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ODE MODEL IN THE GUT OF A CHICKEN

QU
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Biological Interpretation of the different parameters

> p: concentration of pathogens in the host’s gut.
> K: carrying capacity of the hosts gut.

v

p(K —p) : logistic growth.

> A — ap: interaction between the pathogen and the enviroment.
pTl

p"+pd

v

: immune response of the host.

T. NGUYEN, F. PATOUT, T. STEGMAIER Salmonella August 22,2018 4/19



ODE MODEL: STEADY STATES

dp p
L _p(K=p)lA-
gt ~PEK-pl|A-ap+Co

filp)=a-p-A
pl’l
) f2(p) =L p"+P;l

Figure: Three intermediate steady states. The steady points 0
and K are unstable.
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ODE MODEL

STABLE STATES FOR DIFFERENT SETS OF PARAMETERS

Figure: On stable steady state: p; filp)=a-p-A
) . - pn
V=1 f2(p)_ pn+pg

Figure: Two stable steady state: 0 and p,
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PDE MODEL

We get a PDE system

2
9,5 =—d(F (p)S)—I—G—azS

apS( 0)= QS(tK) 0
S(0,p) = Sp € H'(0,K),

with the function F
n

F(P):P(K—P)(A—aP+C P
pr+p

*

) if0<P<K.

Theoretical results:

> Existence and uniqueness of solution of PDE model using Galerkin
approximation.

> Existence of a steady state: S(p) = exp( Io )

> Exponential convergence to steady state.
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CONVERGENCE RATE TO STEADY STATE

K 2
5002 S(t,p) _v
> Define: G(t _”S -SC ”1:2 (Jo.K[e") :L (m_l) P dp
with V(p Jo
> Compute:

K
G'(t) = 02J0 (j_(f/(‘;)) - 1)3,, [0,5(t,p)+ V'(p)S(t,p)] - dp.

> Integrate by part and use boundary condition

K 2
S5(t,p)
’ _ 2 _ .
G(t)=-0 L a,,(e_v(p) 1) av(p)
> Use Poincaré’s inequality on a compact set:
ie: there exist x > 0 such that J- lul>-dV(p J- |9, u) -dV(p)

> Use Gronwall lemma: G(t) < G(O)e’“Q"t
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PDE MODEL

Convergence of toward the steady state for different initial data

Density S
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RESERVOIR VARIABLE

shutterstock.com - 650102836
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RESERVOIR VARIABLE

This leads to the following system :

9:S(t,p) = 93S(t,p) = 9, ([F(p) + Bin(P)R — Bex (p)] S(t, )
K K

R’(t)=—(y+f S(t,p)/ﬂm(p)dp)mf S(t,p)Bex(p)dp.
0 0

\4

R models the amount of excrement on the ground.

v

creation of pathogen through excrement.

v

New boundary conditions

9,S(t,K) = =Bex(K)S(t,K),
2,5(t,0) = Bin(0)R(0)S(t,0).

Number of chicken constant.

v
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CLEANING AND TREATMENT

Cleaning by acting on the reservoir R
a S=-d ((F( )+ﬁin( )R_ﬁex) ) 0_292
W+ [ utprsiepr-ap)re [ pustep-ap-con

Solutions of the PDE in each cage at time t=0.008
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CLEANING AND TREATMENT

Treatment by acting on S(t,p)

ats ~-9 (( p)-G

(1)p+ Binlp )R—ﬁex)S)N—zaZs

(y+f Bin(p)S(t,p) - dp)R+j BexS(6,p) - dp.

Solutions of the PDE in each cage at time t=0.008
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MULTIPLE CAGES

We introduce a finite number d of cages. S, R are now vectors of R? :

S Ry
S:= 52 , R:= Ry
Sa Ry

They verify a system of PDEs :

9;S(t,p) = 955 (t, p) = I ([F(p) + Bin(P)R = Bex(p)] S (£, p))+ TS,
K K (1)

R’(t)=—(y+_f S(t;p)ﬁm(p)dp)mj S(t,p)Bex(p)dp,

0 0

> T is a d x d transition matrix between cages.

> Fori = j, T, ; is the amount of chicken of cage i moving to cage j. Itis
independent of p and t.
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TRANSITION MATRIX

The "conservation of chicken" law implies that

d
In particular, 0 is an eigenvalue of T. Furthermore, T is diagonalizable and

T =pPDP ..
Let N be the population size

K
N ::J S(t,p)dp.
0
can be explicitly computed since it verifies
N’(t)=TN. 2)

One deduce that
N(t) = Pexp(tD)P~IN(0). 3)
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A SPECIAL CASE

If the matrix T is the discrete Laplacian matrix :
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A MORE GENERIC CASE

The matrix T is no longer sparse, its coefficients are taken randomly :
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TRANSFER OF EXCREMENTS

{9t5( p) = 9;5(t,p) = Ip([E(p) + Bin(P)R = Bex(p)]S(£,p)) + TS
4)

K K
R'(t) =—(7+L S(t,p)ﬁm(p)ﬂlp)R+fO S(t,p)Bex(p)dp + ToxR.

@d-1 -1 -1 .. -1
-1 @d-1) -1 . -1
Tox = Aex . .
-1 . -1 (d-1)
d
Cage number 1 Cage number 2 Cage number 3
0.0 2 {\ ER [\
—2.5 - o °
=2 ]
—5.0
Cage?umbesrl CagepumbegS Cageiﬁumbeﬂtﬁ
o.0 .0
2
—2.5 - —p.5
o
—5.0 —5.0
Cage humbef 7 Cage humbef 8 Cage humbef O
2 -0 5
o P.5
o
,2,\J Lo
2

T. NGUYEN, F. PATOUT, T. STEGMAIER Salmonella August 22, 2018 18/19



CONCLUSION & FURTHER WORK

Dario Fo, Morte accidentale di un anarchico, 1970 :
"Siamo immersi nella merda fino al collo, é per questo
che camminiamo a testa alta."

Conclusions

> Theoretical and numerical results of convergence towards the stationary
state without reservoir variable.

> The effect of more realistic models on is unclear.
> Attempt to model the cleaning and treatment:

e Result are not satisfactory: pathogen load remain high
e Objective: Study other modelling approach

Further Work

> Consider a structured model with space, i.e. S(t,p, X) with X € R2.
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