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4 Target trajectory ¢ Sequential parameter estimator
N\ —
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Asymptotic observer definition (

Definition

An observer is a causal functional R™ > t — f/(yo,zf[(),t]), s.t. VO < r<s<t,
e For any € > 0, there exist o, B 0 K™ functions® such that
1Y(r)=y(Nlly < ale), [[P]lu, 4 < B(€), 171z, 4 < d(e) = [[y(t)—y(t)]] < e

e For any ¢,a, 5,0 > 0, there exists 7(¢, a, 5,0) such that if t — s > 7 then

1y(r) = 9()lly < o, 1P]leg, o < B, il 2y, 5 < 0= [[§(t) = 9(2)]| < e

'a continuous strictly increasing function f on R such that £(0) = 0 and limy o f = 400



Asymptotic observer definition

Definition

An observer is a causal functional

e The state estimation is uniformly continuous with respect to the

uncertainties
I<Cllys 121l 2o, ri0ys 11720, 77:2)

e Asymptotic stability of the noise free estimator, i.e. without noise we have

/\

y(s) = y(s) = y(t) = y(t), t > s



The error system

We define y =y — y

e In a linear context

V Ay + By
— § = Ay +  G(z° — Cy) with z° = Cy + 1
y = (A—GQO)y + Gn + By

So the question is can we build G so that the error is (exponentially)
stable to 0

e In a non-linear context: the error dynamics is no more autonomous

e Sufficient condition: Linearization around the target trajectory:

dA(y), dC(y) to find a linearized error and proved its (exponential)
stability



Detectability and Observability

Definition (Observability)

A system is observable if

721 =2 = )7|C1,0 = )7|g2,0-

@It means that Ker Wt = {0} which in infinite dimension can be associated
with the approximate observability (Tucsnak and Weiss, 2009).

Definition (Detectability)
A system is detectable if

21 — 22 — ||m ||-)7|C170 — _)7|C2’0 |y — O

t—+o0



Observability in a Linear Context

e Grammian of observability
.
TT:/ d(t,0)"C*Cd(t,0)dt
0

Observability <> Grammian coercivity. Remember (y, Try) = ||[¥1y]|*.

e For autonomous system in finite dimension (dim = N, ), it is equivalent to
the Kalman Criterion

rank (C CA .. CA”)T —N,
e The Hautus test: Observable < for all modes ¢, Co =0— @ =0

g%in dim oo as a system may not have a complete basis of eigenmodes.



Detectability in a Linear Context

Definition (Detectability)

The pair (A, C) is (exponentially) detectable if there exists G such that
A — GC is (exponentially) stable

Interpretation in finite dimension: The modes that are not observable are

already stable. But again @in dim oo as a system may not have a complete
basis of eigenmodes.

Definition (Stabilizability)
The pair (A, B) is (exponentially) stabilizable if there exists G such that
A — BG is (exponentially) stable



The kalman estimator as an asymptotic observer: the finite dimension linear

case

e The estimation error: y =y — y

e A Liapunov functional: 77()/, t) = %(y, H_l)/)y

e A Liapunov result 7 (7(t), t) < —c«llyll3
Theorem

Let y = 0 be an equilibrium point and D C Y be a domain containing x = 0.
Let ¥ be a continuously differentiable on D x Rt function such that

Wi < 7(%,t) < Wa(x) and 7 + (V, 7, (Ay))y < —Ws(x) where Wi(X),
Wa(x), and Ws(x) are continuous positive definite functions on D. Then,

y = 0 is uniformly asymptotically stable.

e Exists also for discrete-time ”/7,,()/) — %(y, I, 'y)y
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The optimal estimator as an asymptotic observer: other cases

e Managing the robustness with respect to errors (Krener, 1998)

e The non-linear case :
Vy e, Yy, t)=7(y+y(t),t) — V() 1),
which satisfies
ST (1), 1) = 05 (7(2), 1) + VH (1), T3(2) — BV (3(2), 1) — VH(9(2), )75(2)

1 1
= =S V7V (9(1), )T BRBTVY (y(t), t) + S (7. )%

A&

TV
=0

F VA (9(0), T BQBTY (5(2), 1) — 5 J(9(1). )]k < 0.

