
validity of e.g. Particle Gibbs.
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Objective

Objectives

Sample from
p(do, dxo. 71y0.7)

for a given state-space model.
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Why are these models difficult?

Because the likelihood is intractable

T T
P (yo.r) = / TT 8 velxe) T 22 xelxe1) 8 x0)
t=0 t=1
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Feynman-Kac formalism

Taking {M?, G?} >0 so that
o MY(x:_1,dx;) is a Markov kernel (for fixed 6), with density
m{ (xe[xe-1)
@ and
£ (velxe) e (x| xe-1)
m(xe|xe—1)

Gte(Xt—l, Xt) =

we obtain the Feynman-Kac representation associated to a guided
PF that approximates the filtering distribution at every time t.

If we take m?(x¢|x:—1) = p?(x¢|xc—1), we recover the bootstrap
filter (which does not require to be able to evaluate p?(x¢|x:_1)

pointwise).

nicolas.chopin@ensae.fr Particles as auxiliary variables: PMCMC and related algorithms



Background

GIMH

PMCMC

Practical calibration of PMMH
Conditional SMC (Particle Gibbs)

Particle filters: pseudo-code

All operations to be performed for all n€1: N.
At time 0:

(a) Generate X' ~ M§(dxo).
(b) Compute wl = GO(X ), Wg = WO/Z _;w{, and
-1 n
Y-
Recursively, for t= 1, ey T:
(a) Generate ancestor variables A7 € 1 : N independently
from M(WET).
(b) Generate X[ ~ I\/le( i 1,dxt)

(c) Compute Wt = Gl (xe—1, %), WP = wi/ ) _y wm,
and LY(0) = LI (0) x {N"2 0], wy}.
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Unbiased likelihood estimator

A by-product of PF output is that

() e )

t=1

is an unbiased estimator of the likelihood L1(0) = p(yvo.710).

(Not trivial, see e.g Proposition 7.4.1 in Pierre Del Moral’s book.)
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PMCMC

Breakthrough paper of Andrieu et al. (2011), based on the
unbiasedness of the PF estimate of the likelihood.

Marginal PMCMC

From current point 6, (and current PF estimate LY(0,,)):
Q@ Sample 6, ~ H(0p,, db.)
© Run a PF so as to obtain LY(6,), an unbiased estimate of
L7(6x) = p(yo:710x).
© With probability 1 A r, set 6,11 = 05, otherwise 0,11 = 0,

with
t R CATLTON TS
P(Om) LY (Om)h(0.10m)
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Validity

Property 1

Let ’(ﬁT’g(dX&;-’A—I, da%:#) be the joint dist’ of all the the rv's
generated by a PF (for fixed 6), then

p(de)
p(yo:T)

mr(df, dxg’T, dajiT) = U0(dxg’T, dai’T)LT(0)

is a joint pdf, such that the 6-marginal is p(6|yp.7)d6.

Proof: fix #, and integrate wrt the other variables:
p(9) N
() = E [L7(0)| d
/ ) p(vo:T) [ T )]
P(H)P(YO;TW)
p(yo:T)
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More direct proof for T =1

N

N
Yro(dg, dar™) = T MS(axg) {H Mf(xél,dxf)w(izdaf}
n=1

n=1

p(yOZt) n=1 n=1
N a N
p(9) o, 2 o Gy (%) m
= Gy (X3, %7 )I\/I ( , X1) xq")
sz(yo t) ; 1\70 1 1 O X1 N 4 Xom) — 0\70

X ME (At TT Méax) p T ME (x5 ' dxd) Wlldal
i#af i#n
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Interpretation

N
. ) 1 1
m(d6, g’ da™) = x| 5 p(dd, dxg’, dxfyo1)
n=1
HMO dXo { M X07 i)W;i
i#aj i#n

which is a mixture distribution, with probability 1/N that path n
follows p(df, dxo:1|y0:1), A} is Uniform in 1 : N, and other paths
follows a conditional SMC dlstrlbutlon (the distribution of a
particle filter conditional on one trajectory being fixed). From this
calculation, one easily deduce the unbiasedness property (directly!)
but also properties similar to those of the GIMH.
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Additional properties (similar to GIMH)

Property 2

Marginal PMCMC is a Metropolis sampler with invariant
distribution 77, and proposal distribution h(6,]0)d6,y 1 ¢, (-). (In
particular, it leaves invariant the posterior p(df|yo.1).)

