
Multiscale population dynamics
Interactions between scales in developmental and

reproductive biology

Céline Bonnet, Keltoum Chahour

CEMRACS 2018
22 Août 2018

1/ 16 Céline Bonnet, Keltoum Chahour Multiscale population dynamics



Presentation outline
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Modeling approaches
Theoretical and numerical results
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Biological background (1)

Main steps of follicle development :
activation, growth and ovulation

Stage-repartition of the whole follicle
population

Scaramuzzi et al., Reprod. Fert. Dev. 2011

λ0 λ1 λ2
X0 → X1 → X2 → · · · Xd
↓ ↓ ↓ ↓
µ0 µ1 µ2 µd
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Biological background (2)

MJ.Faddy and R.G.Gosden
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Figure 1. A mathematical model fitted to follicle counts from 43
human ovaries aged from 19 to 50 years of age. Each panel shows
a spline-smoothed regression ( ) to the raw data representing
pairs of ovaries (X) and the fitted model (—). Panels (a), (b) and
(c) are follicle stages I, II and III respectively.

were balanced, however, because no follicles were dying at
this stage.

The final column in Table I shows the total numbers of
follicles leaving stage III and therefore summarizes the outcome
of earlier stages of follicular growth leading towards ovulation.
The egress declined with age and this reflected the smaller

7.284
(1.253)

7.284
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Figure 2. Schematic diagram showing the model of follicle
dynamics in humans for adult ages up to and above 38 years of
age (phases 1 and 2 respectively). Follicles leave stages I, II and
III at the indicated growth and death rates (with SE) expressed as
number per year per number of follicles present.

Table I. The i
from 24 to 50

Age (years)

24-25
25-26
26-27
27-28
28-29
29-30
30-31
31-32
32-33
33-34
34-35
35-36
36-37
37-38
38-39
39^0
40-41
41^2
42^3
43-44
44-45
45-46
46-47
47-48
48^9
49-50

numbers of follicles moving from stage
i years of age

I->

13617
12 099
10 750

9552
8487
7541
6700
5953
5290
4700
4176
3710
3297
2929
6099
4506
3329
2459
1817
1342
991
732
541
400
295
218

(predicted from model)

13617
12 099
10 750

9552
8487
7541
6700
5953
5290
4700
4176
3710
3297
2929
2381
1759
1299
960
709
524
387
286
211
156
115
85

II->

18 399
16 764
15 189
13 704
12 324
11 055

9896
8845
7896
7042
6276
5589
4975
4427
3914
3366
2822
2322
1884
1511
1200
947
742
578
448
346

to stage per

18 399
16 764
15 189
13 704
12 324
11055

9896
8845
7896
7042
6276
5589
4975
4427
3914
3366
2822
2322
1884
1511
1200
947
742
578
448
346

annum

IIl->

18 626
16 986
15 401
13 903
12 508
11 223
10 050

8984
8022
7155
6377
5680
5056
4499
3986
3442
2895
2388
1941
1559
1240
979
767
598
464
359

numbers leaving stage I. It may seem surprising that the
numbers in the final column exceeded those in the first, but
this is due to there being many follicles already in stages II
and III at these ages, contributing to eventual egress from
stage III.

Although the numbers of follicles at stage III are falling,
they actually increase when expressed as a fraction of those
in stage I (Figure 3). This is, however, only an apparent
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Faddy et al., Hum.Reprod. 1995

Decrease of the quiescent
follicle pool

Thibault & Levasseur 2001

Size distribution of ovarian follicle
population

Question : Can we find a nonlinear model explaining
these data and integrating recent biological knowledge ?
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Biological background (3) : Feedback
regulations
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Regulation functions

λ0(X ) =
c0

1 + K0
∑d

i=1 aiXi
, ai ∈ [0,1]

µ0(X ) = µ0

λi (X ) =
fi

1 + K1,i
∑d

j=1 ω1,jXj
, fd = 0

µi (X ) = gi (1 + K2,i

d∑
j=1

ω2,jXj )
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Biological background (4)

Order of magnitude of the follicle population in women :
Quiescent follicles

At puberty : X0(t = 0) = 104 − 106

At menopause : X0(t = menopause) < 102 − 103

Growing follicles
Only 400 follicles will ever reach the pre-ovulatory stage

Activation influx ∀t , λ0 X0(t) ∼"A few per days"