N

=0

e EKF convergence: continuous (Krener, 2003) or discrete (Boutayeb et al.,
1997)

e In dim oo no dynamics for IT~! in general but possible alternatives

11
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Asymptotic Riccati

e In finite dimension

Theorem

The steady-state Riccati equation AIl + IIA* — IIC*RCII + BQB™ =0
admits one a only one solution in S(Y)™ if (1) (A, C) is detectable and (2)
(A, B) is stabilizable.

e Generalizes in dim oo (Bensoussan et al., 2007)

12



Pole Shifting in finite dimension

Theorem (The pole shifting theorem)

Let (A, C) satisfying the Kalman condition, then there exists G such that for
all monic polynomial 1. — i.e. with a nonzero coefficient of highest degree
equal to 1 — of degree N,

det(A\l — A — GC) = u()\).

e In practice (and proof) (Kraus and Kucera, 1999)

e Various cases to be considered + iterative design: Relocation of (1) real simple
eigenvalue, (2)real multiple eigenvalues, (3) Complex conjugate pair of

eigenvalues

13



Pole Shifting example

[ 0\ [w]

vn} L | with VVjTVj =0
\ 0 A

Let BQBT = viq1v{ hence Il = vip1v{, with

2
2X\1p1 — (Cvi, RCvi)pt +q1 = 0 = p1 = AH\/;ﬁﬂql where v; = (Cvyi, RCvy)

A= [Vl‘

Let now define (w1, ..., un) the eigenvalues of
A—II..CTRC=A—-wvip1vy CTRC.

if i 21, (AT — CTRCvipiv{)w; = ATw; = \iw;

Let u1 = > ajw;, we have Y aidiwi — a1 CTRCvipiv wi = 1 Y aiw;
Hence by taking the scalar product w.r.t wy, we get

a1 —aipivy CTRCvi = aaq .

So Finally 1 = A1 — p171 = —vV A1 + g1 < — |\

14



Combining several concepts

e \We decompose the initial condition y = y, + 11, ;.

e Estimator Dynamics

y=Ay+f+LUTLC(2° - Cy), $(0)=ys
L =AL, L(0)=II;
U= L*"C*RCL, U(0)=

e Associated to the minimization

min {7 (6 t) = 316l + 5 [ (12°6) — e (D) s

0

e Error Analysis (§.,¥) — (A, 1) = (. — Lo L7, (L) 7 L%)

A= (ALl —LiL7TA )N
f=—-U'L*"C*RCLy — U 'L*C*RC(1 — ITI.)(\ + 1),

15



Luenberger observers




The case of conservative systems (transport, waves, elastodynamics)

e A linear conservative system y = Ay with A is skew adjoint —j.e. A* = A

d

pn (%HyIV) = (y,Ay) =0

e Find G so that A — GC is exponentially stable <.
s
d /1, .02\ - ) (
= (5191?) = =7, 6¢9) e,
s
¥ G

»/,‘0
{
N

o With G = C*R e
~(z — _(C*V.RCY) < 0.
” (z\lyl\ ) (C*y,RCy) <0

e (Haraux, 1989) y is exponentially stable if 3T¢ s.t. VT > Tp

T
S | [ (CvRE) 2 alyOF, for i=Ay 1
0

e if only detectable then the stability is not exponential (see for instance (Burg
and Gérard, 2002))

