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What is INLA?

What is INLA?

INLA do approximate Bayesian inference for a
spesific class of models
This is the class of latent Gaussian models
In most cases, INLA is faster andmore accurate
inference than with MCMC
Cannot do all models, then the ones we can do,
we do very very well.
Many/most of the important models that people
use, we can do
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What is INLA?

www.r-inla.org
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What is INLA?

Books
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What is INLA?

Books, andmore to come...
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What is INLA?

Some recent applications (this month)
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What is INLA?

Activities

Public discussion group
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What is INLA?

Activities

Public discussion group
Visits to www.r-inla.org
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What is INLA?

Locations of users

Presence
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What is INLA?

Locations of users

Presence

Countries
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What is INLA?

The code

Respository
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The code

Respository Commits
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What is INLA?

Some of the people, directly and indirectly involved
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Part I

Background and Introduction
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Introduction

Background (I)

The issue of Bayesian computing is not “solved” even though MCMC is
available
Hierarcical models are more di�icult for MCMC
Amain obstacle for Bayesian modelling is the issue of “Bayesian
computing”
There are (somewhat) generic tools are available JAGS/stan, based on
MCMC
Still slower than we would like them to be
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Introduction

Background (II)

GLM/GAM/GLMM/GAMM/++
Perhaps the most important class of statistical models
Many “models” can be cast in to this class without knowing
No good (enough) MCMC solution around
Many suggested approaches does not scale well computationally
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Bayesian GLM/GAM/GLMM/GAMM/+++

Bayesian GLM/GAM/GLMM/GAMM/+++

Linear predictor
η = µ1+ Aβ +

∑
i

Bivi + ε

where
A: covariates, with fixed e�ects β ∼ N (0,Σ)

Bi: weights, with random e�ects vi ∼ N (0, σ2I)
εi: possible Gaussian noise

Observations
y ∼ π(y | η, ) =

∏
i

π(yi | ηi)
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Bayesian GLM/GAM/GLMM/GAMM/+++ Example I

Example I

Smoothing of binary/integer time-series
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Data is sequence of 0, 1 and 2’s
Binomial data where probability for a success pt, depends on time t

pt =
exp(ηt)

1+ exp(ηt)

Linear predictor ηt = µ+ βct + ut + vt, t = 1, . . . , n
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Bayesian GLM/GAM/GLMM/GAMM/+++ Example I

Example I

We can reinterpret the model as

θ ∼ π(θ)

x | θ ∼ π(x | θ) = N (0,Σ(θ))

y | x,θ ∼
∏
i

π(yi | ηi,θ)

dim(x) could be large 102-105

dim(θ) is small 1-5
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Bayesian GLM/GAM/GLMM/GAMM/+++ Example I

Precision matrix (η, u, v, µ, β) N = 100,M = 5.

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 17 / 135



Bayesian GLM/GAM/GLMM/GAMM/+++ Example I

Reordered precision matrix
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Bayesian GLM/GAM/GLMM/GAMM/+++ Example I

Cholesky triangle of the reordered precision matrix

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 17 / 135



Bayesian GLM/GAM/GLMM/GAMM/+++ Example II

Example II: Disease mapping

Data yi ∼ Poisson(Eiexp(ηi))

Log-relative risk
ηi = µ+ ui + vi + f(ci)
Structured/Spatial component u
Unstructured component v
Smooth e�ect of a covariate c

 

 

−0.63

−0.37

−0.1

0.17

0.44

0.71

0.98
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Bayesian GLM/GAM/GLMM/GAMM/+++ Example II

Precision matrix (η, u, v, µ, f)
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Bayesian GLM/GAM/GLMM/GAMM/+++ Example II

Example II

We can reinterpret the model as

θ ∼ π(θ)

x | θ ∼ π(x | θ) = N (0,Σ(θ))
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Summarising the Examples Latent Gaussian Models

What we have learned so far (I)

This model-construct

θ ∼ π(θ)

x | θ ∼ π(x | θ) = N (0,Σ(θ))

y | x,θ ∼
∏
i

π(yi | ηi,θ)

occurs in seemingly unrelated, statistical models.

Latent Gaussian models!
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Summarising the Examples Latent Gaussian Models

Further Examples

Dynamic linear models
Stochastic volatility
Generalised linear (mixed) models
Generalised additive (mixed) models
Measurement error models
Spline smoothing
Semiparametric regression
Space-varying (semiparametric) regression models
Disease mapping
Log-Gaussian Cox-processes
Model-based geostatistics (*)
Spatio-temporal models
Survival analysis
Joint survival/longitudional models
+++
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Survival analysis
Joint survival/longitudional models
+++
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Summarising the Examples Gaussian Markov random fields

What we have learned so far (II)

The precision matrix of the latent field

Q(θ) = Σ(θ)−1

is sparse and this will play a key role!

Two important benefits
Building models through conditioning (“hierarchical models”)
Computational

Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 23 / 135



Summarising the Examples Gaussian Markov random fields

What we have learned so far (II)

The precision matrix of the latent field

Q(θ) = Σ(θ)−1

is sparse and this will play a key role!

