Data Assimilation: A Deterministic Vision
— Theory and Applications
Least-square estimation

Philippe Moireau
Inria Project-Team M=DISIM

Inria Université Paris-Saclay
LMS, Ecole Polytechnique, CNRS

FCOLE
POLYTECHNIQUE

UNIVERSITE PARIS-SACLAY

informatiques y 4 mathématiques
el — .



Outline



Few words on inverse problems

The least square approach

Data assimilation seen as an inverse problem
The variational approach — the so-called 4D-Var

The Kalman estimator formalism
Kalman in an infinite dimension context

The discrete-time Kalman filter as a time discretization of the continuous-time
Kalman estimator

Non-linear optimal estimator
Reduced Order Optimal Filtering approaches

Beyond the deterministic approach



Few words on inverse problems



Inverse problems in the sense of Hadamard

e Problem setting: Given z, find y such that

z="Y(y),

where

e State space: Separable Hilbert ), (-, -)y;
e Observation space: Separable Hilbert Z, (-, ) =.

e A “well-posed” problem:

e T here exists at least one solution — /.e. surjectivity of V;
e There exists at most one solution — i.e. injectivity of W;
e [he solution is continuous with respect to the data,

o) v v o)
|1z = Z||z<d=|ly —V]y <.



One example (not so far from biology), i

e Model: From up and with u(¢) =0
Oru(t,x) — boku(x,t) =0, 0<x</{¢ 0<t<T.

e Observations: ,
i (t) :/ x“u(t,x)dx, 0<t<T,.
0

e Operator: V|t

0 0 0
Wir(uo) = / x“u(t,x) dx = / x“ug(x + bt)dx = [ (x — bt) uo(x) dx
0 0

bt

Hence .
d SR

Tt (ZiTuo)(t) = (—b)* " kluo(bt).




One example (not

so far from biology),

Observation Data p[¢™] for ¢ =Gaussian Function

Observ: g, e =0 Observ: pg, € = 0.001

Observ: pg, € = 0.01

Direct
Target
1 ‘ ' | | | | | | | | | | | |
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
Observ: py, e =0 Observ: pq, € = 0.001 Observ: uq, € = 0.01
T T T T T T T T T T
21 . 2| . 21 |
1) . 10 . 1 .
0 {
0F 0F 0 ~
| | | | | | | | | | | |
0 1 0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
Observ: pg, e =0 Observ: ps, € = 0.001 Observ: g, € = 0.01
T T T T T T T T T T
6 * 6 * 6 *
4t | 4t | 4t |
2 | 2 | 2 |
or of ol
| | | | | | | | | | | |
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10

(Armiento et al 2017)
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One example (not so far from biology), iii

e Conclusion:

e When bT >/
The observation z is related to k 4+ 1-th derivative of the state y(= wo)

Im(@7) .= {z°’ € H"'([0, T]), 2%(T)=---=2%(T)=0},

Therefore ¥ is compact with dense image, injective but not surjective.

e When bT </, the operator is not even injective



The least square approach



Least square estimation i

e Minimizing
Fy) = 2042||y yoll3 + 252||Z —U(y)||z
2 2
= §Hy — Yollyn, + §HZ —P(y)llz -
e Weight Operators Ay, = é]l, R = 5%]1,

(z1,2)z,r = (21, R22)z,  (y1,Y2)v.0s = (Y1, N\o)2)y.
e Optimality condition:
Voy  d_Z(y)(0y) = (yo — y,Noby)y + (2° — ¥(y), Rd¥(y)dy)=z = 0.

e Then the classical Tikhonov approach gives in the linear case

1 1 _S.00 1 1 _
(52LD !P—I—a211>y —EWZ —|—52y<>.



Least square estimation ii

e A more general formulation in the general (non-linear) case: replace é]l by
Ne = B*™B.

e A practical algorithm: a gradient-descent method

d, o,
Yir1 = Yk — PV 777 (k)

e Example: ¥ is linear compact with dense image, injective but not surjective:
2

< ,, Where og is the first eigenvalue of the ¥

With a constant step p2¢ = .
0

SVD.