Mathematical hypotheses : Set ε ∼ 10−4, so that :
X0(t = 0) ∈ [1,100]

ε

λ0 = ελ̄0, λ̄0 ∼ 1(/d)

µ0 = εµ̄0, µ̄0 ∼ 1(/d)
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Slow-Fast ODE System : discrete stages

∀t ∈ R+, ∀i ∈ {1, . . . ,d},

dX0(t)

dt
= −(λ0(X (t)) + µ0)X0(t)

ε
dXi(t)

dt
= λi−1(X (t))Xi−1(t)− λi(X (t))Xi(t)− µi(X (t))Xi(t)

λ0(X ) =
c0

1 + K0
∑d

i=1 aiXi
, ai ∈ [0,1]

µ0(X ) = µ0

λi(X ) =
fi

1 + K1,i
∑d

j=1 ω1,jXj
, fd = 0

µi(X ) = gi(1 + K2,i
∑d

j=1 ω2,jXj).
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PDE system : continuous structuring variable

Variable of interest : ρ(t , x) represents the follicle
population density with size x(x ∈ (0,1)) at time
t ∈ (0,T ).

λ0(ρ(t , .)) =
c0

1 + K0
∫ 1

0 a(y)ρ(t , y)dy
µ0(ρ(t , .)) = µ0

λ(ρ(t , .), x) =
f (x)

1 + K1(x)
∫ 1

0 ω1(y)ρ(t , y)dy
, x ∈ (0,1)

µ(ρ(t , .), x) = g(x)
(

1 + K2(x)
∫ 1

0 ω2(y)ρ(t , y)dy
)
, x ∈ (0,1)
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PDE system : nonlinear transport equation

Let T > 0, for all t ∈ (0,T ), for all x ∈ (0,1),

dρ0(t)

dt
= −(λ0(ρ(t , .)) + µ0)ρ0(t)

ε∂tρ(t , x) = −∂x (λ(ρ(t , .), x)ρ(t , x))− µ(ρ(t , .), x)ρ(t , x),

limx→0 λ(ρ(t , .), x)ρ(t , x) = λ0(ρ(t , .))ρ0(t)

For the initial condition :

ρ0(t = 0) = ρini
0

∀x ∈ (0,1), ρ(t = 0, x) = ρini(x)
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PDE system : nonlinear transport equation

Let T > 0, for all t ∈ (0,T ), for all x ∈ (0,1),

dρ0(t)

dt
= −(λ0(ρ(t , .)) + µ0)ρ0(t)

ε∂tρ(t , x) = −∂x (λ(ρ(t , .), x)ρ(t , x))− µ(ρ(t , .), x)ρ(t , x),

limx→0 λ(ρ(t , .), x)ρ(t , x) = λ0(ρ(t , .))ρ0(t)

Question : Can we understand the limit behavior of (ρ0, ρ)
when ε→ 0
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Reduced model : ε = 0 (Candidate limit)

For all t ∈ (0,T ), for all x ∈ (0,1),

dρ∞0
dt = −(λ0(ρ∞(t , .)) + µ0)ρ∞0 (t)

0 = − d
dx

(
ρ∞(t , x)λ(ρ∞(t , .), x)

)
− µ(ρ∞(t , .), x) ρ∞(t , x)

limx→0 λ(ρ∞(t , .), x)ρ∞(t , x) = λ0(ρ∞(t , .))ρ∞0 (t)

For the initial condition :

ρ∞0 (t = 0) = ρini
0
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Analytical solution in the linear case

∀t ∈ [0,T ], ρ∞0 (t) = ρ0(t) = c0
f (0)

ρini
0 e−(c0+µ0) t

∀x ∈ (0,1),∀t ∈ (0,T ), for appropriate f and g,

If t >
∫ x

0
ε

f (y)
dy ,

ρ(t , x) = c0
f (0)

ρini
0 e−(c0+µ0) (t−

∫ x
0

ε
f (y)

dy) e−
∫ x

0
g(y)+f ′(y)

f (y)
dy

Else,

ρ(t , x) = e−
∫ x

X(0;t,x)
g(y)+f ′(y)

f (y)
dyρini(X (0; t , x))
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Convergence theorem in the linear case