Two important benefits
Building models through conditioning (“hierarchical models”)
Computational

Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 23 / 135



Summarising the Examples Gaussian Markov random fields

Building models through conditioning

If
x ∼ N (0,Q−1x )

y|x ∼ N (x,Q−1y )

then

Q(x,y) =

[
Qx + Qy −Qy
−Qy Qy

]
Not so nice expressions using the Covariance-matrix
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Summarising the Examples Gaussian Markov random fields

Computational benefits

Models we have seen gives a sparse precision matrix
These are much faster to compute with, than dense matrices
Special case: Kalman-filter algorithms

Tasks:
Factorize Q into Q = LLT (Cholesky)
Solve Qx = b, Lx = b or LTx = b
Compute diag(Q−1)
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Summarising the Examples Gaussian Markov random fields

Numerical algorithms for sparse matrices: scaling
properties

Cholesky factorization of “sparse” SPD1matrix
Time:O(n)

Space:O(n3/2)
Space-time:O(n2)

This is to be compared with generalO(n3) algorithm for the Cholesky
factorization of a SPD dense matrix.

1Symmetric and positive definite
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Summarising the Examples Gaussian Markov random fields

Gaussian Markov random fields

Gaussians with a sparse precision matrix are called Gaussian Markov
random fields (GMRFs)
Good computational properties through numerical algorithms for
sparse matrices
Very useful in other settings as well
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Summing up

Summary

Three main ingredients in INLA

Gaussian Markov random fields
Latent Gaussian models
Laplace approximations

which together (and ++++...) gives a very very nice tool for Bayesian
inference

quick
accurate (relative error)
good scaling properties
+++
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Illustrative Example

Spatial survival: example

Leukaemia survival data (Henderson et al, 2002, JASA), 1043 cases.
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Illustrative Example

Spatial survival: example

log(hazard) = log(baseline)

+f(white blood cell count)
+f(deprivation index)
+f(spatial)
+sex
+age
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Illustrative Example

R-code

data(Leuk)
g = system.file("demodata/Leuk.graph", package="INLA")

formula = inla.surv(Leuk$time, Leuk$cens) ~ sex + age +
f(inla.group(wbc), model="rw2") +
f(inla.group(tpi), model="rw2") +
f(district, model="besag", graph = g) +

r = inla(formula, family="coxph", data = Leuk)

plot(r)
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Illustrative Example
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Illustrative Example
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Illustrative Example
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Illustrative Example
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Illustrative Example
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Illustrative Example

Some internal statistics

Running time onmy laptop: 2.3 seconds
Factorise Q (dim= 2453): 455 times
Solve Qx = b: 3160 times
Partially invert Q: 28 times
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Part II

Theory andmethods
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What is a GMRF?

What is a Gaussian Markov random field (GMRF)?

A GMRF is a simple construct
A normal distributed random vector

x = (x1, . . . , xn)T

Additional Markov properties:

xi ⊥ xj | x−ij

xi and xj are conditional independent (CI).
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What is a GMRF? The precision matrix

If xi ⊥ xj | x−ij for a set of {i, j}, then we need to constrain the
parametrisation of the GMRF.

Covariance matrix: di�icult
Precision matrix: easy
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What is a GMRF? The precision matrix

Conditional independence and the precision matrix

The density of a zero mean Gaussian

π(x) ∝ |Q|1/2 exp
(
− 1
2
xTQx

)
Constraining the parametrisation to obey CI properties

Theorem

xi ⊥ xj | x−ij ⇐⇒ Qij = 0
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What is a GMRF? The precision matrix

Global Markov property

Let x be a GMRF wrt G = (V, E).
The global Markov property:

xA ⊥ xB | xC

for all disjoint sets A, B and Cwhere C separates A and B, and A and B are
non-empty.
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What is a GMRF? Example: Auto-regressive process

Simple example of a GMRF

Auto-regressive process of order 1

xt | xt−1, . . . , x1 ∼ N (φxt−1, 1), t = 2, . . . , n

and x1 ∼ N (0, (1− φ2)−1).

x1 x2 x3 x4 x5 xn

Tridiagonal precision matrix

Q =


1 −φ
−φ 1+ φ2 −φ

. . . . . . . . .
−φ 1+ φ2 −φ

−φ 1


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Part III

Simulation algorithms for GMRFs.
Numerical methods for sparse matrices.
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Basic numerical linear algebra Cholesky factorisation and the Cholesky triangle

Cholesky factorisation

If A > 0 be a n× n positive definite matrix, then there exists a unique
Cholesky triangle L, such that L is a lower triangular matrix, and

A = LLT

Computing L costs n3/3 flops.
This factorisation is the basis for solving systems like

Ax = b or AX = B

for k right hand sides, or equivalently, computing

x = A−1b or X = A−1B
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Basic numerical linear algebra Solving linear equations

Algorithm 1 Solving Ax = bwhere A > 0

1: Compute the Cholesky factorisation, A = LLT
2: Solve Lv = b
3: Solve LTx = v
4: Return x
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Basic numerical linear algebra Solving linear equations

Algorithm 1 Solving Ax = bwhere A > 0

1: Compute the Cholesky factorisation, A = LLT
2: Solve Lv = b
3: Solve LTx = v
4: Return x

Step 2 is called forward-substitution and costO(n2) flops.