Proof: write the MH ratio, same type of cancellations as for GIMH.
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Additional properties (similar to GIMH)

Property 3
If we extend 71 by adding component k € 1 : N with conditional
probability oc WX, then the joint pdf 77 (df, dxg: %, dail | dk) is
such that
(a) (8, X31) ~ p(df, dxo. T|yo. ) marginally; and
(b) Given (6, X3 1), the N — 1 remaining trajectories
follow the conditional SMC distribution.

where X3  is the k—th complete trajectory: X} = XF‘ for all t,
with B = k, Br_1 = A%, ... By = AP".
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Naive approach:

Proposal: Gaussian random walk, variance X.
e Fix N

@ target acceptance rate 0.234
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Figure: Acceptance rate vs N, when ¥ = 7/3, and 7 varies, PMMH for a
toy linear Gaussian model
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Recommended approach

@ Through pilot runs, try to find N such that variance of
log-likelihood estimate is << 1;

@ Then calibrate in order to minimise the SJD (squared jumping
distance) or some other criterion;

@ "Best" acceptance rate will be << 0.234.

@ Adaptative MCMC is kind of dangerous in this context;
consider SMC? instead.
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Also: state-space model likelihoods are nasty

0.0
0.00 0.05 0.10 0.15 0.20 025 030

Figure: Log-likelihood contour for nutria data and Ricker state-space
model (third parameter is fixed).
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CSMC

@ The formalisation of PMCMC offers the possibility to
regenerate the N — 1 trajectories that have not been selected;
this is essentially a Gibbs step, conditional on 6, and the
selected trajectory X .

@ This CSMC step cannot be analysed with the same tools as
marginal PMCMC, as in Andrieu and Vihola (2012).

From now on, we drop 6 from the notations.
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Algorithmic description (T = 1)

Assume selected trajectory is X§; = (X}, X1); i.e. k=1, Ak =1.
At time t = 0:
(a) sample X§ ~ My(dxp) for n € 2: N.
(b) Compute weights w§ = Go(XJ) and normalise,
We = wg/ Yy Wi
At time t = 1:
(a) Sample AZN M(WEN).
(b) Sample X" ~ My (X[8,dx;) for n€ 2 : N.
(c) Compute weights wy = Gl(XoAf,Xl") and normalise,
W' = wy/ Zﬁ:l wy'.
(d) select new trajectory k with probability W{.
~ k
then return X3; = (X()Al,Xlk).
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Some remarks

@ One may show that the CSMC update does not depend on
the labels of the frozen trajectory. This is why we set these
arbitrarily to (1,...,1). Formally, this means that the CSMC
kernel is such that KMo 0 X7 — P(XT).

@ This remains true for other resampling schemes (than
multinomial); see next two* slides for an example
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Properties of the CSMC kernel

Theorem

Under appropriate conditions, one has, for any ¢ > 0,

| Ko () (a:r) — Kbuio(e)(x6.7)| < @

for N large enough, and ¢ : X7 — [~1,1].

This implies uniform ergodicity. Proof based on a coupling
construction.
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Backward sampling

Nick Whiteley (in his RSS discussion of PMCMC) suggested to
add an extra backward step to CSMC, where one tries to modify
(recursively, backward in time) the ancestry of the selected
trajectory.

In our T =1 example, and for multinomial resampling, this
amounts to draw AX from

P(Af = alk,xg1") o< Wg mu(x('|xg)

where my(xf|xg) is the PDF at point xf of My(xg, dx1), then
return xg; = (xg, xf).
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BS for other resampling schemes

More generally, BS amounts to draw a{‘ from

P(af = alk,xi') oc pr(W™; af = alar ) ma(xf, x5)

k 1:N k

where a; " is a;"" minus ay.

So we need to be able the conditional probability
p1(WEN; ak = ala; %) for alternative resampling schemes.
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Why BS would bring an improvement?