Effect of G on the poles
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Example : The wave equation (i)

e Model: 9%u — Au = f in Q, with adequate B.C. ex: u =0 on Of

1
e First order system with y = y ,and A = 0
v A 0

e Case 1: Observation z = 1y, namely C = (O ]l|w)

e Observer: § = Ay +~C*(z° — Cy), we get the so-called Direct Velocity
Feedback
Onu— Au=f+~1,(2° — ru)

e Detectability: Holmgren theorem: modes can not canceled in the observation
zone (see for instance Burq and Gérard (2002))

e Observability: Geometric Control Condition (GCC, Bardos et al. (1987)) : 3Ty
s.t. VI > Ty 2
' 2 - N ’
B | [ [ 10ux 0P 2 elluO) e + 100 ) A\ / <]

17




Example : The wave equation (i)

o Case 2: Observation z = uy,,, namely C = (]l|w O)

e Observer: § = Ay +~vC*(z° — Cy), we get the so-called Direct Velocity

Feedback
—AY =0in Q
atU:V+Rw(25_Uw) bR w w :
wit w . P =Y s.t. — @ In W
8tV—AU:f 7
1 = 0 on 0f2

e Detectability: Holmgren theorem: modes can not canceled in the observation
zone

e Observability: Geometric Control Condition (Chapelle et al. (2012))

]
B | [ [ VU OF 2 el uO e + 190 )

18



Example : The wave equation (iii)

e 7 is not conditioned by 0: overdamping phenomena

e Reduced order methods do not work in the conservative

e Recover the initial condition with the back and forth observer (Ramdani et al.,
2010)

g = AYF +~yC*(2° — CP)
$(0) = 9571(0)
with f/b_l(O) = Vo and for k > 0
yE = Apf —yC*(2° — Cgf)
ye(T) =9"(T)

e \Works for unbounded domain: GCC becomes GCC-Exterior

e Works also for elastodynamics problem: GCC becomes GCC-Elasticity

19
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Numerical example

TBC TBC

Direct problem (D) Observation area w

TBC TBC

Forward step (F)
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Numerical example

TBC TBC

Direct problem (D) Observation area w

TBC TBC

Backward step (B)
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What about discretization

Conservative system

e Estimator scheme o
ﬁ ﬁ 2000
n+1 — Un A b ~T d 0 A 1000
RS = Kb,y +7'CTK (7], = *Cliyyy ) O
N PaN -1000
Vpn4+l — Vnp " 2
M +Kf,, 3 =f
6t 2 _3000—16—14—12—10 -8 -6 -4 —2: 01
e Energy balance
Cogan—i—l — @E’an b
— ____ ™ T b T Non-viscous observer
57 = 7,1 C'K., Cu, . -
2000
e Observability condition o0
n -1000
~T T T ~T ~ ~2000
Z yI’H—% C RC 'y n‘i‘% z’ & 'y 0 /\Oy 0 ~3000
k=1 ~16-14-12-10 -8 -6 -4 -2 0 1
e Several remedies: Mixed Element Methods, Numerical viscosity, adaptative
m eS h eS " o Viscous observer
e New estimates and paradigm 2000
AN \ 2 —1 0
[7n — Y(nAt)||y < c(yo) max(e,e” h™"At),  VneN _,
-2000

-10 -8 -6 -4 -2 01



Data sampling: Time sampling

e General time scheme

.

5[’)

A AN AU S Al 5
ot 2 -
i T
n+ n+ | ’ 20+
5 = 0" CH (dn+| Cyn+|)+L5tA Vot n> 0
/\O A
Y1 = Yo, \
Sampling
period On/Off
e Use data only when they are available switch
_ | d. — Zy fdre N :n :jr Observer using
o 0 n — 0 otherwise. interpolated data
Data noise;&
* |nterpolate the data Initial errors
N _jr N _jl’ : :
1 ¥n, dy=- .zr++(| | .)zf o< <jg.
Jr+1 = Jr Jr+1 = Jr



