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FSI in the heart

• Interaction blood/myocardium
• Interaction blood/valves
• Difficulties

- large displacements
- fast dynamics
- high pressure drop
- isovolumic phases
- change of topology
- …
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Outline

• Resistive Immersed Surface
• FSI with Lagrange multiplier
• A new FSI explicit scheme for valves 
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Resistive Immersed Surfaces
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• Incompressible Navier-Stokes on each subdomain 

⇢f (@tui + ui ·rui) +rpi � µ�ui = 0

divui = 0

( in ⌦i, i = 1, 2)

 

• Two subdomains & “resistive” (porous) interface :

⌦ = ⌦1 [ ⌦2 [ �

Notation: JqnK = q1|�n1 + q2|�n2 = (q1 � q2)|�n✏(u) =
1

2

�
ru+ruT

�
and

• Transmission conditions :

JuK = 0

J2µ✏(u) · n� pnK = �r�u



Resistive Immersed Surfaces
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• Simplified model with resistive immersed surfaces

- Two “double-surfaces” (open / closed) 

- And the contrary for the “open” surface (green)

If the valve is closed

If (p+ � p�) < 0 then r� = 0

Else

If

Z

�
u · n < 0 then r� = +1

• Idea: “0D dynamics” and “3D geometry”

- “Close” surface (blue)

• Time scheme : the status of the valve is decided before the new time step 
solution and checked a posteriori. In case of an incompatibility, the time step 
is redone with the correct valve status. 



Resistive Immersed Surfaces
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• Cons
★ no valve dynamics
★ positions of valves have to be chosen

• Pros
★ With respect to 3D FSI model of valves

- CPU time, robustness
- accurate trans-valvular pressure drop (systole & diastole)

★ With respect to 0D models of valve
- reasonable jet shape (“Effective Orifice Area”)
- no boundary conditions artifacts

★ Model complexity adapted to available data

M Astorino, J Hamers, SC Shadden, JF Gerbeau.  A robust and efficient valve model based on resistive immersed 
surfaces. International Journal for Numerical Methods in Biomedical Engineering (2012), 28(9), 937-959.
M Fedele, E Faggiano, L Dede’, A Quarteroni. A patient-specific aortic valve model based on moving resistive 
immersed implicit surfaces. Biomechanics and Modeling in Mechanobiology (2017), 16(5), 1779-1803.



Resistive Immersed Surfaces
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(
⇢f
�
@t|Au+ (u�w) ·ru

�
� div�(u, p) +R(u�w)�⌃(t) = 0 in ⌦(t)

divu = 0 in ⌦(t)

(
�J�(u, p)nK = Ru on ⌃c

�J�(u, p)nK =
�
Rclosed �R

�
u on ⌃o
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Normal and “Stenotic” Aortic Valve
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normal stenotic

“Stenotic” 
configuration

 

Normal 
configuration

Simulations: M. Astorino 9



Resistive Immersed Surfaces
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Heart mechanical simulation
 with reduced fluid model

(G. Bureau, D. Chapelle, P. Moireau, INRIA)



Resistive Immersed Surfaces
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Normal condition Mitral regurgitation

(Simulations by L. Boilevin-Kayl & A. This)



Outline

• Resistive Immersed Surface
• FSI with Lagrange multiplier
• A new FSI explicit scheme for valves 
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FSI with Lagrange multipliers

Pros:
• large displacement without re-meshing
• change of topology

Cons:
• difficult to avoid leaks, to capture the pressure drop (closed valves)
• until recently: efficient partitioned coupling scheme was missing
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Lagrange multiplier approach
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b : ⇤⇥ [H1(⌃)]d ! R

b(µ, z) = 0, 8µ 2 ⇤ =) z = 0 on ⌃.

Basic idea:
• Write the kinematics relation:

as a constraint imposed on the coupled system, under the weak form:

u = ḋ, on ⌃

• The Lagrange multiplier corresponding to this constraint is: 

� = ��f · nf = �s · ns

b(µ,u) = b(µ, ḋ), 8µ 2 ⇤



Lagrange multiplier approach
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Discretization of the Lagrange multiplier space:

• Choice 1: 

Girault, V., Glowinski, R., López, H., & Vila, J. P. “A boundary multiplier/fictitious domain method for the steady 
incompressible Navier-Stokes equations.”, Numerische Mathematik (2001), 88(1), 75-103.

F. Baaijens. “A fictitious domain/mortar element method for fluid–structure interaction”, Int. J. Num. Meth. 
Fluids (2001), 35, 743-761

Ωs

fΩ

⇤h =

⇢
µh 2 L2(⌃h)

�
µh piecewise polynomial

�

b(µ, z) =

Z

⌃h

µ · z ds



Lagrange multiplier approach
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B. Fabrèges, B. Maury, “Approximation of single layer distributions by Dirac masses in Finite Element 
computations”. Journal of Scientific Computing (2014), 58(1), 25-40.