=

The solution v is computed in a forward-loop

vi =
1
Lii

(bi −
i−1∑
j=1

Lijvj), i = 1, . . . , n (1)
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Basic numerical linear algebra Solving linear equations

Algorithm 1 Solving Ax = bwhere A > 0
1: Compute the Cholesky factorisation, A = LLT
2: Solve Lv = b
3: Solve LTx = v
4: Return x

Step 3 is called back-substitution and costsO(n2) flops.

=

The solution x is computed in a backward-loop

xi =
1
Lii

(vi −
n∑

j=i+1

Ljixj), i = n, . . . , 1 (2)
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Basic numerical linear algebra Avoid computing the inverse

To compute A−1Bwhere B is a n× kmatrix, we do this by computing the
solution X of

AXj = Bj

for each of the k columns of X.

Algorithm 2 Solving AX = Bwhere A > 0

1: Compute the Cholesky factorisation, A = LLT
2: for j = 1 to k do
3: Solve Lv = Bj
4: Solve LTX j = v
5: end for
6: Return X
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Algorithm 2 Solving AX = Bwhere A > 0

1: Compute the Cholesky factorisation, A = LLT
2: for j = 1 to k do
3: Solve Lv = Bj
4: Solve LTX j = v
5: end for
6: Return X
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Unconditional sampling Simulation algorithm

Sample x ∼ N (µ,Q−1)

If Q = LLT and z ∼ N (0, I), then x defined by

LTx = z

has covariance

Cov(x) = Cov(L−Tz) = (LLT)−1 = Q−1

Algorithm 3 Sampling x ∼ N (µ,Q−1)

1: Compute the Cholesky factorisation, Q = LLT
2: Sample z ∼ N (0, I)
3: Solve LTv = z
4: Compute x = µ + v
5: Return x
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Unconditional sampling Evaluating the log-density

The log-density is

logπ(x) = −n
2
log 2π +

n∑
i=1

log Lii −
1
2

(x − µ)TQ(x − µ)︸ ︷︷ ︸
=q

If x is sampled, then
q = zTz

otherwise, compute this term as
u = x − µ

v = Qu
q = uTv
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Part IV

Numerical methods for sparse matrices
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Introduction

Numerical methods for sparse matrices

Computations on GMRFs can be expressed such that the main tasks are
1 compute the Cholesky factorisation of Q = LLT , and
2 solve Lv = b and LTx = z.
3 The second task is much-faster than the first, but sparsity will be of
advantage also here.

Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 48 / 135



Introduction

Numerical methods for sparse matrices

Computations on GMRFs can be expressed such that the main tasks are
1 compute the Cholesky factorisation of Q = LLT , and
2 solve Lv = b and LTx = z.
3 The second task is much-faster than the first, but sparsity will be of
advantage also here.

Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 48 / 135



Introduction

Numerical methods for sparse matrices

Computations on GMRFs can be expressed such that the main tasks are
1 compute the Cholesky factorisation of Q = LLT , and
2 solve Lv = b and LTx = z.
3 The second task is much-faster than the first, but sparsity will be of
advantage also here.

Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 48 / 135



Introduction

The questions are
why a sparse Q allow for fast factorisation,
howwe can take advantage of it,
whywe gain if we permute the vertics before factorising the matrix
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Cholesky factorisation

How to compute the Cholesky factorisation

Q = LLT

Qij =

j∑
k=1

LikLjk, vi = Qij −
j−1∑
k=1

LikLjk, i ≥ j,

Then
L2jj = vj, and
LijLjj = vi for i > j.

If we know {vi} for fixed j, then

Ljj =
√
vj and Lij = vi/

√
vj, for i = j + 1, . . . , n.

This gives the jth column in L.
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Cholesky factorisation

Cholesky factorization of Q > 0

Algorithm 4 Computing the Cholesky triangle L of Q
1: for j = 1 to n do
2: vj:n = Qj:n,j
3: for k = 1 to j − 1 do vj:n = vj:n − Lj:n,kLjk
4: Lj:n,j = vj:n/

√vj
5: end for
6: Return L

The overall process involves n3/3 flops.
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The Cholesky triangle Interpretation

Interpretation of L (I)

Let Q = LLT , then the solution of

LTx = z where z ∼ N (0, I)

isN (0,Q−1) distributed.

=

Since L is lower triangular then

xn =
1
Lnn

zn

xn−1 =
1

Ln−1,n−1
(zn−1 − Ln,n−1xn)

. . .
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The Cholesky triangle Interpretation

Interpretation of L (II)

Theorem
Let x be a GMRFwrt to the labelled graph G, withmean 0 and precisionmatrix
Q > 0. Let L be the Cholesky triangle ofQ. Then for i ∈ V ,

E(xi | x(i+1):n) = − 1
Lii

n∑
j=i+1

Ljixj and

Prec(xi | x(i+1):n) = L2ii.
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The Cholesky triangle The zero-pattern in L

Determine the zero-pattern in L (I)

Theorem

Let x be a GMRF wrt G, with mean 0 and precision matrixQ > 0. Let L be the
Cholesky triangle ofQ and define for 1 ≤ i < j ≤ n the set

F(i, j) = {i + 1, . . . , j − 1, j + 1, . . . , n},

which is the future of i except j. Then

xi ⊥ xj | xF(i,j) ⇐⇒ Lji = 0.

