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Multilevel mathematical
models for cell migration in
dense fibrous environments

Luigi Preziosi
Dept. Mathematical Sciences
Politecnico di Torino
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Take-home message and plan

* Stay away from the carpenter syndrome

“To a man with a hammer, everything looks like a nail”

* Look at the biomedical problem with no mathematical bias

Plan of the talk

* Take a phenomenon (migration in fibrous environments)
* Present several modelling frameworks to study the problem
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Tumour compartimentalization and invasion

Normal Hyperplasia Dysplasia/ Angiogenic Invasive
duct CIS CIS carcinoma

Breast

Ovarian cancer dissemination

Pancreas
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1) Surface shedding )
Initial distruption of call-csll Y
and call-matrix contacts '\ o

3) Retraction, sub-mesothalial adhesion o ° .
of call-call In
mull-callular aggragates 2) Disssemination
an singla calls or
multi-cellular aggregates
(spherolds)

4) Mesothslial anchering
migratienfinvasion threugh mesothellal
laywr and inte sub-meacthelial EC matrix

5) Proliferation
1o establish metmstatic lesions within
the pelvic/abdominal cavity and ergans
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Extra-cellular matrix

Collagen

Fibronectin Laminin

Proteoglycan

jcb.rupress.org/cgi/content/full/jcb.200209006/DC1



file:///C:/Users/Utente/Documents/Archivio/ppt/movies/esperimenti/Moto2%20in%203D%20ECM.mov
file:///C:/Users/Utente/Documents/Archivio/ppt/movies/esperimenti/JCB6~1.AVI
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Extra-cellular matrix

Figure 11. Electron micrograph of the arrangement of collagenous fibrils of the lamina radialis of an aortic valve leaflet at
different magnifications. Arrows indicate non-directional fibrils surrounding helical arranged collagenous fibrils. (a,b) Scale
bars, 8 um and (¢) 3 pm (adapted from Fastenrath 1995, p. 43).
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Cell motion in dense ECM

HT1080 migration in rat tail collagen (1.7 mg/ml)
in presence of MMP inhibitor

Neutrophil migration in rat tail collagen (1.7 mg/ml)
in presence of IL-8

(P. Friedl, K. Wolf)


file:///C:/Users/Utente/Documents/Archivio/ppt/movies/Cell-ECM%20interaction/Video8%20Fig5%208-s.avi
file:///C:/Users/Utente/Documents/Archivio/ppt/movies/Cell-ECM%20interaction/Video2%2010-s.avi
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Cell motion in dense ECM

Rat tail
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Wolf, te Lindert, Krause, Alexander, te Riet,
Wills, Hoffman, Figdor, Weiss, Friedl
J. Cell Biol. 201, 1069-1084 (2013)
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file:///C:/Users/Utente/Documents/Archivio/ppt/movies/Cell-ECM%20interaction/Video3%20Fig.%20S3%2010-s.avi
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Cell motion in dense ECM
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file:///C:/Users/Utente/Documents/Archivio/ppt/movies/Cell-ECM%20interaction/Video1%20Fig2%2010-s.avi

cop POLITECNICO
2 | DITORINO

Taking into account of the nucleus

BIOLOGICAL RE?E%%%E%&?%ON MATHEMATICAL

EXPERIMENT g REPRESENTATION
Cytoplasm m |

. Cytoplasm

X E(jM AN : ECM channel

Work done by traction > Energy required to squeeze the nucleus

C. Giverso & L.P., Biomech. Model. Mechanobiol. 13, 481-502 (2014)
C. Giverso, A. Arduino & L.P., Bull. Math. Biol. (2018)
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Taking into account of the nucleus

The force field 1s conservative

.5 ’

The work 1s independent on the path

Force
L

There exists a potential energy

U(x)

related to the elastic force f by

f =-VU

Compression Elongation
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Continuum mechanics in a nutshell
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Continuum mechanics in a nutshell

p=rm(x)

dx =F dp
9, Xi Deformation gradient
Fik =

0X x
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Continuum mechanics in a nutshell

p=rm(x)

dx =Fdp

Cauchy-Green deformation tensor

dX|? = dx - B~ ldx B = FF!
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Taking into account of the nucleus