Recursive least square estimation i

Let’s assume that each day, we have a new data z°, with linear operator V¥,

e Augmented Spaces:

(vo) (1) (o 0
20 VA

\z:n/ \J/) \ 0 ) R,

n —1
e the LSE is given by j, = (/\<> +3 ngpk) (/\<>y<> +3 W sz,f).
k=0

\ . J/

Vo
Iy

Lemma (Lemma of inversion)

Under suitable obvious conditions
(Mi — MiaMy *Mo1) ™ = M+ My Mia(My — Moy My M) ™ Moy My



Recursive least square estimation i

e Recursive relationships on the covariance operator:

I, = (TR, + II,4) "
= Hn—l — Hn_lgp:(Wn + ‘Jpn]Yn—lgp:)_1!’pf717”—1

o Recursive estimator (W, = R, ):

)7n — )7n—1 + Gn(Zg — gpn?n—l)
with G, = II,_1C; (W, + C.II,—1CT) " = II,C} R,

10



Data assimilation seen as an inverse
problem




Formalism (hence formal) i

Model: A dynamical system

)7|c,u(t) = A(y,t) + By(t), t € [0, T] Observations

)/IC,V(O) = Yo +(

where Zé(t) = C(y(t),t) +n(t), tel0,T]

9 where
1¥(0) = yolly = [[C]ly < @

o) v v
12" = 2|z = |17||lz <6
and

Y1, = AW, t)lly o< [[P(t)|lee < B

11



The least square criterion

(Non-linear) operator:
Q — y X Z/[T — ZT

§=(Gv)— 2z
And we minimize ming 7 (&) = 311§ — &llon + 5112° = ¥(€)IIZ

Least square estimation

Ep'r:

We minimize — under the “constraint” of the dynamics — a criterion /ﬁ’ﬁ’(s

. 1 1 [T
rm{yw«wr:;a§%+§/|wﬂmﬁm
C)V 0

+%AI?W—CW@HMERM}

12



The swiss knife

e Every operator can be time-dependent

e The formalism encompasses identification problems:
— Augmented state %y = (y, )T

()./|hg,y — A(yvev t) T BV? S [07 T]
Oec.,, =0, t €[0, T]

)/|hg,y(0) = Yo + Gy

\0|UC,1/(O) = 0o + Qo

'\

e Observations can have a more complex structure:

J(Z°(t), 9(t)) =n, telo,T]

e Dynamics, observations and errors can be discrete in time...
— (see slides on discretization aspects)

13



But the devil is in the detail

e Linear VS Non-linear (even for a linear dependency w.r.t parameters)

e Spaces: for instance for the state:

L2([07 T]7y)7 CO([Ov T]ay)v Cl([()? T]ay) or CS([O, T]ay)lv Hl((07 T); y)?

e Bounded or unbounded operators A, C, B: Essentially

e ODE (A bounded) VS PDE (A unbounded).
e Intern. obs. (C bounded?) VS Bound. obs. (C unbounded?).

'f € G([0, T], V) if 3g € L'([0, T]) | f(t) — £(0) = [; g(s) ds

14



The variational approach — the so-called
4D-Var




Finding the adjoint dynamics i

Let Y+ = H'((0, T);Y), Ur=L*((0,T);Y

Lagrangian

Let (¥, 7, @) be a satisfying the saddle-point optimality condition of

yeyT7 Ey
veur 7 T

inf sup {éf(y,v, q) = Z7(y — y(0),v) +/O (v —Aly, t) — Br,q)y dt}

Then (¥(0) — yo,7) is a minimum of of _#|r.

Proof.

Remember: J(z°,y) plays the role of z° — C(y).
Let's 0y € D([0, T]; V), then

(0,2, 3y) = / (J(2°,7), dyJ(2°, 7)(6y))z — (G, 6y)y — (dA(7, t)(dy),q)y dt

=0 =g+ dAF. 1)'§= d,J(z°,7) (2", 7).

15



Finding the adjoint dynamics i

Proof cont’d i.

Let's take now dy € Hi([0, T]; ), then (8,.Z,8y) =0= G(T) = 0.
Let's take now 8y € H; ([0, T];)), then with IT, = AJ ",

-
<a)/°2ﬂ7 5y> — (.)7(0) — Yo, /\05)/(0)))) T {(5» 5.)/)}0 =0 = )7(0) — Yo - 17<>C_7(0)
With dv € L*([0, T];U), we get with Q = S, (0,.Z,6v) =0 =1 = QB*q
Finally taking g € D(|0, T]; Y), then

§
(04Z,6q) = / (¥,9q9)y — (A(y,t),6q)y dt =0=y = A(y, t) + BQB"g.
0

16



Finding the adjoint dynamics iii

Proof cont’d ii.