Data sampling: Space sampling

* Linear elasticity

pOxu :wdQl+ [ e(u) :A:ew)dQ = [ f-wdQ
Q Q- = Q-

e Eigen-problem associated with the discretization of the error system

‘C*iC K | [@, _ K o] [e
—K —D.| | D, 0O M| D,
400 400
_ 200 1200
configuration - ,
E 1°
—200 1 —200
_40Q kekeBFT : E —400
e —
400
| 1200
h -
N 10 {
11 z 1 =200
P h=0.25mm
’ L=10cm I —400

|
0-12 -10 -8 -6 -4 -2 0
Real(\)




Other example

e I[ransport equation

e Estimation for Saint-Venant systems (circulation flows)

System / \

Oeh + Oy (hu) —0

at(hu) + 8X(hu2 + §h2) —0

2
Observation z° = i + 7
Estimator:
Vebcity u(m/s)
8tlA7+8X(/A70) = ~(z° — h) T

20



Parameter estimation using asymptotic
observers




Combine the strategies: the linear case

e Model: y = Ay + 5+ B
e Estimator (Zhang, 2002; Moireau et al., 2008)

(§ = Ay + B0+ B+ G(2° — Cy)+Lh, §(0) =y
§=UL"C*R(z* — Cy), O=0,
L=AL+B, L(0)=0

\U=L"C*RCL, U(0)= U, = Cov(h)™"

o min 7 (0) = 10|’ , + [ 12’ — Cy|I* ds, where
y=Ay + B0+ 6+ G(2° — Cy)
e Analyzis: Triangularize the error system (y,60) —= (u = y — L0, 0)

p=(A—-GC)u
) = —UL*C*RCLO — ULC*RCu + noise

22



Combine the strategies: the non-linear case

e Model: y = A(y,0)

e Estimator (Zhang and Xu, 2001; Moireau et al., 2008)

;. ~ .
y=A,0)+G(2° = Cy) + L9, $(0)=yo
§=UL"C*R(z° — Cy), 0=0,

[ = d,AL+ deA, L(0)=0

\U=1L"d,J*Rd,JL, U(0) = Us =Cov(0)™"

e No more minimization

e But analyzis: Triangularize the linearized error system
(Ve,0¢) == (1 = Yo — LO¢, 0¢)

p=(dyA—GC)pu
0, =—UL*d,J*R d,J L8, — ULd,J*R d,J it + noise

23



Combine the strategies with the reduced order UKF, (i)

o Model: yni1 = Pri1(n(Vn, On)
e Estimator (Moireau and Chapelle, 2011)

Sampling -
9O = Jain+ VUL e, 1<i<pt1

T .
954),, —0r+10vVU;t e 1<i<p+1
Prediction N7 R _
Tat1n = Potain(nyns Onin(1))
yn+1|n — EOé(An+1|n(Yn|m ;7k|n))7 ‘9n+1|n — enln
Correction
n—|—1 [yn—|—1|n] Da [e*]T Ln—|—1 [Qn—|—1|n]D [e*]T
rg—)|—1 = J(Y,S+)1_ tir1), Doy =T J)rl]D [e*]"
S Upp1 =14 DI W DU
yn+1|n+1 yn+1|n =+ Ln—|—1 Un+1 DJn+1Rn+1(E (rn+1))
9n+1|n+1 — ‘9n+1|n T Lg+1 Un+1DJ 1Rn+1(E (r +1))

24



Combine the strategies with the reduced order UKF, (ii

Time: tn
»  Generate r particles around the mean value using the
covariance reduced to parametric space

Prediction

Apply the model to this particle to compute one time step

Compute the discrepancy w.rt the observations for each
particle

Gather the errors to compute a mean value and a
“parametric” covariance

25



Numerical illustration

e Linear elastodynamics with pre-stress loading

AVAY

N
SK
SR

pOwu : wdd+ [ g(u) :A:e(w)dQ = [ a(t):e(w
- with ‘

<N
LR

Q)

OREES
X

Q)

N
N/
K]

e
15
K

N
N

WP RNR)

V. /A
/4
WY

V]
v/
/
[V

1194
W
Wiy
VA7

o(t) = 92)\(0

i
)

e Domain decomposition into 17 regions

v

014 =0.5 0 300517 = |

S
.