A The force field i1s conservative
,: L
The work 1s independent on the path

|

There exists a potential energy

U(x)

related to the elastic force f by

f =-VU

Force
L

Compression Elongation
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Continuum mechanics in a nutshell

The force field is conservative

|
The work 1s independent on the path

|

There exists a potential energy
W(F)=p *G(F)

related to the Piola stress tensor S by

5= W
oF

and related to the Cauchy stress tensor T by

do T
T(F) = p—F
(F) PR
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Continuum mechanics in a nutshell

The force field is conservative

|
The work 1s independent on the path

|

There exists a potential energy

W) = p,o(F)

Frame indifference + isotropy ==) 0 = 5(IB, HB? IHB)

e.g., neo-Hookean material W(IB) = g(l B — 3)

. % Ip—3
Gent material W (Ig) = _EK In{1-— T
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Computing the energy required

Work done by traction > Energy required to squeeze the nucleus

- G1ven the deformation F

- Given the constitutive equation W

- Compute B and then, for instance, W (Ig) = g(l g—3)
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Computing the work done by traction

Work done by traction > Energy required to squeeze the nucleus

‘F}:loz'.'"l,djL mmm— ECM with LIGANDS
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Cell traction

The classical (direct) problem in elasticity:

Given the stress f, find the deformation u of the substratum such that

Au:f, U‘aQ:O, \
r S:f—u
Au=—pAu—(p+ ANV (V-u),
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Cell traction

The classical (direct) problem in elasticity:

Given the stress f, find the deformation u of the substratum such that

\

Au = f, u‘ag — 0,

Au=—pAu—(p+ ANV (V-u),

-1
* S:u—f

— T
- .
. .Eh‘? .

{ ?&%‘;- : A
| s ] Inverse |-
404 S R 1
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Cell traction

deformation

A ' I ' | ' I
Gl —

LN ol

A

Where are the forces exerted in QQ ? D. Ambrosi
C J. Math.Biol. 58, 163 (2009)

What is their magnitude?


file:///C:/Users/Utente/Documents/Archivio/ppt/didattica%20e%20divulgazione/movies/adesione/Cavalcanti.mov
file:///C:/Users/Utente/Documents/Archivio/ppt/didattica%20e%20divulgazione/movies/adesione/MMP%20inhibition.avi
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The inverse problem

Set of forces acting on €2, with null resultant and momentum

|

The penalty functional J : F — RT is defined as:

1 7
Flg)—=] @® ug||2 + Take the smr.clllest
2 1 force possible

Compute the deformation
for a given virtual force

Measured deformation

A 4

Evaluate the computed deformation
in the measurement points
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The inverse problem

The penalty functional J : F — R is defined as:

OSg — ugllg + 51 gl|?.

!

Two coupled sets of elliptic partial differential equations
to be solved in (2,

1
J(g)= 5|

—pnAu— (i+ MV (V-u) = — ?p. ulon = 0,

—(Ap — (i + NV (V- p) = you — uyp, plaa = 0.

where \,. and \; are the characteristic functions related
to (1. and (2, respectively.
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Traction force microscopy

arrow length = 10e2 picoNewton per micron sguare
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Cell traction
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Fipure 1 Phase—contrast tmape of 8 T24 cancer cell (at time { = & min from Fig. 2) and come

sponding traction Geld of & T24 eell represonted as & color map. The color scale for stresses reads
in Pascal (Pa)

“E* g V. Peschetola et al.
s : Comp. Methods Biomech. Biomed.
ng cd b e YLy bae T Engng. 14, 159-160 (2011).
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file:///C:/Users/Utente/Documents/Archivio/ppt/movies/adesione/S2.avi
file:///C:/Users/Utente/Documents/Archivio/ppt/movies/adesione/S1.avi

Traction on a stiff gel

Ambrosi, Peschetola,Verdier
SIAM J. Appl. Math, (2006)

AT T24 cancer cells



file:///C:/Users/Utente/Documents/Archivio/ppt/didattica%20e%20divulgazione/movies/adesione/Cell_m.avi
file:///C:/Users/Utente/Documents/Archivio/ppt/didattica%20e%20divulgazione/movies/adesione/Force_m.avi