Using this two-ends dynamics

7 = A7, t) + BQB"Gr, te(0,T)
37|T + dA(.)_/|T7 t)*C_7|T = — dC()7|T7 t)*R(Z(S - C(.)_/|T7 t)), tc (0, T)
¥17(0) = yo + I1,G;+(0)

LG (T)=0

We get for all (6¢,6v) € Y x L*((0, T);U),
(d_#7(¢,7),0¢ @ dv) = (/\OE,T5C)y +(g(0),6¢)y
T / (S8u(t), B(£))u + (a(t), Bov(1))y ds = 0.

17



The linear case

e [ he criterion reads

1 2 1 ! ) 2 2
Sir6r) = 3160, + 5 [ (12°65) = ez + 006 e s
0

e #;is a quadratic functional in the Hilbert space ) x L*((0, T);U) with

3e >0, W(E2) eV L0, THU)  F(Gv) = anlICB+ Wz, r):

e T herefore, there exists one, and only one, optimal estimation
(¢,v) = argmin_Z((,v).

e The optimality system then reads

(V- = Ajir + BQB™qr, in (0, T)
Gir +A*Gr = —C*R(z° — Cy+(t)), in(0,T)
77(0) = yo + I1,G+(0)

LG (T)=0

/"

18



Observ: pg, € =0

2 T T

1.5

0.5

Observ: pg, € =0

1.5

0.5

Observ: pg, € = 0.001

T T T T

| \ |
)
MA.‘ \\AM_A‘AAA
ABBama- g 2N e 144 18
0 1 2 3 4
Observ: puq, € = 0.001
T T T T

5

Observ: pgy, € = 0.001

Observ: pg, € = 0.01

Observ: puy, € = 0.01

Observ: pg, € = 0.01

(Armiento et al 2017)
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The Kalman estimator formalism




Optimal sequential estimation in a linear context & in finite dimension

o Assumption: dim) < oo; A linear (bounded) and supy, r1[|A(t)|| < cat
e Cauchy-Lipchitz gives a solution y € C?([0, T]; Y)

e One unique minimizer for #|\7 =y = y;; ;

Definition (Optimal estimator)

The optimal sequential estimator is defined by

vte [0, T], (1) = 7e(t).

20



lllustration

Target System
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lllustration

ATarget System

V

Observability
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lllustration

ATarget System

P
Observability
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lllustration

ATarget System

P
Observability

21



lllustration

ATarget System

Observability
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Definition (Riccati dynamics)

We call Covariance operator, the solution of the following Riccati dynamics

IT = AIl + ITA* — IIC*RCIT - B*QB

11(0) = ITo. 1)

Theorem

There exists a unique Covariance operator II € C?([0, T],S())) solution of

(1).

Idea of the existence proof.

o 1o ') diagonalizes the system

i y\ _ A BQB” y L c y(0) (1 I, Yo
dt \g) \C*RC -A | \g = \go))  \o 1) \q

22



Kalman-Bucy estimator (

Theorem

Kalman-Bucy The optimal sequential estimator is the unique solution to the
following dynamics

y=Ap+1C*(z° —Cy), in(0,T) 2)
)A/(O) = Yo

Moreover, we have the fundamental identity

vt e [0, T], yr(t) = y(t) + LI(t)g(t). (3)

Proof.

There exists a unique solution in C?([0, T],)) to the dynamics (2). By unicity
of the solutions, we verify (3) as each side follow the same dynamics and initial
condition. []

23



Initial condition reconstruction, a back and forth approach

o Injecting y+(t) = y(t) + II(t)g+(t) in the adjoint dynamics

g+ + (A* — C*CII(t))gr = —C*R(z° — Cy(t)), in(0,T)
qg-(T)=0
e A simple configuration: A= —A", C* = B hence

vte [0, T], II =1 = é]l. Here, we can prove that we retrieve with a =1

and
vte [0, T], 3°(t) = 9(t) — 2q(t)

the back and forth nudging algorithm for conservative systems (Auroux and
Blum, 2005; Ramdani et al., 2010), namely

Yo = A*9p — C*R(2° — Cyp(t)), in (0, T)
o(T)=y(T)

24



Initial condition reconstruction, an sequential approach

e Augmented form °y = (y, ()T with ¢ = 0.