Theta

o o o o
.

Theta
(@] N 1N () o] (— N 1SN (o)) o0 N

region [1,5,10,14] 0



Numerical illustration

e Linear elastodynamics with pre-stress loading

AVAY

pOuu s wdQd+ [ e(u) :A:e(w)dt = [ a(t) : (

N——"
KELF
SR

S

L with L

N
K

K/

R
KN
<N

e
15
K

N
i

WP RNR)

V. /A
/4
WY

A(t) = 2@0

4000y

VA
o
VAR

° Domainzdecomposﬁion into 17 regions

014 =0.3, 0. 1300517 =0
é[|,|7](o) =0

0.4 : x
0.3F------- il ST T T T
0.2
; J
o \
g 0.1r i‘
5 I Iy ekl
@ 0 }':'“fl‘MIi I‘ A S S e e
£ '\\,"( Iy —
—0.1F ‘1\%}'«4’.&’ =
X l‘\)“
-0.2f
-0.3}
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Sainte-Marie, |, Chapelle, D., Cimrman, R, & Sorine, M. - Modeling and estimation of the cardiac electromechanical ‘
activity. Computers & Structures,84(28), | /431759 - 2006 |
Chapelle, D, Le Tallec, P, Moireau, P, & Sorine, M - An energy-preserving muscle tissue model: formulation and
compatible discretizations. International Journal of Multiscale Computational Engineering, 201 |

Finite strains solid mechanics
with multi-scale constitutive law
and coupling with reaction
diffusion system modeling the
electrophysiology and a fluid

~.----------

(simplified or not) Q
®

( . —

8tg =V, In QO ; — E 1 ’ I — ;,D + 01D(e1D7 t)I X T Q"""""""‘""“’ fiber direction

pov — div(T) = 0, in Qo —_—
¢ T-n=ksu+csv, on Iy 1+Vu

T-n=—-Jdp, FT n, onl;; internal variables
\l— -n =0, \ on aQ0\((Uirc,i) M rn) passive active

simplified fluid entry



-80 20
Il . =

© Annabelle Collin

— + /ion(vm7 e )) - dW(g, ’ z\/m)

div((gi + ge) -Zue)
ow + g(Vim, w)

D Chapelle, M A Ferndndez, |-F Gerbeau, P

N——
°
diV(g/ . ﬁue) + IGPP(W)7 in Oheart
~div(g, - VVn), in Qfeart
0, in Qheart,
- diV(gZUT) =0, inQs
Ro(o1¥ur) - n+ur = ue, on 9"
orVur-n=20, on 00

Reaction diffusion (bidomain)
model in the heart + Poisson
diffusion over the thorax

. . . . M
Moireavu, | Sainte-Marie, N Zemzemi- }
Numerical simulation of the A | T
electromechanical activity of the heart —

FIMH 2009 ,;"\,A 1

E Schenone, A Collin, ]-F Gerbeau. - iu \ \5 | jANn
. . . SN = | 200

Numerical simulation of

electrocardiograms for full cargﬁéc cycles
in healthy and pathological conditions —
International Journal for Numeyical Methods
in Biomedical Engineering ZQ"IS

[ N
200




Time = 0.5300

ALE - FSI with Windkessel
boundary conditions for the fluid
and viscoelastic BC for the solid O

£

d
,

Displaccment ‘cm]
[ S———
000 012 025 038 0350

*0
-i-o {"
0] |
eall |

Veloaity |[em's|

Flow [cn™3's]