&

-0

ra
aaaaa

M =

Traction on softer gel

T24 cancer cells

Conclusions

* minor traction
ability than
fibroblasts

* larger forces
on stiffer gels
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Traction in 3D

' ' ' Gel o
: [D
2D Differences 3D
* Measurements everywhere * Measurements outside the cell
(even below the cell or * Forces exerted on the cell
“inside” the cell domain Q) boundary
* Forces below the cell or
“inside” the cell domain Q) —V -C[Vu] =0, in,
S:f—> u——3C[Vuln =1, on [y,

u=_~0, on ['p.
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Traction in 3D

Penalty function for the
minimization problem

| £ 5
T®) = S 10SE — o> + =[£I

[D

G. Vitale, D. Ambrosi, L.P.,
J. Math. Anal. Appl. 395, 788-801 (2012)

.. Inverse Problems 28, 095013 (2012
Self-adjoint problem (2012)

1
f(,uVu-Vv—}-k(V-u}(V-v))-{-([ f /)—0
& Y |FN\ Iy 'y

[(HVP Vq+ A(V-p)(V: q))+zé‘}h,u 3-”1]—2-!!0 Ox;q
= J=1
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Traction in 3D
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Criterium for invasion

Work done by traction > Energy required to squeeze the nucleus
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Criterium for invasion

Work done by traction > Energy required to squeeze the nucleus
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R, C. Rolli, PlosOne 5, ¢8726 (2010)


file:///C:/Users/Utente/Documents/Archivio/ppt/movies/esperimenti/journal.pone.0008726.s003.mov
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Effect of nucleus envelope stretchability
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Models based on a regular grid

Grid-free models

Rule based Energy based Force based Energy based
Lattice-gas Self-propelled
Cell Voronoi model
center cellular oronoi models
automata
Cell center Individual ‘
and radius cell-based models
((136:11‘1 cent§r Ellipsoidal 353
and dimensions cell-based modelga s+
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Vertices of
1 1 cell Force based vertex models Energy based
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Q h o
o element models S
5 @
B
S . . Finite element methods
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Kinetic model
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file:///C:/Users/Utente/Documents/Archivio/ppt/movies/Cellular%20Automata/Voronoi%20crypt.mp4
file:///C:/Users/Utente/Documents/Archivio/ppt/movies/Galle/GalleMembrana/curv.avi
file:///C:/Users/Utente/Documents/Archivio/ppt/movies/Cellular%20Automata/flat-lamellipodium.avi
file:///C:/Users/Utente/Documents/Archivio/ppt/movies/Cellular%20Automata/Bates%20network.mp4
file:///C:/Users/Utente/Documents/Archivio/ppt/movies/Cellular%20Automata/Movie_Chemotaxis.mp4
file:///C:/Users/Utente/Documents/Archivio/ppt/movies/Cellular%20Automata/Movie_AdhesionPatches_Spikes.avi
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A cell is
represented by
several nodes

- Based on a generalized energy H

- Evolution stochastically tries to minimize the system energy
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Generalized cellular Potts model
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J. Theor. Biol. 317, 394-406 (2013).

M. Scianna & L.P.,
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The cellular Potts model

Choose a node at random

T T Choose a neighbour at random
?4——;1' 'L<——> !
Il Choose an action
—1—
>
Compute the change in energy AH
AH<0? AH>0?
Acceptl 116 IO Accept the action with
ey probability decreasing
exponentially with AH
Repeat till all nodes

are chosen

A

increase time
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Cells with deformable nuclei in microchannel
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Influence of nucleus rigidity

il P ———— | j
C. Rolli, PlosOne 5, 8726 (2010) ) mcetswithdetormabicytopasm and g nucus |
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M. Scianna, L.P., & K. Wolf, Biosci. Engng. 10, 235-261 (2013)
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Effect of deformability

Varying nucleus elasticity

Varying fiber elasticity
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Effect of adhesion in 2D

Mean call spead (pm h')
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Optimising motion in artificial ECM
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Upscaling the information