If we can verify that Lji is zero, we do not have to compute it when
factorising Q
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The Cholesky triangle The zero-pattern in L

Proof

Assumeµ = 0 and fix 1 ≤ i < j ≤ n. Theorem 3 gives that

π(xi:n) ∝ exp

− 1
2

n∑
k=i

L2kk

xk +
1
Lkk

n∑
j=k+1

Ljkxj

2
= exp

(
− 1
2
xTi:nQ

(i:n)xi:n
)
,

where Q(i:n)
ij = LiiLji. Then

xi ⊥ xj | xF(i,j) ⇐⇒ LiiLji = 0,

which is equivalent to Lji = 0 since Lii > 0 as Q(i:n) > 0.
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The Cholesky triangle The zero-pattern in L

(Global Markov property)

Let x be a GMRF wrt G = (V, E).
The global Markov property:

xA ⊥ xB | xC

for all disjoint sets A, B and Cwhere C separates A and B, and A and B are
non-empty.
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The Cholesky triangle The zero-pattern in L

Determine the zero-pattern in L (II)

The global Markov property provide a simple and su�icient criteria for
checking if Lji = 0.

Corollary
If F(i, j) separates i < j in G, then Lji = 0.

Corollary
If i ∼ j then F(i, j) does not separates i < j.

The idea is simple
Use the global Markov property to check if Lji = 0.
Compute only the non-zero terms in L, so that Q = LLT .
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The Cholesky triangle Example: A simple graph

Example

1 2

3 4

Q =


× × ×
× × ×
× × ×
× × ×



Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 58 / 135



The Cholesky triangle Example: A simple graph

Example

1 2

3 4

Q =


× × ×
× × ×
× × ×
× × ×



Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 58 / 135



The Cholesky triangle Example: A simple graph

Example

1 2

3 4

Q =


× × ×
× × ×
× × ×
× × ×

 L =


×
× ×
× ? ×
? × × ×



Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 58 / 135



The Cholesky triangle Example: A simple graph

Example

1 2

3 4

Q =


× × ×
× × ×
× × ×
× × ×

 L =


×
× ×
×
√
×

× × ×



Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 59 / 135



The Cholesky triangle Example: auto-regressive processes

Example: AR(1)-process

xt | x1:(t−1) ∼ N (φxt−1, σ2), t = 1, . . . , n

Q =



× ×
× × ×
× × ×
× × ×
× × ×
× × ×
× ×


L =



×
× ×
× ×
× ×
× ×
× ×
× ×


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Bandmatrices Bandwidth is preserved

Bandwidth is preserved

Similarly, for an AR(p)-process
Q have bandwidth p.
L have lower-bandwidth p.

Theorem
LetQ > 0 be a bandmatrix with bandwidth p and dimension n, then the
Cholesky triangle ofQ has (lower) bandwidth p.

=

...easy to modify existing Cholesky-factorisation code to use only entries
where |i − j| ≤ p.
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Reordering schemes Introduction

Reorder the vertices

We can permute the vertexes;

select one of the n! possible permutations, define the corresponding
permutation matrix P, such that iP = Pi, where i = (1, . . . , n)T , is
the new ordering of the vertexes.

Chose P, if possible, such that

QP = PQPT (3)

is a band-matrix with a small bandwidth.
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Reordering schemes Introduction

Impossible in general to obtain the optimal permutation, n! is to large!
A sub-optimal ordering will do as well.
Solve Qµ = b as follows:

bP = Pb.
Solve QPµP = bP

Map the solution back,µ = PTµP.
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Reordering schemes Reordering to band-matrices

Reordering to band-matrices
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Reordering schemes Reordering to band-matrices

Reordering to band-matrices
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Reordering schemes Reordering using the idea of nested dissection