A B 1, II
A — 0) vg_ ,bC:(C o),bnoz o e
0 0 0 , 11,

o Let ’g=(gq,\)T, We get A =0, A\(T) = 0=\ = 0 hence for all t € [0, T]

)Z _ )/: 4 Hyy HyC C:I _ ):"I'Uyyc_l
q q Hey e ) \A G+ 1l¢yq

e Same equations for y and I1,,, and we additionally retrieve in (0, T)

¢ = HCyC*R(25 - C9),
ﬁéy = l¢yA” — Iy C"RCII,

25



Kalman estimation with periodic bc Kalman estimation in actual BC

1 Target Target
Simulator 1 Kalman ||
Observer ‘ '
0 0 |
0 1 0 1

26



Kalman estimation in actual BC

Kalman smoothing

Target

Kalman ||

Target
Kalman ||

26



Kalman in an infinite dimension context




Linear evolution equations |

e \What sense to give to
y = Ay + Bv
namely How to generalize ™ ...
e Notion of mild solution via Duhamel formulae:

vt € [0, T], y(t):@(t)yo—l—/t@(t—s)Bu(s) ds.

e Ex: If yo €Y and v € L*(0, T;U), we have a unique mild solution y that
satisfies

y € W(0, T; D(A)) N C°([0, T]; V);
e Notion of weak solution (see for instance (Bensoussan et al., 2007)):

y € LP(0, T; ),
for all g € D(A*), (q,y(-)) belongs to W'P(0, T)

27



Linear evolution equations i

for almost all t € (0, T) and g € D(A"),

d

a(q,y(t)) — <A*q,y(t)> + (g, Bv(t)).

e The variational case: We can consider A(t) associated to a a(u, v, t) elliptic
bilinear form. The evolution operator becomes ®(t,s). We have additional
regularity properties.

28



Covariance operator from Riccati dynamics IT = AIT + I[TA* — IIC*RCIT +

B*QB

e A mild solution to (1) is a function I € C([0, T],S())) that satisfies for all
ye), te|0,T]

TI(t)y = ®(t) [T d"(t) — /0 (¢ — $)I1(s)C*RCII(s)d" (¢ — 5) ds

+/t§l5(s)BQB*d5*(s) ds; (4)

e A weak solution to (1) is a function IT € C([0, T],S())) such that for all
(v1i,y2) € D(A), (II(-)y1, y2)y is differentiable and verifies

(B 2)y = (T, A'y2)y + (DA, 2
— (CII(t)y1, RCII(t)y2)z + (B y1, @B y2)u, t€[0,T] (5)

29



Inherent definition i

e Let's t; > ty and introduce a similar criterion

Froaa0) = 56 A0y = Ovyicalt))s + 5 [ ((2), St a

L % / (C(8)yien(8), RC(E)ye.o(8))z dt,

to

e |t admits a unique optimal solution leading to the both-end dynamics with
HQ — /\<;17 Q — S_l:

Fio 0 (£) = A2 (8) + B(O)QB(E) ey 2 (1), £ € (b0, 1)
Gt A(E) + A1) Gog.ty 2 (£) = C(£)* RC(£)Y)19.0 2(E), t E (to, 1)
Vitg.t; 2 (t0) = I Gty 1,2 (10),

Gt 2 (1) = A

/N

30



Inherent definition ii

Lemma (Covariance operator inherent definition)

e The mapping A\ € Y — (Q_’|t0,t1,,\, Uity t1,0) € YV X L*(to, t1;U) is linear
continuous.

o The mapping q — ¥+, +; A(t1) is a bounded operator on ). We denote by
I1(t1) € L()) this operator:

Vitg, i x(t1) = I (t1)A, VA e V.
o Forevery t1 > to, SUPscpy 1 I1T(E)|l2(y) < +o0.

o We even have Vt € [to, t1], Vit 5.2 (1) = LL(t)Gtg.e0, 2 (1)
e which implies VA €Y, (A II(t)\)y >0,

e and min(c,y)enyz(to’t;u) fto,t,)\(C7V) — —%()\,]Y(t))\)y

31



Trace class and Hilbert Schmidt operators i

o Let's P € J1()), the spaces of trace class (nuclear) operator.

V(en)nzo b.onof ¥, tr([P]) = (en, (P*P)2en)y = ||Pll1-

n>0

o Let's P € J2()), the spaces of Hilbert-Schmidt operator.

N
L]

[Pll2 = v/tr(P*P) = (3" (en, P*Pen)y )

n>0

e When additionally P € S7()), then tr(P) = D n>0{Pen, en).

e With K()) the space of compact operators, we have
Ji(Y) C () C K(Y) C L(Y).