For t >
∫ x

0
ε

f (y)
dy ,

ρε(t , x) =
c0

f (0)
ρini

0 e−(c0+µ0) (t−
∫ x

0
ε

f (y)
dy) e−

∫ x
0

g(y)+f ′(y)
f (y)

dy

∀x ∈ (0,1),∀t ∈ (0,T ),

ρ∞(t , x) = c0
f (0)

ρini
0 e−(c0+µ0) t e−

∫ x
0

g(y)+f ′(y)
f (y)

dy

Convergence Theorem
∀ξ > 0, lim

ε→0
sup

t∈[ξ,T ]

sup
x∈(0,1)

|ρε(t , x)− ρ∞(t , x)| = 0
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Numerical illustration of the convergence in
the linear case

Convergence of ρε towards ρ∞ in the linear case :
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PDE numerical resolution

Direct Explicit discretization in time/space

ρn+1
i = ρn

i −
∆t
ε∆x

(λn
i+1ρ

n
i+1 − λn

i ρ
n
i )− ∆t

ε
µn

i+ 1
2
ρn

i

Stability condition involving λ and µ.

Change of variables

ρ̃(t , x) = e
∫ x

0
µ(tn,y)
λ(tn,y)

dyρ(t , x)

ρn+1
i = ρn

i − ∆t
ε∆x (λn

i+1ρ
n
i+1 − λn

i ρ
n
i e
−∆x

µn
i+ 1

2
λn

i+ 1
2

dy

)

Stability condition only on λ.
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Numerical illustration of the convergence in
the nonlinear case

Convergence of (ρε0, ρ
ε) towards (ρ∞0 , ρ

∞) :
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"Qualitative" fit using the reduced Model
MJ.Faddy and R.G.Gosden
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Figure 1. A mathematical model fitted to follicle counts from 43
human ovaries aged from 19 to 50 years of age. Each panel shows
a spline-smoothed regression ( ) to the raw data representing
pairs of ovaries (X) and the fitted model (—). Panels (a), (b) and
(c) are follicle stages I, II and III respectively.

were balanced, however, because no follicles were dying at
this stage.

The final column in Table I shows the total numbers of
follicles leaving stage III and therefore summarizes the outcome
of earlier stages of follicular growth leading towards ovulation.
The egress declined with age and this reflected the smaller
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Figure 2. Schematic diagram showing the model of follicle
dynamics in humans for adult ages up to and above 38 years of
age (phases 1 and 2 respectively). Follicles leave stages I, II and
III at the indicated growth and death rates (with SE) expressed as
number per year per number of follicles present.

Table I. The i
from 24 to 50

Age (years)

24-25
25-26
26-27
27-28
28-29
29-30
30-31
31-32
32-33
33-34
34-35
35-36
36-37
37-38
38-39
39^0
40-41
41^2
42^3
43-44
44-45
45-46
46-47
47-48
48^9
49-50

numbers of follicles moving from stage
i years of age

I->

13617
12 099
10 750

9552
8487
7541
6700
5953
5290
4700
4176
3710
3297
2929
6099
4506
3329
2459
1817
1342
991
732
541
400
295
218

(predicted from model)

13617
12 099
10 750

9552
8487
7541
6700
5953
5290
4700
4176
3710
3297
2929
2381
1759
1299
960
709
524
387
286
211
156
115
85

II->

18 399
16 764
15 189
13 704
12 324
11 055

9896
8845
7896
7042
6276
5589
4975
4427
3914
3366
2822
2322
1884
1511
1200
947
742
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to stage per

18 399
16 764
15 189
13 704
12 324
11055

9896
8845
7896
7042
6276
5589
4975
4427
3914
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annum

IIl->

18 626
16 986
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13 903
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11 223
10 050

8984
8022
7155
6377
5680
5056
4499
3986
3442
2895
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1559
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numbers leaving stage I. It may seem surprising that the
numbers in the final column exceeded those in the first, but
this is due to there being many follicles already in stages II
and III at these ages, contributing to eventual egress from
stage III.

Although the numbers of follicles at stage III are falling,
they actually increase when expressed as a fraction of those
in stage I (Figure 3). This is, however, only an apparent
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Conclusions and perspectives

Conclusions
Design and simulation of a slow/fast PDE model
Convergence to a quasi steady-state reduced model
Qualitative behavior consistent with available data

Work in progress
Proof of convergence in ε→ 0 in the general case
Quantitative fitting (parameter estimation)
Stochastic models to represent small population sizes
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Thanks for your attention !
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