More optimal reordering schemes

1

2

3

4

5 6

2

3

4

5

6

1


× × × × × ×
× ×
× ×
× ×
× ×
× ×



× ×
× ×
× ×
× ×
× ×

× × × × × ×




×
× ×
×
√
×

×
√ √

×
×
√ √ √

×
×
√ √ √ √

×



×
×
×
×
×

× × × × × ×



Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 67 / 135



Reordering schemes Reordering using the idea of nested dissection

More optimal reordering schemes

1

2

3

4

5 6

2

3

4

5

6

1


× × × × × ×
× ×
× ×
× ×
× ×
× ×



× ×
× ×
× ×
× ×
× ×

× × × × × ×




×
× ×
×
√
×

×
√ √

×
×
√ √ √

×
×
√ √ √ √

×



×
×
×
×
×

× × × × × ×



Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 67 / 135



Reordering schemes Reordering using the idea of nested dissection

More optimal reordering schemes

1

2

3

4

5 6

2

3

4

5

6

1


× × × × × ×
× ×
× ×
× ×
× ×
× ×



× ×
× ×
× ×
× ×
× ×

× × × × × ×




×
× ×
×
√
×

×
√ √

×
×
√ √ √

×
×
√ √ √ √

×



×
×
×
×
×

× × × × × ×



Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 67 / 135



Reordering schemes Reordering using the idea of nested dissection

More optimal reordering schemes

1

2

3

4

5 6

2

3

4

5

6

1


× × × × × ×
× ×
× ×
× ×
× ×
× ×



× ×
× ×
× ×
× ×
× ×

× × × × × ×




×
× ×
×
√
×

×
√ √

×
×
√ √ √

×
×
√ √ √ √

×



×
×
×
×
×

× × × × × ×



Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 67 / 135



Reordering schemes Reordering using the idea of nested dissection

More optimal reordering schemes

1

2

3

4

5 6

2

3

4

5

6

1


× × × × × ×
× ×
× ×
× ×
× ×
× ×



× ×
× ×
× ×
× ×
× ×

× × × × × ×




×
× ×
×
√
×

×
√ √

×
×
√ √ √

×
×
√ √ √ √

×



×
×
×
×
×

× × × × × ×



Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 67 / 135



Reordering schemes Reordering using the idea of nested dissection

More optimal reordering schemes

1

2

3

4

5 6

2

3

4

5

6

1


× × × × × ×
× ×
× ×
× ×
× ×
× ×



× ×
× ×
× ×
× ×
× ×

× × × × × ×




×
× ×
×
√
×

×
√ √

×
×
√ √ √

×
×
√ √ √ √

×



×
×
×
×
×

× × × × × ×



Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 67 / 135



Reordering schemes Reordering using the idea of nested dissection

Nested dissection reordering (I)

The idea generalise as follows.
Select a (small) set of nodes whose removal divides the graph into two
disconnected subgraphs of almost equal size.
Order the nodes chosen a�er ordering all the nodes in both subgraphs.
Apply this procedure recursively to the nodes in each subgraph.

Costs in the spatial case
FactorisationO(n3/2)
Fill-inO(n log n)

Optimal in the order sense.
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Reordering schemes Reordering using the idea of nested dissection

Nested dissection reordering (II)
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How to deal with sparse matrices?

How to deal with sparse matrices?

Use existing so�ware.
In R use (recomended) package Matrix, create sparse matrices with
sparseMatrix() etc...
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Part V

Marginal variance
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Computing marginal variances for GMRFs Introduction

Computing marginal variances for GMRFs∗

Let
Q = VDVT

where D is a diagonal matrix, and
V is a lower triangular matrix with ones on the diagonal.

The matrix identity
Σ = D−1V−1 + (I− VT)Σ

define recursionswhich can be used to compute
Var(xi) and Cov(xi, xj) for i ∼ j

essentially without cost when the Cholesky triangle L is known (TFC ’73).
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Computing marginal variances for GMRFs Introduction
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Computing marginal variances for GMRFs Statistical derivation

Statistical derivation

Recall for a zero mean GMRF that

xi | xi+1, . . . , xn ∼ N (− 1
Lii

n∑
k=i+1

Lkixk, 1/L2ii), i = n, . . . , 1.

provides a sequential representation of the GMRF backward in “time” i.
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Computing marginal variances for GMRFs Statistical derivation

Multiply by xj, j ≥ i, and taking expectation yields

Σij = δij/L2ii −
1
Lii

n∑
k∈I(i)

LkiΣkj, j ≥ i, i = n, . . . , 1,

where I(i) as those k where Lki is non-zero,

I(i) = {k > i : Lki 6= 0}

and δij is one if i = j and zero otherwise.
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Computing marginal variances for GMRFs Statistical derivation

We can use

Σij = δij/L2ii −
1
Lii

n∑
k∈I(i)

LkiΣkj, j ≥ i, i = n, . . . , 1,

to computeΣij for each ij:
Outer loop i = n, . . . , 1
Inner loop j = n, . . . , i
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Computing marginal variances for GMRFs Statistical derivation

Example
Let n = 3, I(1) = {2, 3}, I(2) = {3}, then we get

Σ33 =
1
L233

Σ23 = − 1
L22

(L32Σ33)

Σ22 =
1
L222
− 1
L22

(L32Σ32) Σ13 = − 1
L11

(L21Σ23 + L31Σ33)

Σ12 = − 1
L11

(L21Σ22 + L31Σ32) Σ11 =
1
L211
− 1
L11

(L21Σ21 + L31Σ31)

where we also need to use thatΣ is symmetric.
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Computing marginal variances for GMRFs Statistical derivation

Assume we want to compute all marginal variances.
To do so, we need to computeΣij (orΣji) for all ij in some set S .
If the recursions can be solved by only computingΣij for all ij ∈ S we
say that the recursions are solvable using S .
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Computing marginal variances for GMRFs Statistical derivation

From

Σij = δij/L2ii −
1
Lii

n∑
k∈I(i)

LkiΣkj, j ≥ i, i = n, . . . , 1, (4)

it is evident that S must satisfy

ij ∈ S and k ∈ I(i) −→ kj ∈ S (5)

we also need that ii ∈ S for i = 1, . . . , n.
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Computing marginal variances for GMRFs Statistical derivation

S = V × V is a valid set, but we want |S| to be small to avoid
unnecessary computations.
a minimal set depends however on the numerical values in L, or Q
implicitly.
a slightly larger set, that contains the minimal, turn out to be the one
used to compute L!!!