32



Trace class and Hilbert Schmidt operators ii

Theorem
Let p € {1,2} and assume that

o Ilp € ST(YV)NTp(Y),
e BB* € ST(Y)N Tp(Y)
o CC* e S7()).

Then, the Riccati dynamics (1) admits one and only one mild solution Il and

I € C([0, T], 87(¥)) N C([0, T], Tn(V))-

33



Kernel representation of the covariance operator i

Theorem (Kernel Theorem in L°)

An operator IT from L*(S) to L*(Q) is a Hilbert-Schmidt operator if and only
if it is associated with a kernel m € L*(2 x Q) such that

Vo e L2(Q), VxeQ, [Tp)(x)= /QT('(X/,X)QO(X/) dx’.

Theorem (Kernel Theorem in Sobolev Spaces)

Let (m, p) € N°. An operator IT from H™(Q) to HP(S) is a Hilbert-Schmidt
operator if and only if it is associated with a kernel m € H™P(Q2 x Q) such

that Vi€ HM(Q),  (ITH)(x) = (b, (-, x))hm.

34



Kernel representation: the heat equation example i

e Lets consider an illustrative example: the heat equation

Oru(x, t) — Au(x, t) = x(x)v(t), (x,t) € 2 x (0, T)
u(x,t) =0, (x,t) € 9Q x (0, T) (6)
u(x,0) = uo(x) x €Q

o The state space Y = L*(Q), (en, itn)n the eigen-elements of —A ™' gives a b.o.n
e The model dynamics: A=A, D(A) = H*(Q)N Hy(Q).

e T[he model noise operator and observation operator:

B:R3ve x(x)vel’Q), B :L*Q)>3q¢(x)— /Qx(x)gp(x) c RR.

35



Kernel representation: the heat equation example i

Theorem

Let p € {1,2} and IIy € ST(Y) N T(L*(2)) N L(H (), Hy(R)). The
Riccati dynamics associated with the heat equation admits one and only one
mild solution II, associated with a kernel 1 € W'2([0, T]; L*(Q x Q))
solution to

(Oerr (X, x,t) — (Ay + A)m(X, x, t)
+B 12 x(x")x(x)
< — —5/ m(t,x,x)m(t,x", x") dx”, (x',x,t) € Q2 x Q2 x (0, T)
(x’, x, t) i 0, (x',x,t) € 902 x Q x (0, T)
w(x',x,t) =0, (x',x,t) € Q x 00 x (0, T)
(X", x,0) = mo(x, x), (x',x) € 2 x Q

where 1o Is the kernel associated with the initial covariance 1.

36



Estimator dynamics, and associated solutions i

e Mild solution: y € C([0, T];))

y=Ap+1C*(z° — Cy), in(0,T)
)A/(O) = Yo

e Weak solution: y € LP(0, T;Y) (1 < p < 0), {q, y(-)) belongs to W'P(0, T)
and for almost all t € (0, T) and g € D(A™)

—(q,y(t)) = (A"q,9(t)) + (CIIq,z° — Cy).

37



Estimator dynamics: the heat equation example

e Weak form: For all v € L*(0, T; Hy(S2))

(Orl(x, t), v)i2() — (Vi(x,t), VV)i2(q) = (f, V)12
—|—/ / om(x’, x, t)0(x', t) (zé(x, t) — d(x, t)) dx’ dx.

Q
e Strong form (by symetry of 7):

O:l(x,t) — Ad(x,t) =f —|—/ om(x’, x, t) (Zé(xl, t) — a(x’, t)) dx’, x in £,

w

u(x,t) =0, x on 0f).

38



Space discretization: Formalism in the context of the heat equation

A Ritz-Galerkin method )" c V"

V(" v e V' x V" (", vy =vTMu, (Au”,v")y = —vTKu,

Discrete-space Operator A" s.t. (—=A"u", v")y = a(u",v") = (—Au, v)y.

Dynamics in V"

?/—Ay+BMNW,HMQU,

y'(0) = Py, + P"¢,
Equivalently, the dynamics in RV

My + Ky =Bv, in (0, T),
y(o) — Yo =+ C?

5.h h.h" 6.4
observed from z70° = P z7

observed from z° the dof of z°"

39



Finite dimensional criterion

e Criterion

1

7 1 r R’ 2
ST ) =S + 5 /0 (12°7(s) = C"yiin o (z R + [V (9)lck ) ds

e Estimator
y=Ap +1I"c (%" — chy™),  in (0, T)

(0) = ys

<>

e and Riccati

I1h = At + mh AP — e rCh I + B™QB",  in (0, T)
H(O) _ Ph>|<]Y<> Ph*.