C. and Singh (2014) prove that CSMC+BS dominates CSMC in
efficiency ordering (i.e. asymptotic variance). To do so, they prove
that these two kernels are reversible; see Tierney (1998), Mira &
Geyer (1999).
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See the plots in next slide, based on the following simple
state-space model, with 8 = (u, ¢, 0):

Xt — = ¢(xe—1 — p) + o€,

€t ~ N(O, 1)
yt|xt ~ Poisson(e™)

«O0» «Fr «=» <« 3 o >
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Update rate of X;

Left: N =200, right: N = 20. Solid line: multinomial, Dashed
line: residual; Dotted line: Systematic. Crosses mean BS has been
used.
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Conclusion

@ When the backward step is possible, it should be
implemented, because it improves mixing dramatically. In that
case, multinomial resampling is good enough.

@ When the backward step cannot be implemented, switching to
systematic resampling helps.
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But what's the point of PG?

It's a bit the same discussion as marginal Metropolis (in #-space)
versus Gibbs:

@ Gibbs does not work so well when they are strong correlations
(here between 6 and Xj.+);

@ Metropolis requires a good proposal to work well.

In some cases, combining the two is helpful: in this way, the CSMC
update will refresh the particle system, which may help to get
“unstuck”.

nicolas.chopin@ensae.fr Particles as auxiliary variables: PMCMC and related algorithms
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Preliminary

So far, we have played with replacing intractable quantities with
unbiased estimates within Metropolis samplers. Note however we
could do the same within an importance sampler. For instance, the
following approach has been used in Chopin and Robert (2007).

To compute the evidence p(y) of some state-space model
@ Sample points 6" from the prior p(6).

@ For each 0", run a PF (for fixed §# = ") to obtain an estimate
p(y|0") of the likelihood.

o Compute




Objectives

@ to derive sequentially

p(df, dxo:t| Yoir = yoit),  Pyo:t), forall t €{0,..., T} J

@ to obtain a black box algorithm (automatic calibration).

A
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Main tools of our approach

e Particle filter algorithms for state-space models (this will be to
estimate the likelihood, for a fixed ).

o lIterated Batch Importance Sampling for sequential Bayesian
inference for parameters (this will be the theoretical algorithm

we will try to approximate).

Both are sequential Monte Carlo (SMC) methods.
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IBIS (C., 2001)

SMC method for particle approximation of the sequence p(8|yo:t),
t =0: T. Based on the sequence of importance sampling steps:

p(0|y0:t)
_PUYOr) 1,0
p(9|y0;t_]_) P(Yt‘YOt 1 )

but doing only IS steps would not well. Resampling alone will not
help, because # is not an ergodic process.

= introduces an artificial dynamics by moving the 6 particles
through a MCMC step (that leaves p(0|yo.¢) invariant).

In next slide, operations with superscript m must be understood as
operations performed for all m € 1: Ny, where Njy is the total
number of #-particles.



SMc* Conclusion

Sample 8™ from p(#) and set w™ <~ 1. Then, at time t=0,..., T
(a) Compute incremental weights

Ng
1
ue(0™) = p(yelyo:e—1,0™), Le= “No g wmue(07),
Zm:lw m=1

(b) Update the importance weights,
W™ wMu(0™). (1.1)

(c) If some degeneracy criterion is fulfilled, sample gm
independently from the mixture distribution

. mK, (O™, ).
N m w t )
ngzlw m=1

Finally, replace the current weighted particle system:

(0™, w™) (0™, 1).
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Observations

@ Cost of lack of ergodicity in #: the occasional MCMC move

@ Still, in regular problems resampling happens at diminishing
frequency (logarithmically)

o K is an MCMC kernel invariant wrt (0 | y1.¢). Its
parameters can be chosen using information from current
population of @-particles

@ L;is a MC estimator of the model evidence

@ Infeasible to implement for state-space models: intractable
incremental weights, and MCMC kernel
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Our algorithm: SMC?

We provide a generic (black box) algorithm for recovering the
sequence of parameter posterior distributions, but as well filtering,
smoothing and predictive.