Theorem (TFC’73)

S = {ij ∈ V × V : j ≥ i, i and j are not separated by F(i, j)}

is solvable.
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Computing marginal variances for GMRFs Statistical derivation

Main idea of the proof:

ij ∈ S and k ∈ I(i) −→ kj ∈ S, i < j, k < j (6)

ij ∈ S, says there is a path from i to jwhere all nodes≤ i.
k ∈ I(i), says there is path from i to k where all nodes≤ i.
then there must be some path from k to i to jwhere all nodes are≤ i,
hence kj ∈ S.
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Computing marginal variances for GMRFs Statistical derivation

Interpretation of S

S is the set of all possible non-zero elements in L based on G only.
this is the set of Lji’s that are computed when computing Q = LLT .
since Lji 6= 0 in general when i ∼ j, then we compute also Cov(xi, xj) for
i ∼ j.
some of the Lij’s might turn out to be zero depending on the
conditional independence properties of the marginal density for xi:n
for i = n, . . . , 1.
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Computing marginal variances for GMRFs Statistical derivation

General algorithm

for i = n, . . . , 1
for decreasing j in I(i)

computeΣij from eq. (4)

Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 83 / 135



Computing marginal variances for GMRFs Statistical derivation

bandmatrices

for i = n, . . . , 1
for j = min(i + bw, n), . . . , i

computeΣij from eq. (4).

equivalent to Kalman-recursions for smoothing.
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Part VI

INLA
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Overview Latent Gaussian models

Latent Gaussian models

Latent Gaussian models is a model of the following form
Observed data y, yi|xi ∼ π(yi|xi,θ)

Latent Gaussian field x ∼ N (·,Q(θ)−1)

Hyperparameters θ
variability
length/strength of dependence
parameters in the likelihood

π(x,θ | y) ∝ π(θ) π(x | θ)
∏
i∈I

π(yi | xi,θ)
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Overview Tasks

Tasks

Compute from

π(x,θ | y) ∝ π(θ) π(x | θ)
∏
i∈I

π(yi | xi)

the posterior marginals:

π(xi | y), for some or all i

and/or
π(θi | y), for some or all i
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Overview Our approach

Our approach: Approximate Bayesian Inference

Can we compute (approximate) marginals directly without using
MCMC?
YES!
Gain

Huge speedup & accuracy
The ability to treat latent Gaussianmodels properly ;-)
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A simple example: The Gaussian case

Smoothing noisy observations (I)

Observations
yi = m(i) + εi, i = 1, . . . , n

for Gaussian iid noise εi with known precision.

Will assumem(i) is a smooth function wrt i
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A simple example: The Gaussian case

Smoothing noisy observations (II)

n = 50
idx = 1:n
fun = 100*((idx-n/2)/n)^3
y = fun + rnorm(n)
plot(idx, y)
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A simple example: The Gaussian case

Smoothing noisy observations (III)

Likelihood Gaussian observations with known precision

yi|xi, θ ∼ N (xi, τ0)

Latent A Gaussian model for the smooth function2

π(x|θ) ∝ θ(n−2)/2 exp

(
−θ
2

n∑
i=2

(xi − 2xi−1 + xi−2)2
)

Hyperparameter The smoothing parameter θ which we assign a Γ(a, b)
prior

π(θ) ∝ θa−1 exp (−bθ) , θ > 0

2model="rw2"
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A simple example: The Gaussian case

Smoothing noisy observations (IV)

Since
x, y|θ ∼ N (·, ·)

we can compute (numerically) all marginals, using that

π(θ|y) ∝

Gaussian︷ ︸︸ ︷
π(x, y|θ) π(θ)

π(x|y, θ)︸ ︷︷ ︸
Gaussian
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A simple example: The Gaussian case
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A simple example: The Gaussian case

Smoothing noisy observations (V)

x|y, θ ∼ N (·, ·)

so that
π(xi|y) =

∫
π(xi|θ, y)︸ ︷︷ ︸
Gaussian

π(θ|y) dθ
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A simple example: The Gaussian case

−14 −12 −10 −8

0
.0

0
.2

0
.4

0
.6

0
.8

x

d
e
n
s
it
y

Posterior marginals for x[1] for each theta (unweighted)

Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 95 / 135



A simple example: The Gaussian case

−14 −12 −10 −8

0
.0

0
0
.0

5
0
.1

0
0
.1

5

x

d
e
n
s
it
y

Posterior marginals for x[1] for each theta (weighted)

Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 95 / 135



A simple example: The Gaussian case

−14 −12 −10 −8

0
.0

0
.2

0
.4

0
.6

0
.8

x

d
e
n
s
it
y

Posterior marginals for x[1]

Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 95 / 135



A simple example: The Gaussian case Extensions

Extensions

This is the basic idea behind INLA. It is really really simple.

However, we need to extend this basic idea so we can deal with
More than one hyperparameter
Non-Gaussian observations

Complications... Mostly practical
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A simple example: The Gaussian case Extensions

More than one hyperparameter

Step I Explore π(θ|y)
Locate the mode
Use the Hessian to construct new variables
Grid-search

Step II From these integration points++, approximate the marginals
for each θi
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A simple example: The Gaussian case Non-Gaussian observations

Non-Gaussian observations (I)

In this case

π(θ|y) ∝

Non-Gaussian, BUT KNOWN︷ ︸︸ ︷
π(x, y|θ) π(θ)

π(x|y, θ)︸ ︷︷ ︸
Non-Gaussian and UNKNOWN

so we use an Gaussian approximation to the conditional

π(θ|y) ≈ norm.constπ(x, y|θ) π(θ)