Volume of the sample

deformable and extracellular
degradable ECM liquid

volume ratio

>
Volume of the sample i i

host cells and tumour cells
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Mass balance equations
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Only tumour cells in 3D

1. Constant density X—|— V - ( ﬁv) = ' v Vv = E

2. Potential flow assumption v = VW

| L

(VU =

|

ﬂ'.}{-_,l- . )
n-—rt=n VWU

U =0, on free part of the boundary

n-VVv =0, on obstacles
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Tumours as multiphase systems

e

— I
T + V- (¢rve) v

Extracellular liquid

ECM components

8?;@ —|—V (¢vam) :Fm DD:>

Db,
ot

+V- (¢mj Vm) =L,



<« | POLITECNICO
Fa¥.7% | DITORINO

a=c,m,f,v
Constrained
mixture
assumption

V -v=

Tumours as multiphase systems

Y

a closed mixture assumption

V- Z (@D:ch) = Z Fﬂi io

a=c,m.L,v

Vo=V VYo

Y Ta =0

a=c,m,t,v

Potential flow assumption
v=VVW
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Only tumour cells in 3D

Macklin & Lowengrub JTB (2008)

N Compact
Fingering
Z .
%‘ . 500 Fragmenting
&
©
U 1+ ® LI .
0.25F L LI ]
I
25 units , L
1 50 100 )
D
Nutrient diffusion Original movies at
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Momentum balance equations

d —
—/ POV dV = —/ POV (Ve -m)dY + / T:{n d>’
dt J+ B\ oV

+/r’ﬁcdv+/prcvcdv+/pgbcbcdv,
\Y% V V

ov, ~ N
quc( M —I—VC-VVC) =V T, + ppcbe + me

o, (W +V£'VV£) — V - Ty + ppeby + My

a m e ~
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Momentum balance equations

i/pgbcvc dV = —/ pdeve(ve - n) dz+/ T 'ndy
dt Jy oV OV

+/fﬁcdv+/prcvcdv+/pgbcbcdv,
\Y% V V

pPe ? @ =V T. +%+rﬁc
( @

Db -
< ot —I—V-((bava) —Fom

V-T,+m, =0,
\
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Darcy's law
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Brinkman equation

— ¢V P+ Vv -9,

a l/
oy, (l—l—Vg VVg) :V'Tg—l—p}Q—l—mg

@

Brinkman equation
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Unsaturated cells in ECM

V'Tc+mcm+p¢cbczo

oo}

V- (@CVC) =1

ot
@ degenerate

0o, parabolic eq.
at_f +V - (x0.KVC) =V - (0. KVY.) + .=  Generalized

Keller-Segel eq.
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Saturated biphasic mixture

9,
%+V-(¢1VX):F1<
9,
%+V'(¢2VX):F2
v=M1V)\
V°T—MV:0 A

@@1 + @2 = const
T =M+...
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Back to the continuous model

0.

ot + V- (chvc) =TI,

V-T.+m., =0

v. = —KV- T,

Motility tensor
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Back to the continuous model

T~ Medium
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and motility K?
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m

A, depends on:

® Pore vs. nucleus size
Aol ® Nucleus elasticit
V- T, » Cell adhesion
* Active traction
* Action of MMP
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Back to the continuous model
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One population
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Growth below a thick region of ECM

t=2.516 = 5.023 t=28.012

t=5.02% L= 7.000 t=11.01%

o = 0.25
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Effect of nucleus deformability
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Bulk stiffness

Nuclear membrane stiffness
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Heterogeneus ECM

t=15.387 t=7.023
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Tumour compartimentalization and invasion
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duct CIS CIS carcinoma

Breast

Ovarian cancer dissemination

Pancreas

A g Small Tusmur Labpe Tuims
Dhvspl el 15 Iorasive Carcimema

1) Surface shedding )
Initial distruption of call-csll Y
and call-matrix contacts '\ o

3) Retraction, sub-mesothalial adhesion o ° .
of call-call In
mull-callular aggragates 2) Disssemination
an singla calls or
multi-cellular aggregates
(spherolds)

4) Mesothslial anchering
migratienfinvasion threugh mesothellal
laywr and inte sub-meacthelial EC matrix