40



Resulting dynamical system in R~

e Criterion

I7(v) = 71" v) = %CT/\OH%/O v(£)TSv(t) dt

+ % /OT (z5(t) — Cy(t))T R (z5(t) - CY(t)) dt,
e Estimator
My = —K§ + MIIM'C™R.(z° — C§), t >0,
$(0) = yo,
e and Riccati

MM = —KMN—MMM ™ 'KT — MOM~'CTR'CMN + MBQB™, ¢t >0,

o @The resulting matrix i1s dense = use H-matrix to represent the matrix as it
Is associated with a kernel.

41



1D problem N, = 10°

COOOOOOOO
OO W UTODY~J00 WO
| | | | | 1 1 1 |

-

Target

Heat

lololelolelelele
O LR UTOY~J00 O
| | | | | 1 1 | |

-

State estimation

Heat

e
O D W UTY ~J 00O
| | | I | I | | |

-

Wrong Initial condition

Heat
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1D problem N, = 10°

COoCoooooD
O W OTIOY~J00O
| | | | | | ] | |

-

Target

Heat

lololelolelelele
O LR UTOY~J00 O
| | | | | 1 1 | |

-

State estimation

Heat

OO
O DW= UTOY~J 00O
| | I | | | | | |

-

Initial condition estimation

Heat
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1D problem N, = 10°

H-matrix representation:

10.25

10.2

0.15

0.1

0.05

?
(Alouges et al 2019 ?) >



i

(Alouges et al 2019 ?)
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Convergence analysis (case h’,h” = 0)

e Based on the criterion approximation (Bensoussan, 1971)

—h _py YXL?0,TU) , = _
/7@(67y) —> /T(C,V); (Ch7yh) h—s0 ? (C,V)
_h _p .~ L2(0,T;V) ~h L2000, TY) .
W ar) ———— W qr) ¥ .
—0 h—0
L°°(o T) Y
(Hh Y. 2) (H.y y2) V(y,yh,y2)€y3|yhm>y

e Or directly on the Riccati and estimator dynamics (Germani et al., 1988)
lim sup ||II"(t) — PoII(t)P;s]||us = O
h—0telo, T

lim sup ||®"(t,s)Pny — Pad(t,s)y|| =0, Vyey

h—00<s<t<T
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The discrete-time Kalman filter as a
time discretization of the
continuous-time Kalman estimator




Discrete-time dynamical systems

e Recursive relation

Ynt+1l = ¢n—|—1|nYn =+ Bn+17/n+1, n > 0,

yo = Yo + C,

e Observations z2 = Cpy, + x» with possibly a different sampling, for instance

Cn =0mnC or xn = x(tn) + €n.

e Criterion

1 1 —
In(C, (Vi )o<k<n) = §CT/\<>C + > ZVISka
k=1

1 5 U 9
—I_ 5 (Zk o CYk|C,(Vk)0§k§n> Rk (Zk B Cy;d(:’(Vk)OSkSH) .
k=0
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Optimality system

e Criterion minimizers

M =No(@ ), gy (P, = QiBlakpe, Yk =1,--- ,n+1,

e Both ends system

VA
S
VA
~

Vitin = Put1kTk+1jn + Brr1Quri1B, 1Tk+1jn, O
Yoin = Yo + oGon,
Ak = Py lirtin = CTRi (2 — CFugn) , 0

k(_Jn—|—1|n = 0.

(7)

VA
S
VA
~

e Proof: Same as for the continuous-time case with a Lagrangian.
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Discrete-time Kalman estimator (

Definition (Optimal estimator)
The time-discrete optimal sequential estimator is defined by

VYn € N, yn — }_fn|n-

Theorem (Discrete-time Kalman estimator dynamics)

We have the following identity: Vi, =y, + T, dkn, VO< k< n+1,

where (9, ,11,),~, s defined by

Yo — Yo

§r =9, +N,CT (CN, CT+W,) " (z.—-Cpy), n>0,
Vil = ¢n—|—1|n§7;7|_, n > 0.