πG(x|y, θ)

∣∣∣∣∣
x=xmode(θ)
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A simple example: The Gaussian case Non-Gaussian observations

Non-Gaussian observations (II)

For the marginals for xi|y,θ, we do similarly

π(xi|y,θ) ≈ norm.const π(x, y|θ)

πG(x−i|xi, y, θ)

∣∣∣∣∣
x−i=xmode(θ,xi)

This is the hard part, as this is potentially very slow.
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A simple example: The Gaussian case Main ideas

Main ideas (I)

Main ideas are simple and based on the identity

π(z) =
π(x, z)
π(x|z)

leading to π̃(z) =
π(x, z)
π̃(x|z)

When π̃(x|z) is the Gaussian-approximation, this is the
Laplace-approximation.
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A simple example: The Gaussian case Main ideas

Main ideas (II)

Construct the approximations to
1 π(θ|y)

2 π(xi|θ, y)

then we integrate

π(xi|y) =

∫
π(θ|y) π(xi|θ, y) dθ

π(θj|y) =

∫
π(θ|y) dθ−j
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The GMRF-approximation

The Gaussian/GMRF-approximation

π(x | y,θ) ∝ exp

(
− 1
2
xTQx +

∑
i

logπ(yi|xi)

)

≈ exp
(
− 1
2

(x − µ)T(Q+ diag(ci))(x − µ)

)
= πG(x|θ, y)

Constructed as follows:
Locate the mode x∗

Expand to second order
Markov properties are preserved!
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The Laplace approximation (classical)

The Laplace approximation: The classic case

Compute and approximation to the integral∫
exp(ng(x)) dx

where n is the parameter going to∞.

Let x0 be the mode of g(x) and assume g(x0) = 0:

g(x) =
1
2
g′′(x0)(x − x0)2 + · · · .
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The Laplace approximation (classical)

The Laplace approximation: The classic case...

Then ∫
exp(ng(x)) dx =

√
2π

n(−g′′(x0))
+ · · ·

As n→∞, then the integrand gets more andmore peaked.
Error should tends to zero as n→∞
Detailed analysis gives

Estimate(n)

True
= 1+O(1/n)

so the relative error isO(1/n).
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The Laplace approximation (classical)

Extension I

gn(x) =
1
n

n∑
i=1

gi(x)

then the mode x0 depends on n as well.
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The Laplace approximation (classical)

Extension II

∫
exp(ng(x)) dx

and x is multivariate, then∫
exp(ng(x)) dx =

√
(2π)n

n| − H|

where H is the hessian (matrix) at the mode

Hij =
∂2

∂xi∂xj
g(x)

∣∣∣∣∣
x=x0
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The Laplace approximation (classical)

Computing marginals

Our main issue is to compute marginals
We can use the Laplace-approximation for this issue as well
A more “statistical” derivation might be appropriate
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The Laplace approximation (classical)

Computing marginals...

Consider the general problem
θ is hyper-parameter with prior π(θ)

x is latent with density π(x|θ)

y is observed with likelihood π(y|x)

then
π(θ|y) =

π(x, θ|y)

π(x|θ, y)

for any x!
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The Laplace approximation (classical)

Computing marginals...

Some details

π(θ|y) =
π(x, θ|y)

π(x|θ, y)

∝ π(θ) π(x|θ) π(y|x)

π(x|θ, y)

≈ π(θ) π(x|θ) π(y|x)

πG(x|θ, y)

∣∣∣∣∣
x=x∗(θ)

where πG(x|θ, y) is the Gaussian approximation of π(x|θ, y) and x∗(θ) is the
mode.
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The Laplace approximation (classical)

Errors in the approximations

Result:3

With n repeatedmeasurements y of the same x, then

π̃(θ|yn)

π(θ|yn)
= 1+O(n−3/2)

a�er renormalisation.

Relative error is a very very very nice property!

The error-rate is impressive!

Unfortunately, the assumptions made are not usually valid...
3Tierney & Kadane, JASA, 1986
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Summary

Summary

This are the basic ideas
The rest are just details, but there are a lot of them...
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Extensions

Extensions

Model choice/selection
Automatic detection of “surprising” observations
High(er) number of hyperparameters
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Extensions Model choice

Model choice

Chose/compare various model is important but di�icult
Bayes factors (general available)
Deviance information criterion (DIC) (hierarchical models)
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Extensions Model choice

Marginal likelihood

Marginal likelihood is the normalising constant for π̃(θ|y),

π̃(y) =

∫
π(θ)π(x|θ)π(y|x, θ)

π̃G(x|θ, y)

∣∣∣∣∣
x=x?(θ)

dθ. (7)

I many hierarchical GMRFmodels the prior is intrinsic/improper, so this is
di�icult to use.
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Extensions Model choice

Deviance Information Criteria

Based on the deviance

D(x;θ) = −2
∑
i

log(yi | xi,θ)

and
DIC = 2× Mean (D(x;θ))− D(Mean(x);θ∗)

This is quite easy to compute

Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 115 / 135



Extensions Model choice

Bayesian Cross-validation

Easy to compute using the INLA-approach

π(yi | y−i) =

∫
θ

{∫
xi
π(yi | xi,θ) π(xi | y−i,θ) dxi

}
π(θ | y−i) dθ

where
π(xi | y−i,θ) ∝ π(xi|y,θ)

π(yi|xi,θ)

Require a one-dimensional integral for each i and θ.
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Extensions Automatic detection of “surprising” observations

Automatic detection of “surprising” observations

Compute
Prob(ynewi ≤ yi | y−i)

Look for unusual large or small values
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Part VII

Gaussian fields and GMRFs
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Gaussian fields and GMRFs

Gaussian fields

Gaussian fields is central in spatial statistics!