5) Proliferation
1o establish metmstatic lesions within
the pelvic/abdominal cavity and ergans



». | POLITECNICO
"2 | DITORINO

Membrane problem

r dn; : . ‘nza
Bt V- (niVp) + T, inD;, =123, D, \z
’ ' n " .-:
L g g 23
piniy - Vp(ng) = pganongg - Vp(na) on Yia, A 4 B2
D by
2 /b, 12
pangos - Vp(ng) = panalys - Vp(ng) on Xas, 1
p(n1) = p(ne) on X9,
\ p(ng) = p(ns3) on Y3,
e— 0

[I-;':_} [[H]] — H1ngq Vp - 11 = L3N] V P -1, where [1',2 = limﬁ,u E
IT'(n) == np'(n),

Generalization to more cell populations

N oa N o
II(ng)| = —n“Vp(ng)-n— —n3Vp(n3)-n, on Y.
[TT (ny)] Z_; = Zl s
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Membrane problem

= V- (unVp(n)) + T, .,
Y [pnn - Vp(n)] =0, on ¥,
Al = pon - Vp(n),  on %,
where

I'(n) = np/(n),

if p(n) — Pln 2 _— ﬁ[[nﬂ = un - vn:>Kadem—Katchalsky

no interface condition
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Stationary 1D problem
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Unsteady 1D problem

cell concentration
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Unsteady 1D problem

e =0.05

membrane |



+ " Unsteady 2D problem
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Multiscale features
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Invasion of ovary cancer cells
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Invasion of ovary cancer cells
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Invasion of ovary cancer cells
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Invasion of ovary cancer cells
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Invasion of ovary cancer cells
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Invasion of multicellular spheroids
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Invasion of multicellular spheroids
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Invasion of multicellular spheroids
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Invasion of multicellular spheroids
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Mechanosensing & mechanotransduction

Mechanosensing = How cells sense mechanical forces
Mechano-transduction = How cells respond to mechanical signals,
either directly or via the activation of signalling pathways

Macroscopic
force
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Mechanosensing = How cells sense mechanical forces
Mechano-transduction = How cells respond to mechanical signals,
either directly or via the activation of signalling pathways

ey Shear stress

@ Signaling molecules =

@ Solublefactors R
Physical stimuli —_—
Mechanossnsors —
—

Strain forces

—_— Receptors =
: Mechanosensitive

Cytoskeletal

i Mechano- or ) Fension
O Osmosensitive “\ i
¥ : : .'.l"'q.‘
: .'i lon Channels M EN R

—* Ca**

o © ”~ B ion channels —>
Y TY & , Fluid
Shear Stress
Cytoskeleton : re
S0 RS
(34 !“ k¥ X
g 4
-'I- L &

S0
L,
e
0

I-}_ "8 Stretch

ECM rigidity
Sun, Chen, Fu, Forcing stem cells to behave: A biophysical Guilak, ... & Chen, Control of stem cells
perspective of the cellular microenvironment by physical interaction with the ECM,

Ann. Rev. Biophys. 41, 519-542 (2012) Cell Stem Cell 5, 17-26 (2009)
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Tumour-stroma interaction

Relations between ECM stiffness and cell tensile stress influences
* Proliferation

EY ApOptOSiS Kass, Erler, Dembo & Weaver, Mammary epithelial cell
i ) Influence of ECM composition and organization during
v Mlgratlorl development and tumorigenesis

Int J Biochem Cell Biol 39, 1987-94 (2007)

c Stromal cell Collagen |
£ o

170 Pa Increasing stiffness »1.200 Pa
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Tumour-stroma interaction

Phase contrast ‘
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Butcher, Alliston & Weaver,
A tense situation: forcing tumour progression
Nat Rev Cancer 9, 108-122 (2009)
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Diseases of mechanotransduction
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Ingber, Mechanobiology and diseases of mechanotransduction
Annals Medicine 35, 1-14 (2009)
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Diseases of mechanotransduction
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Mechano-reciprocity
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Mechano-reciprocity

¥ [t mantains tensional homeostasis in the tissue
¥ It 1s necessary for development and tissue-specific differentiation
* Its loss promotes disease progression, including liver fibrosis, atherosclerosis and cancer