-100

7 P Moireau, N. Xiao, M.
_ | \ ’ ’
Qs "Ny = ]fgf(!f, Pf) : (E) T ng, on X EAAstorino, C.A. Figueroa, D. ‘
Chapelle, C.A. Taylor & |J.-F.
(O, . . Gerbeau — External
/OSE — Zg : (ﬂ ) =0, 1In 09 tissue support and fluid—
structure simulation in

o -ng=—kly —y,), on I, blood flows. BMMB, 2012 ’
g, n, = —ky —cy, on I D




Measurements

Courtesy: Phase Contrast MRI from Arterys

Courtesy: Mondor Créteil

Courtesy: King’s College London

Courtesy: ETH




New challenges: shape observations




Observations of surfaces

e Remember we can consider complex data termes

/data(zé, y) = / dists (x + u(x, t), t“)|2 dr
5
e in a Non-linear elasticity case

Vw €V, (6’tQ, ws)g = (Q, w)g + W(ng(diste (x + 1, t)ﬂ@)aﬂ)g :
/ /

/
e Stability: after linearisation equivalent to observation of normal displacement

to the surface

26



Observations of surfaces

e Remember we can consider complex data termes

fdata(zéa)/) = / diste (x + u(x, t), t“)|2 dr
>
e in a Non-linear elasticity case

Vw €V, (5’tQ, ws) = (Q, w) + W(ng(diste (x + o, t)ﬁ@)aﬂ) ,
&) &l &)

e Stability: after linearisation equivalent to observation of normal displacement
to the surface
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A first real data case




Model Calibration on Baseline (TO)




Model Calibration on Baseline (TO)




Model Calibration on Baseline (TO)

Image Sir=: 204 x 266 Nices 6/ 13
Vaoxel Size: 1.258 x 1.25 M Value: 358
Window: ~ 750

Leve: 652

INR A 2203 - Card oViz2D




Baseline (TO) simulations compared to T38 images

Model without infarct

Segmentation of
the infarcted left
ventricle

Slow Motion
e vy




Adapt model contractility

Slow Motion

0.94

0.88

0.82

0.76

0.7

Cardiologist representation of the
Estimator various regions of the heart
Segmentation | parameter estimated by region

Model without infarct




Infarct quantification




A second real data case




Estimation of elastic boundary support

~v% P Moireau, N. Xiao, M.
_\ A Astorino, C.A. Figuerog, D.

aortic arch _ | =" Chapelle, C.A. Taylor & |-F
- --———f> left carotid
- - Gerbeau — External
S atery : .

_ 4 / A tissue support and fluid—
brachlc?- ‘ \\ left subclavian structure simulation in
cephalic / > atery blood flows. BMMB, 2012

atery ) N
/ N _ P Moireau, C. Bertoglio, N.
! i spine contact Xiao,
~ ‘ /-\ C.A. Figueroa, C.A. Taylor, D.

Chapelle & |.-F. Gerbeau —

8’ _ Sequential identification of
5 mterc_:ostal boundary support
GCJ arteries parameters in a fluid-
8 structure vascular model
® o using patient image data
8 — BMMB 2013
o
D
2 ——— o
5- = -
CQ - ==
—'_"- - \-
> & (0O )
o e
=
Q
2 a
) e A’;
: ‘ y ..‘ \N b
<
A
S‘ T
Al




Real Data

CT sequence from Stanford

Data from Stanford:
N. Xiao, A. Figuerog,
C. Taylor

- .