Covariance function, o�en
depends only on distances
Matérn family
Dense covariance matrix
Knownmarginal properties
No boundary issues
Resolution consistent
Computational properties are
not good:O(n3)
Di�iculties: non-stationarity,
space-time and curved spaces
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Gaussian fields and GMRFs

Full conditionals

xi|x−i only depends on the (few nearest) neighbours

E(xij | x−ij) =
1
20

(
8
◦ ◦ ◦ ◦ ◦
◦ ◦ • ◦ ◦
◦ • ◦ • ◦
◦ ◦ • ◦ ◦
◦ ◦ ◦ ◦ ◦

− 2
◦ ◦ ◦ ◦ ◦
◦ • ◦ • ◦
◦ ◦ ◦ ◦ ◦
◦ • ◦ • ◦
◦ ◦ ◦ ◦ ◦

− 1
◦ ◦ • ◦ ◦
◦ ◦ ◦ ◦ ◦
• ◦ ◦ ◦ •
◦ ◦ ◦ ◦ ◦
◦ ◦ • ◦ ◦

)
Prec(xij | x−ij) = 20κ.

Simple conditional interpretation
Small memory footprint
Fast computations:O(n3/2) inR2
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Gaussian fields and GMRFs

Why should we care about GMRFs?

Conditional modeling
Strongest argument: Computational speed!
Sparse matrices allow for faster computation,
general algorithms
Also relevant for sampling based inference
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Gaussian fields and GMRFs

The downside...

Not easy to specify GMRFs to get “what you
want”
The link from

{π(xi|x−i)}

to
Cov(xi, xi)

is “di�icult” (without computing it)
Boundary issues
Irregular lattices are evenmore di�icult
Commonly used GMRFmodels are not
resolution consistent!
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Gaussian fields and SPDEs

Matérn fields and the reference SPDE

The solution of this SPDE (Whittle 1954/1963)

(κ2 −∆)α/2x(s) = ε(s), α = ν + dim/2

is a Gaussian field with Matérn Covariance function. ∆ is the
Laplacian and ε(s) is spatial Gaussian white noise.

The SPDE is harder to work with, butwhen we know how
then

manifolds (easy!)
non-stationary (easy!)
computational properties (very good!)
+++
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Gaussian fields and SPDEs

Main result
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Gaussian fields and SPDEs

Main result

1 A numerical solution to the SPDE can be constructed as

x(s) =
n∑
i=1

wiφi(s)

for local basis/”tent” functions {φi(s)}where the
weights is a local GMRF with precision matrix Q(·), for
α = 1, 2, 3, . . ..

2 We can construct Q from a triangulation at no cost.
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Gaussian fields and SPDEs

How to “work” with the SPDE?

Hilbert space representation/finite element method

x(u) =
N∑
k=1

ψk(u)wk

for basis-functions {ψk} and (Gaussian) weights {wk}

Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 126 / 135



Gaussian fields and SPDEs

Piecewise linear representations

x(u) = cos(u1) + sin(u2)
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Gaussian fields and SPDEs

Piecewise linear representations

x(u) = cos(u1) + sin(u2) x(u) =
∑

k ψk(u) xk
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Gaussian fields and SPDEs

(Stochastic) Weak solution

(κ2 −∆)α/2x(s) = ε(s)

(Stochastic) Weak solution{
〈φk, (κ2 −∆)α/2x〉

}
k

D
= {〈φk, ε〉}k

for all test functions {φk}k.

(
〈f , g〉 def=

∫
f(s)g(s) ds

)
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Gaussian fields and SPDEs

Results for α = 1, 2, . . . (I)

α = 1 : φk = (κ2 −∆)1/2ψk

α = 2 : φk = ψk

Define matrices C, G and K

Cij = 〈φi, φj〉 i 6= j
Gij = 〈∇φi,∇φj〉
K = κ2C + G

Håvard Rue (haavard.rue@kaust.edu.sa) bayescomp.kaust.edu.sa Oct 2018 129 / 135



Gaussian fields and SPDEs

Results for α = 1, 2, . . . (II)

The weights are Gaussian with precision matrix Qα,κ

Q1,κ = κ2C + G

Q2,κ = KC−1K
...

Qα,κ = KC−1Qα−2,κC−1K

Replace Cwith a appropriate diagonal matrix: This is OK
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Gaussian fields and SPDEs

Result

Can “solve”

(κ2 −∆)α/2x(s) = ε(s), α = 1, 2, 3, . . . , α = ν + dim/2

for
any κ
any triangulation

at no cost!!!

“solve” means: we can write down the corresponding precision matrix for
the weights, and the precision matrix is (very-)sparse/a-GMRF.
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Gaussian fields and SPDEs

This was just the beginning...
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Part VIII

Learn more?
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Two recent review papers: part I and II
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