N. Dos Santos, J. F. Gerbeau, J.F. Bourgat. A partitioned fluid–structure algorithm for elastic thin valves with 
contact. Computer Methods in Applied Mechanics and Engineering (2008), 197(19), 1750-1761.

• Choice 2: 

Discretization of the Lagrange multiplier space:

Ωs

fΩ

⇤h =

8
<

:µh =

Ns
hX

i=1

µi�xs
i

�
µi 2 Rd, i = 1, . . . , N s

h

9
=

;

b(µ, z) = hµ, zi =
Ns

jX

i=1

µi · z(xs
i)



Dirac Lagrange multipliers
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• Kinematic constraint with Dirac Lagrange multipliers

• Algebraic form: let K be the fluid-to-solid interpolation matrix

Kunf = uns

b(µ,uf � us) =

Ns
jX

i=1

µi · (uf (x
s
i)� us(x

s
i)) = 0, 8µi 2 Rd

=) uf (x
s
i) = us,i



Dirac Lagrange multipliers

• Difficulties:
- saddle point problem 
- the pattern of matrix changes at every time step
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
Af KT

K 0

� 
unf
�n

�
=


bn�1

uns

�
,

• To simplify the presentation: omit the pressure & treat the velocity as a scalar.



Side remark:
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Rf = Ff �Af Uf

• Reminder: conservative computation of the load:

Uf
⌃ = Ks U

s
⌃

AsUs = Fs +KT
s R

f

Variational residual:

Interpolation:

Solid:

Thus: 8
<

:

AfUf +Rf = Ff

Uf
⌃ �Ks Us

⌃ = 0
AsUs �KT

s R
f = Fs

• To be compared with

Ωs

fΩ

8
<

:

AfUf +KT
f ⇤

f = Ff

KfUf
⌃ � Us

⌃ = 0
AsUs � ⇤f = Fs

approx. of �
✓Z

⌃

@uf

@nf
vfi

◆

i=1..nf
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• A first approach: regularization by penalization


Af KT

K �"I

� 
unf
�n

�
=


bn�1

uns

�
,

✓
Af +

1

"
KTK

◆
unf = bn�1 +

1

"
KTuns

• Eliminating the Lagrange multiplier: 

• But:
- ill-conditioning
- an efficient coupling scheme with the solid still has to be devised

the non-zero entries of KTK are in the sparse pattern of A



Implementation
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Master FSI

Fluid Structure

u

u

Lagrange multiplier = 
hemodynamics forcevelocity

�
�
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FSI Master

Fluid

Struct 2

u
u

Struct 1

Struct Master

u u

�
�

�+ �c �+ �c

• The contact algorithm fits in the FSI framework (same data exchanged)
• The solid does not handle the contact by itself (very convenient!)

hemodynamics  
force

Contact 
force

Implementation with contact



!23 Astorino, JFG, Pantz, Traore, CMAME 09

• Huge computational cost
• Difficulty to handle the correct pressure drop



Outline

• Resistive Immersed Surface
• FSI with Lagrange multiplier
• FSI & contact
• A new FSI explicit scheme for valves 
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An explicit scheme for immersed solid

Implicit coupling with the Lagrange multiplier formulation:
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8
>>><

>>>:

Afun
f +KT�n = bn�1

Kun
f = un

s

⇢shsMs
un
s � un�1

s

⌧
+Asd

n = �n



Reminder: the Robin-Neumann explicit scheme
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• Idea: only solid inertia needs to be implicitly coupled 

(
⇢s✏@tḋ+Led = ��(u, p)n on ⌃

ḋ = @td on ⌃

u = ḋ on ⌃

• Thin solid

• Fluid 8
><

>:

⇢f@tu� div�(u, p) = 0 in ⌦f

divu = 0 in ⌦f

⇢s✏@tḋ+Led = ��(u, p)n on ⌃

�(u, p)n+ ⇢s✏@tu = �Led on ⌃

�(un, pn)n+
⇢s✏

⌧
un =

⇢s✏

⌧
ḋ
n�1 �Led? on ⌃

• Added-mass free and parameter free

, d? =

��������

0

dn�1

dn�1 + ⌧ ḋ
n�1

M Fernández. Incremental displacement-correction schemes for incompressible fluid-structure interaction: 
stability and convergence analysis, Numerische Math. (2012), vol. 123, p. 21-65.