>
Heart rate: 0.9s




Sequential Estimation Results

e Case 1a)and 1b)
5 Regions,

. . 12 T T T 12
2 A priori.
10 0 \
8 8
4L f — 4
\ |Exterior wall regions:
2 —spine 2
outlet
04~ — — vicinity 0 B
| light support
e Case2: S - -
11 Regions ., . . . . . . . . 1 S
0 0.1 0.2 03 04 0.5 06 0.7 08 09 0 01 02 03 04 05 06 07 08 09

Exterior wall regions:

— spine subreg. #1
— spine subreg. #2
— spine subreg #3
— vicinity subreg. #1
— vicinity subreg. #2
— vicinity subreg. #3
opposite subreg.#1
opposite subreg.#1
opposite subreg.#1
- -ascending+arch
outlet




Patient specific simulation

Velocity

1.418e+02
1.064e+02
7.091e+01
3.946e+01

1.237e-16




Use directly the image

Dty Marager Fravicw | repToi0tag UNZ_SA¥_extznded_3 €U

Nime s?.j.:%-’-g"&'_-‘» ) cHEem 15 A mn
CCMI7 aze 3957 W S e e i ' N eitagi] v
fal501s RED Q vyaue &4

tUNKGEU TI24ER YELLOW

clract Heurt TSEEN

213 sequeneer

Npe! =Timm

Spaed X |32

| : i " < 5TIT
, 122 mm

vauc 44

Timnw tuesar €in secanesl

iz




Electrophysiology and shapes




Observations of fronts

FLECTREFKYSIDLDGY AND
FEAT™ MDOELING INSTITWTE

sorDtaNX

@A

————

Images (CT, IRM) Anatomy

Signal Processing

.-

."2"?-‘1‘-'11-_ » wa—T

R e ‘ |
s [P IRNE_
-r

Cloud points Signals
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Data problem statement

Scobs D X > fdep (x) = mtin{\?(/(x, t) >cpt € RT

0
Bl W

R+ XSobs%{_Ml}
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* |sochrone Maps SObS S X — tdep(X) p— j[Ilti:[l{W(X7 t) > Cth} ~ R+

actvation Eipoor (me)
2 14Ta<1?

e Sequence of activation maps: z = 1 inside the front and 0 out

- Some data are only partial measurements

(t7 X) — | t>tdep (X) - | t<tdep (X)



Similarity measure

* Inspired from a segmentation problem

in image processing from level set

gf j TF Chan, L Vese, Active contours without edges — IEEE
Trans Image Proc. 2001.

e To be compared to: ¢p(w) = w — ¢y,

* We define ¢y, as the depolarisation constant, namely

the depolarisation area is given by urtes Ll Tute

Q4 (1) = {x € S|w(x, 1) > co}
L,(0) = fx € S|w=cu} = Tymo(t)

e Our comparator is based on the Mumford-Shah
functional (Chan-Vese)

T (z, w) :/ Hw —cw)(z = Ci(z, )) dx + (I —=HWw —cp))) (z = C(z
o HomzE s (1 Higle
T Js Hlew)dx T TR (1= H(p(w))) dx

N——" ~
N——"
N—"
N
aF
X




Front-based state observer

o Target( cOw—V-(D-Vw) = Kkfiw,k), inSx(0,T),
Foo= n(k,w) inS x (0,7)
< (D-V#)-n = 0, on 88 x (0,7),
\ w(x,0) = wp(x), nS.
* Observer ( cdw—V-(D-VW) = kiw,k)+gzw), inSx(0,T),
J Eo= (kW) nS x (0,7
(D-VW)-n 0, on S x (0,T),
\ w(x,0) = Wo(x), nS.

2

No

with g(z, W) =74 (x) § (W — Cth)(_ (Z(t) —Ci(z, W)) T (Z(t) - G(z, VAV)) )

+%0po(x)/—l(((z — iz, W) = (2 = Colz,w)) ) (W — cth)) <(z —Czw) — (z- Gz W))z)

* Analysis

Proposition.

The data correction stabilises the observer on the target trajectory for sufficiently small errors.