My = To,
§ M =Ny =N CT(CN,CT+W,) " CN,, 0 >0,

— +
n+1 — cI>n—|—1|nr|n ¢Z—|—1|n + Bn—i—lQn—HB;_‘_l, n 2 O

2
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Convergence aspects — The heat equation case

e Choose adequately the weights, (my), o and (k)" quadrature rules on [0,T]

. -
Ao = =M, S — Tk
CT o T BAt SAt

e Note that the time-discrete adjoint variable q, is not a discretization of g+
ax — M(M + 6tK) 'qerr = CTR(z° — Cyq).

However, q;, = M_1q|n s a stable and consistent approximation of g+
following

(M + 6tK)dx — Méxs1 = (L + 6tKM ™ HCTR(z° — Cyy).

o Claim limp—o ar—ol[TI} — PoII(ty)P;||s = O

e Again we should consider the discretization 0t and the data sampling AT.
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Non-linear optimal estimator




e Model: A finite dimensional dynamical systems, A € C'(R""), B, dA bounded
(possibly w.r.t time uniformly w.r.t time A(y, t)):

y=Aly,t)+ Bv, in(0,T)
y(O) — Yo -+ Ca

with [[C[ly < o,

Vur < 8.

e Observations J(z°,y) € C*(RNe»s, RNY) replaces z° — C(y), with d,J bounded
uniformly (possibly w.r.t time J(z°,y, t)):

J(257y7 t) — 777

with ]|z, < 6.
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The cost-to-come

e Cost-to-come:

V(y,t) eYxR", ¥(y,t)= min _7Z(¢,w,t)
wel?([0,T],U),
CeEY | y(t)=y

e Cost-to-dome dynamics : Hamilton-Jacobi-Bellman (HJB) equation
0¥ (y, t) — A (y, V¥ (y,t),t) =0, (y,t) €Y xR"
¥ (y,0) = §Hy — )/<>Hy,/\<>

with S (y,q,t) = 3||J(y, )|z — 5g"BRBTq — qTA(y, t)

e Estimator dynamics when ¥ is regular enough(Mortensen, 1968)

y(t) = A, t) — (V27 (9(1), 1)) 7" dy J(2°, 9(t), t)TRI(2°, 9(t), 1), teRT

7(0) =
e Linear case:1
1) = 3= 9O) IO = 5(0) + 5 [ 12°65) = C(s)3(6) s s
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The discrete-time non-linear case ( ): definitions

e For now: proofs are restricted to linear models and non-linear observation

operator

e [wo functionals

(

/N

min
cey, i
(Vk)k<n€u .

f

n n—1
1 1 1
S e = IR+ 3 Yk + 5 Sl |
k=0 k=0

/\\

min
cey,
(Vi) k<p€U™ N

. 1 1y BN
F i (G kzn) = SIICHR, + 5 DIk + 5 lelik}
k=0 k=0

e | wo costs-to-come

( .
/'yn_i_(.y) — min njn_i_(Ca (l/k)k<n)7
(Vl<)l<<nE
< CEY | yn=y |
_ . _ _ 2
Voaly) = min - Z (G (Mk<n)s Yo (V) = Sy = vella. -
(Vi) k<n€U”
\ CEY | Ynt1=Yy
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The discrete-time non-linear case ( ): Recursive estimator

e Bellman eqng:"//o_(y) o %Hy — )/<>H/2\<>a

7/”+()/) _ n//n—(y) 1 %HJn(y)H%?n’

7/,711()/) — 7/n+()\) T 1V7/+1(Y)TB QnBTV7/+1(Y)
with y = Api11n(A) + B @B VY1 (y).

\

e Estimatorf Initialization:  y, = yo,

Correction: V7,7 (9,7) =0,
Prediction:  §.-; = Api1jn(¥s ) so that V¥, (¥,.1) =0

e With a Newton-Raphson algorithm

Yom=Yn, neN
)A//:Llln - ykl (V2%+(yk| )~ 1V%+(Yk| ), keN.
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Approximated Mortensen Filter: the Extended Kalman Filter (EFK)

e Continuous-time

II = dAIT + 1T dA" — [T dJRAJII + dB* @B
y=Ay —I1dJ"J
e Discrete-time

1

Go =9, — N, dJ} (dJaM, dIF + W) ~J,
My =N, — N, dJ} (dJ,N, dIJT +W,) " dJ,n,
yn_—l—l — ¢n+1|ny;ri_

T TpT T
I_In—|—1 _ cI>n—1—1|n|_|n ¢n+1|n + Bn—i—lQn+1Bn_|_1

52



Approximated Mortensen Filter: the Uscented Transform

o Stencil E, () & Z}ii w'el) =0, Cov,(e) f ZNP w'elel)T = %]l

=1

e Consider “particles’ propagated by a function ¢ and denote

ve = (Y i<i<n, = (p(y'"))i<i<n,

e State approximation

NP
Eu(ye) =3 wiyd
=1

= ¢(Eu(y)) + ) wide(Bu(y)) - 77 + ...