Extension to the Lagrange multiplier formulation

!27

Provisional step: intermediate solid velocity

8
>>><

>>>:

Afun
f +KT�n = bn�1

Kun
f = ũn

s

⇢shs

⌧ Msũn
s � �n = ⇢shs

⌧ Msun�1
s �Asdn�1

⇢shsMs
un
s � un�1

s

⌧
+Asd

n = �n

(F)

(S)

�n =
⇢shs

⌧
MsKun

f � ⇢shs

⌧
Msu

n�1
s +Asd

n�1

Elimination of the intermediate velocity:



An explicit scheme for immersed thin solid
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�n =
⇢shs

⌧
Ms(Kun

f � 2un�1
s + un�2

s ) + �n�1

– Eliminating �n in the fluid:

✓
Af +

⇢shs

⌧
KTMsK

◆
un
f = bn�1 + 2KTun�1

s �KTun�2
s �KT�n�1

Preserve the sparsity if the mass
matrix is lumped

Better conditioned
than penalization

⇢shsMs
un
s � un�1

s

⌧
+Asd

n = �n
– Solid resolution:

A loosely coupled scheme for fictitious domain approximations of fluid-structure interaction problem with 
immersed thin-walled structures, L. Boilevin-Kayl, M. Fernández, J.F. Gerbeau, (2018), https://hal.inria.fr/
hal-01811290 !28

– Eliminating dn�1 and using the solid equation at time tn�1:
<latexit sha1_base64="n3vCyEED17/jR3UzGgPtBIccMuk="></latexit><latexit sha1_base64="n3vCyEED17/jR3UzGgPtBIccMuk="></latexit><latexit sha1_base64="n3vCyEED17/jR3UzGgPtBIccMuk="></latexit><latexit sha1_base64="n3vCyEED17/jR3UzGgPtBIccMuk="></latexit>
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Proposition (L. Boilevin-Kayl, JFG,  M. Fernández, 2018)

• Let {(un
h, p

n
h, ḋ

n

h,d
n
h)}n�1 be given by the loosely coupled algorithm

<latexit sha1_base64="hFj9dGPUD2Exn2p1FEK5KVuGfIE="></latexit><latexit sha1_base64="hFj9dGPUD2Exn2p1FEK5KVuGfIE="></latexit><latexit sha1_base64="hFj9dGPUD2Exn2p1FEK5KVuGfIE="></latexit><latexit sha1_base64="hFj9dGPUD2Exn2p1FEK5KVuGfIE="></latexit>

• We have the stability estimate:
<latexit sha1_base64="c2KgqZhPc7VlD925ukIzOxYu0gM="></latexit><latexit sha1_base64="c2KgqZhPc7VlD925ukIzOxYu0gM="></latexit><latexit sha1_base64="c2KgqZhPc7VlD925ukIzOxYu0gM="></latexit><latexit sha1_base64="c2KgqZhPc7VlD925ukIzOxYu0gM="></latexit>

with En =
⇢f

2
kun

hk20,⌦ +
⇢s✏s

2
kḋ

n

hk20,⌃ +
1

2
kdn

hk2s .
<latexit sha1_base64="pHvlThkYuvHV0yRT3NgGj4z0b1o="></latexit><latexit sha1_base64="pHvlThkYuvHV0yRT3NgGj4z0b1o="></latexit><latexit sha1_base64="pHvlThkYuvHV0yRT3NgGj4z0b1o="></latexit><latexit sha1_base64="pHvlThkYuvHV0yRT3NgGj4z0b1o="></latexit>

En . E0 + ⌧2kḋ
0

hk2s + ⌧2

⇢s✏s kL
s
hd

0
hk20,⌃

<latexit sha1_base64="4bkJSvswdHmasCfi2a4k7PDj3Jk="></latexit><latexit sha1_base64="2auTwgWmY/FiECi2fu1uZSh8gwg="></latexit><latexit sha1_base64="2auTwgWmY/FiECi2fu1uZSh8gwg="></latexit><latexit sha1_base64="QFDOsJGzrCL2M707QKb/DgY5/cY="></latexit>

A loosely coupled scheme for fictitious domain approximations of fluid-structure interaction problem with 
immersed thin-walled structures, L. Boilevin-Kayl, M. Fernández, J.F. Gerbeau, (2018), https://hal.inria.fr/
hal-01811290 



1st test case: comparison with implicit scheme
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Implicit:

Explicit:

Tip position



2d test case - comparison with NXFEM
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Pressure drop Tip position
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Not yet with the physiological values…
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Remark on mass conservation:

‣ we boost the grad-div stabilization near the valve as proposed in D. 
Kamensky et al. CMAME 2015

‣ Raise conditioning issues... on going work !