We give next a pseudo-code; the code seems to only track the
parameter posteriors, but actually it does all other jobs.
Superficially, it looks an approximation of IBIS, but in fact it does
not produce any systematic errors (unbiased MC).
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Sample 6™ from p(0) and set w™ <— 1. Then, at time
t=0,...,T
(a) For each particle ™, perform iteration t of the PF: If
t = 0, sample independently Xol:NX’m from g gm, and
compute

P(yol0™) = Z wo (5™");

If t > 0, sample (Xl:NX’m Al:NX’m) from ¢ gm

conditional on (Xl Nseym Ai ?’X’l ) and compute

P(yelyr:e-1,0 ZWt t 7 thm)-
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(b) Update the importance weights,
W = w"p(yelyo:t-1,0")

(c) If some degeneracy criterion is fulfilled, sample
<0~m,)~(6l::tl\lx’m,/z\i§’tvx> independently from

1 1:Ny 1:Ny
by vum— Zmet{<0m’X02t ’m;al:t ’m> 7'}
Finally, replace current weighted particle system:

m L:Nge,m A1:Nx,m m am wl:Nyym x1:Ny,m
(07, Xoie T AL T w™) = (07, Xop T ALY 1)
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Observations

@ It appears as approximation to IBIS. For N, = oo it is IBIS.

@ However, no approximation is done whatsoever. This
algorithm really samples from p(6|yo.+) and all other
distributions of interest.

@ The validity of algorithm is essentially based on two results: i)
the particles are weighted due to unbiasedness of PF estimator
of likelihood; ii) the MCMC kernel is appropriately constructed
to maintain invariance wrt to an expanded distribution which
admits those of interest as marginals; it is a Particle MCMC
kernel.

@ The algorithm does not suffer from the path degeneracy
problem due to the MCMC updates.
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The MCMC step

Conclusion

(a) Sample 6 from proposal kernel, § ~ h(8, d0~).
(b) Run a new PF for §: sample independently
()?&::tNX,A}EQVX) from ¢, 5, and compute
Le(0, Xo. ™, Aviesy).
(c) Accept the move with probability

1A

p(O)Le(0, X, AT N)h(8,6)

p(0)Le(0, X3V, AT M) h(6,6)

It can be shown that this is a standard Hastings-Metropolis kernel
with proposal

ao (0,51, 51 = b, 0y, 55 51

invariant w.r.t. to an extended distribution wt(G,x&ftNx, aHVX)
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Some advantages of the algorithm

Immediate estimates of filtering and predictive distributions
Immediate and sequential estimator of model evidence.
Easy recovery of smoothing distributions.

Principled framework for automatic calibration of N,.

Population Monte Carlo advantages.
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Validity

SMC?is simply a SMC sampler with respect to the sequence:

(6, dxg: ¥, datit)

@ the reweigthing step t — 1 — t (a) extends the dimension, by
sampling X}V al‘N; and (b) computes 7:(-)/m:—1().
@ The move step is a PMCMC step that leaves m; invariant.
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Technical point

As in PMCMC, one may extend m; by adding index k that picks
some trajectory, which, jointly with 6, is sampled from the current
posterior p(0, xo.t|yo.t). However, it is more difficult to define an
importance sampling step with respect to the extended space (that
includes k), so, we must discard k before progressing to time t + 1.
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How to choose N,?

PMCMC: valid whatever N, but one needs to take Ny, = O(T) in
order to obtain a non-negligible acceptance rate. This is related to
the following type of results (Cérou et al, 2011; Whiteley, 2011):

. CcT
Var[p(yo.7]0)] < N
X
For SMC?, this suggests that one should start with a small value,
then increases N, progressively. But:
@ how to increase Ny at a given time?

@ when should we increase N, ?
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How to increase N,

Two possible strategies to replace our PF's of size N, with PF's of
size N, at iteration t:

@ exchange step: generate a new PF of size N}, then do an
importance sampling step in order to swap the old PF and the
new PF.

@ a CSMC (Particle Gibbs step), when we select one trajectory,
throw away the N, — 1 remaining ones, and regenerate N — 1
new trajectories using CSMC.