Increasing stitfness in breast tumours

I-.uu-:l i tkeletal muscle

""\-\.\,
Endoth e!lal a8 Smooth h
,L cell Fibroblast muscle Chondrocyte Osteoblast LY
Bone

l| Plastic/

Figure 1. Cells are tuned ro the materials properties of their matrix
All cells. including those in traditionally mechanmically static tissues. such as the breast or the
brain. are exposed to isometric force or tension that 15 generated locally at the nanoscale level
by cell—cell or cell-extracellular matrix interactions and that influences cell function through
actomyosin contractility and actin dyvnamics. Moreover, each cell type 1s specifically tuned to
the specific fissue i which 1t resides. The brain, for instance, 15 infinstely softer than bone
tissue. Consequently. neural cell growth, survival and differentiation are favoured by a haghly
compliant matrix. By contrast. osteoblast differentiation and survival occurs optimally on
stiffer extracellular matrices with matenial properties more suimilar to newly formed bone.
Normmal mammary epithehal cell growth, survival, differentiation and morphogenesis are
optimally supported by interaction with a soft matrix. Following transformation. however.
breast tissue becomes progressively stiffer and tumour cells become significantly more
contractile and hyper-responsive to matnx compliance cues. Normalizing the tensional
homeostasis of tumour cells. however. can revert them towards a non-malignant phfﬂﬂf}'pf‘ﬁ
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Figure 1
Stem cell-based therapies for PD. PD leads to the progressive death of DA neurons in the substantia nigra and decreased DA innervation of

the striatum, primarily the putamen. Stem cell-based approaches could be used to provide therapeutic benefits in two ways: first, by implanting
stem celis modified to release growth factors, which would protect existing neurons and/or neurcns derived from other stem cell treatments; and
second, by transplanting stem cell—denved DA neurcn precursors/neurcblasts into the putamen, wheare they would generate new neurons to

ameliorate disease-induced motor impairments.

Lindvall, Kokaia, Stem cells in human neurodegenerative disorders: Time for clinical translation?

J. Clinical Inv 120, 29-40 (2010)
Progress stem cells for the treatment of neurological disorders, Nature 441 1094-1096 (2006)
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Figure 2
Stem celi-based therapies for ALS. ALS leads to degeneration of motor neurons in the cerebral cortex, brainstem, and spinal cord. Stem cell-based

therapy could be used to induce neuroprotection or dampen detrimental inflammation by implanting stem cells releasing growth factors. Alternatively,
stem cell—derved spinal motor neuron precursors/neuroblasts could be transplanted into damaged areas to replace damaged or dead neurcns.

Lindvall, Kokaia, Stem cells in human neurodegenerative disorders: Time for clinical translation?

J. Clinical Inv 120, 29-40 (2010)
Progress stem cells for the treatment of neurological disorders, Nature 441 1094-1096 (2006)
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Stem cell-based therapies for AD. AD leads to neuronal loss in the basal forebrain cholinergic system, amygdaia, hippocampus, and cortical
areas of the brain; formation of neurcfibrillary tangles; and g-amyloid protein accumulation in senile plaques. Stem cell-based therapy coutd
be used to prevent progression of the disease by transplanting stem cells modified to release growth factors. Aliemnatively, compounds andfor
antibodies could be infusad to restore impaired hippocampal neurogenesis.

Wenlricle

Impaired
hippocampal
naursgenesis

Lindvall, Kokaia, Stem cells in human neurodegenerative disorders: Time for clinical translation?

J. Clinical Inv 120, 29-40 (2010)
Progress stem cells for the treatment of neurological disorders, Nature 441 1094-1096 (2006)
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Figure 4

Stem cell-based therapies for stroke. Ischemic stroke leads to the death of mulfiple neuronal types and astrocytes, oligodendrocytes, and
endothelial cells in the cortex and subcortical regions. Stem cell-based therapy could be used to restore damaged neural circuitry by transplant-
ing stem cell-derived neuron precursors/neuroblasts. Also, compounds could be infused that would promaote neurogenesis from endogenous
SV stem/progenitor cells, or stem cells could be injected systemically for neuroprotection and modulation of inflammation.
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