=l

e Covariance approximation

Covu(ye) = Zw,-(yg) - Ew(%@))(y«g) —Eu(ye))'

= dp(Bu(y)) - (D wiCovu(y)) - dp(Bu(y)) + -

o—>
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Approximated Mortensen Filter: the Uscented Kalman Filter (UFK)

e Stencil E, (e!)) S Z}i”l w'el) =0, Cov,(e) & Zipl w'elelT = %]l

e Algorithm:

1

Initialization: y, :yo(i>, I, =11,

Sampling: C,Si) = J(zn,y, + pH,Te(")), 1<i <N,
Correction: G, = /II§Cov,, (e, ¢{)) [Cove, (¢4)) + Wi,
9 =9 + Ga(zo— Go9ln ),
Iy = I, — Gi[Covu (2,”) + Wa]GF
Sampling: {07 = pF +\/pllfel?, 1 <i<N,
Prediction: )“/,S'le_ — Q5n+1‘,,(f/,gi)+), 1 <i <N,
)A/n_+1 = I, ()7,5;21_),
1 = Coveo (9507 = Jmr) + Ba @B,
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Reduced Order Optimal Filtering
approaches




Reduced Order Decomposition

e Introduce the ansatz P = LU 'L* where L: ), — ) U1t L(t)"
e And find the dynamicsof Land U Il |
e Several interesting cases:

e No model error B =0 L(t) P(t)

L=AL U '=L"C*RCL

e Reduction on the parameter space L = (Ly LQ)T e

A 0 -
b
A—(O O>:>L9—]l, [, =AL,

e General case with model error projection
U= L*"C*RCL — UL(L*L) " 'L*BQB*(L*L) " "L*U

e Minimizes the functional
.
I (Crv) = 3060y, + o 12° = Cyie, iz + w132 de
e The time-discrete optimal filter is a time discretization of the optimal filter
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Beyond the deterministic approach




Formalism and difficulties

e the discrete-time formalism:

Yn+1 = cI>n—|—1|n(yn) + Bn—l—lvn—l—h Zp — C(yn) + Nn

where v, and 1, are white noises or 0 means and covariance @ and W

e the continuous-time formalism
dy = A(y, t)dt + Bdw, with dz = C(y) dt + dw,

e for PDEs: White noises in time or in space and time (Bensoussan, 1971)

e Note that when the discrete time correspond to a time discretization of order
At,

1 th th p , 1
W, = Cov(mn) =+ / N / | Bm(on(e) dedt’ = 32 W(e)

56



The finite dimensional linear case equivalence

e Estimator dynamics

( Initialization :

Yo =E(yo) =ye

I_IO_ — @OV(yO — _)70_) — I_I<>

Correction (n > 0):

{9 =E(ynlz0,...,20) = §a + M, CT(CNCT+W,) ™ (2, — Cir )
My = Cov(yn — )A/;L)a

Prediction (n > 0):

j}n__|_1 — ]E(yn—l-1|207 IO 7Zn) — cI)n—|—1|n5}2—7

\ I_In_—l—l — @OV(yn—|—1 — -)/}n_—l—l) — (bn—|—1|n|_|2_¢;_|_1|n -+ Bn_|_1Qn_|_1B;_‘_1,

57



The UKF seen as an ensemble Kalman Filter (EnKF)

o Stencil E,(el)) = S Z}i”l w'el) =0, Cov,(el)) = = Z}i”l w'el el =

e Algorithm:

Initialization:

Sampling:

Correction: G

Sampling:

Prediction:

Yo :yo(i), Iy =11,
) = J(za, 9 +1/pIl D), 1< i <N,
» = \/TI§Cov,, (e, ¢ [Cove, (¢1)) + Wi 7,
In =90 + Gu(zo — Gyl ),
Iy = I1; — Gi[Covu (2,”) + Wi GF
W =g/ el e 1<i <N,
PO =@ (907), 1 <P <N,
Ynr1 = BEq (y,§+)1 )
1 = Cove (77 — Jma) + BaQuBI,

17
P
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