The latter should suffer less from weigh degeneracy, but it suffers
from a higher memory cost, i.e. O(TNyNp) at time t.
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When to increase N,?

Currently, we monitor the acceptance rate of the PMCMC
rejuvenation step; when it's too small, we trigger an exchange step
(from Ny to 2Nj).

We're working on more refined versions based on PG steps, and
better criteria to determine when and by how much we should
increase Ny (on-going work).
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Complexity

The overall complexity of SMC? is O(Np T2) if run until time T:

@ The cost of iteration t without a rejuvenation step is
O(NgNy);

@ as explained before, we need to increase Ny progressively,
Ny, = O(t);

© The cost of the PMCMC rejuvenation step is O(tNpN,), but
we obtained the following result: if it is triggered whenever
ESS< «, and N, = O(t), then the occurence times are
geometric (75, k =1,2,...).
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Numerical illustrations: SV
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Figure: Squared observations (synthetic data set), acceptance rates, and
illustration of the automatic increase of N,.
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Figure: Concentration of the posterior distribution for parameter p.
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Numerical illustrations: SV

Multifactor model

ko

k1
1/2
ye = ptBvetvy et pr D et Y ej—E(wphi+(1-w)pa
=1 =1

where v; = v1 ¢+ + va ¢, and (v;, zj)p=1,2 are following the same
dynamics with parameters (w;€, wiw?, ;) and wy = w,
wr =1 — w.
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Numerical
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Squared observations
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Figure: S&P500 squared observations, and log-evidence comparison
between models (relative to the one-factor model).
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Numerical illustrations

Athletics records model

t|/~'Lt7§7 )
yl t|:u’t7£7 )

gl €,0) = {1 = Glyaelue, & 0 }H gy’

Xt = (Mt,ﬂt)/7 xer1 | Xe, v ~ N (Fxe, Q)
(11 2 (1/3 1)2
F_<0 1) and Q@ =v (1/2 1)

G(y|p,&,0) =1 — exp [— {1 —¢ <y ; u) }:/5]

with
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Numerical illustrations
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Figure: Best two times of each year, in women’s 3000 metres events
between 1976 and 2010.
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Numerical illustrations: Athletics records

Motivating question

How unlikely is Wang Junxia’s record in 19937

A smoothing problem

We want to estimate the likelihood of Wang Junxia’s record in
1993, given that we observe a better time than the previous world
record. We want to use all the observations from 1976 to 2010 to
answer the question.

We exclude observations from the year 1993.
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Numerical illustrations

Some probabilities of interest

p{ = P(y: < ylyi076:2010)
N /e / G(y|me, 0)p(rty1976:2010, 0) p(6|y1976:2010) d 1 dO
X

The interest lies in pfS9:tt, p292:52 and T = GBI SO
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Numerical illustrations
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Figure: Estimates of the probability of interest (top) p2°%:°2, (middle)
pe and (bottom) p#e6-11 obtained with the SMC? algorithm. The
y-axis is in log scale, and the dotted line indicates the year 1993 which

motivated the study.
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Final Remarks on SMC?

A powerful framework

@ A generic algorithm for sequential estimation and state
inference in state space models: only requirements are to be
able (a) to simulate the Markov transition p(x¢|x;_1), and
(b) to evaluate the likelihood term £7(y;|x;).

@ The article is available on arXiv and our web pages

@ A package is available at:

http://code.google.com/p/py-smc2/.
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General conclusions

@ Auxiliary variables algorithms are not so complicated, when
they are understood as standard samplers on extended spaces.

o offers excellent performance, at little cost (in the user's time
dimension); almost magic.

@ Many applications not yet fully explored; e.g. variable
selection, see C. Schafer's PhD. thesis.

@ Many avenues for future research, e.g. the active particle
framework of Anthony Lee (work with Arnaud Doucet and
Christophe Andrieu).



SMmc* Conclusion

References

e C, P. Jacob, and O. Papaspiliopoulos. "SMC2: A sequential
Monte Carlo algorithm with particle Markov chain Monte
Carlo updates.” JR Stat. Soc. B (2013)

@ Cand S.S. Singh. " On the particle Gibbs sampler.” Bernoulli
(2014, in press).