Mathematical justification

e Compute the errornormy = 0 — U

‘ Dissipative ?
~N L B 2_ B 2\ ~
0, (#) = /F W (=€)~ (2= G)") war

* Around the target trajectory

(6071 ) = 2(Ga(e.) = C1(2.) [ 0z s o

Cz(z,W)—C(Z,W))2< | | >/ W / W
—2 b — L' x | y——dl
( 2 Q| 1S\ Q4| /) Jr, (VW] r,  IVW

e Stabilization property of

Journal Of Computational Physics, 2015




1D illustration: state estimation

e Reaction diffusion system of Mitchell-Schaeffer type (similar to Fitzugh-Nagumo)

A. Collin, D. Chapelle, P. Moireau, Sequential State
S \3 Estimation for Electrophysiology Models with Front Level-
Q\ —3 Set Data Using Topological Gradient Derivations — FIMH

2015
Time = 00ms Time — 00ms
1 = 1 = -
B = = =Target n .
: : E—— Observer : : :
0 - . :

0 10 Y 10



State and parameter estimation

e Model: bidomain surface model

Disp,. of the applied current Disp, of the applied current

—5.1072 .

—0.15F . .

0.2 -
10 15 20 0 ) 10 15 20

Time (ms) Time (ms)

; 10-3 ol (mS.cm™1)

Time (ms) Time (ms)



With topological gradient

Time = 348.00 Time = 342.00 2,




Toward real data

. .
A data completion tool With A. Gérard, A. Collin, Y. Coudiére

- different surface model .

~
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e But parameter estimation is also possible



Ingredients for real data robustness

e Different cases VR A (TR
- Simple pacing .
- Multiple pacing
- Fibrilation ?

e Sampled data
- interpolate the feedb:

e Partial data
- Correct where you have the data or find better correction based on H; Sobolev
radient con .
J adient co cepts ~% P.Moireau, D. Chapelle, P. Le Tallec — Filtering for distributed
?\’ mechanical systems using position measurements: perspectives in medical
. imaging — Inverse Problems 2009
?\\/ 3 G. Charpiat, P. Maurel, J.P. Pons, R. Keriven, O. Faugeras —

Generalized gradients: Priors on minimization flows, Int. . Comput.Vision



Other examples

RxCADRE S5 fire - Map of arrival times [s)

—ckeervalions
- = {renun
analvsis

M.C. Rochoux, A. Collin, C. Zhang, A. Trouve, D. Lucor and

" P. Moireau — Front Shape Similarity Measure For Shape-

Oriented Sensitivity Analysis And Data Assimilation For
Eikonal Equation — Proceedings of the CEMRACS 2016




Other examples

RxCADRE S5 fire - Map of arrival times [s)

—ckeervalions
- = {renun
analysis

I
5
Nie Sund

x [m) 20 A0 B0 BD 100 120 110 1870 180

M.C. Rochoux, A. Collin, C. Zhang, A. Trouve, D. Lucor and
A P. Moireau — Front Shape Similarity Measure For Shape-

Oriented Sensitivity Analysis And Data Assimilation For
Eikonal Equation — Proceedings of the CEMRACS 2016
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Conclusion




It works and it can be efficient

45,0 -
30,0 -
15,0 -
0.0 - Wl Complete estimator
’ B State estimator
| Adjoint
4D-Var = B Data
B Direct

Our filter
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The framework

For each physical model (hence evolution PDE) and measurements

- Challenge 1: Formulation of adequate similarity measures adapted to the

system of interest and design of the control feedback;

Challenge 2: Analysis of the resulting observer: existence, stability,
convergence;

Challenge 3: Joint identification of model parameters - namely, adaptive
observer formulation - and analysis of identification properties; Statistics on
shape for Kalman based formulations

Challenge 4: Discretization, numerical strategies and numerical analysis of
the observer formulation:

Challenge 5: Applications with real data, in particular in the cardiovascular

context, but not only




Challenges

e Non-linear systems in infinite dimension : theoretical aspects

e Shapes

e Constraints: theoretical aspects, and practical aspects (pressure measurements)
e link identifiability and parameter-observer convergence

e Combining Data assimilation and Learning
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