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Fluid-Structure interaction in large vessels
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e [Large arteries distend during systole, recoil during diastole

This damps the pressure fluctuation; helps a constant perfusion of organs
during diastole

e Distensibility 1s responsible for wave propagation



Fluid-Structure interaction in large vessels

Example: aortic coartaction

e After surgical repair, patients must
be followed on a regular basis

e EXxercise test 1s often necessary to
assess the patient condition

¢ Question: With computer simulations, can we extrapolate the
rest test to avoid the stress test ?

e Maybe... if we are able to personalize the model with the
available medical data (arterial stiffness, etc.)



Fluid-Structure interaction for cardiac valves

e Difficulties
- very large displacements
— fast dynamics

— high pressure drop

- 1sovolumic phases

- change of topology (contact)



Industrial applications
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Outline

[0 Generality: energy balance, load computation, coupling )

® Added mass effect and incompressibility
e Semi-implicit coupling via projection schemes
e Explicit coupling via Nitsche and Robin formulations

e Explicit coupling for thin structures

C Farhat, M Lesoinne, P Le Tallec, “Load and motion transfer algorithms for fluid/structure interaction problems
with non-matching discrete interfaces” Comp. Meth. Applied Mech. and Engng (1998) 157(1), 95-114.

P Le Tallec, ] Mouro, “Fluid structure interaction with large structural displacements” Comp. Meth. Applied
Mech. and Engng (2001) 190, 3039-3067. 6



Linear FSI equations

Velocity Cauchy stress tensor

Newton’s law: /
D / / o - n = force on surface >’
u

pﬁ—dIVU:O >

Main assumptions in the fluid:

[ s Du Ou Fw- VY ou,
e Linearization: — = —+tu- N —
Dt ot ot .
e Fixed domain Viscosity €(-) = 5 (V-+V-")
e Incompressible fluid: divu =0 ) \ /
e Newtonian fluid: o/ =o(u,p) = —pl + 2ue(u)

Main assumptions in the solid:
e Infinitesimal displacements

e [sotropic linear elasticity:  o° = o(d) = 2u°e(d) + X Tr(e(d))I

/

7 Displacements Lamé coefficients



Linear FSI equations

¢ Fluid equations (Eulerian formulation, transient Stokes):

(u

P oy~ div(2ue(u)) + Vp=0, in Qf

dive =0, in Q!

® Solid equations (Lagrangian formulation, linear elasticity):

_0%d

oy —divo(d) =0, in 95

¢ (Coupling conditions:

ol - nf+0°n® = 0, onX
u = d, onX
od

where ¥ is the fluid-structure interface and d = —

ot
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Linear FSI equations

Energy estimate

If the system 1s 1solated, then:

S Grar s [ Sl [ wie)]+ [ ulewr =0

N N2

VISCOUS

Kinetic energy Elastic potential energy  djssipation
. A
with W (e(d)) = p*[e(d)]” + 2 [Tr(e(d))]’

e Multiply the fluid equations by w and integrate by parts:

d f
S+ [ 2l - [ olwpn w0
Qf >

dt Jor 2
e Multiply the solid equations by d and integrate by parts:

i L 1" @] = ot =0

e With the coupling conditions, the interface terms cancels



Not addressed in these lectures:
ALE and non-linearities

¢ Fluid equations (Moving domain: ALE formulation, Navier-Stokes)

! (%;L@ - (u— w) - Vu) — div(2ue(u)) + Vp = 0,in Q' (¢)

divu = 0,in Q' (¢)

® Solid equations (Lagrangian formulation, hyperelasticity):

_0%d , A
P W — le(F(d)S(d)) — O, in
2d Piola-Kirchhoff tensor: S = g—g/(E)

e Seee.g.:

M. Fernandez, L. Formaggia, J.-F. Gerbeau, A. Quarteroni. The derivation of the equations for
fluids and structures. In Cardiovascular mathematics, volume 1 of MS&A. Model. Simul. Appl.,
Chap. 3, pages 77—-121. Springer, 2009.

Cardiovascular mathematics, volume 1 of MS&A. Model. Simul. Appl., Chap. 9, pages 307-346.

@ M. Fernandez, J.-F. Gerbeau. Algorithms for fluid-structure interaction problems. In
Springer, 2009.
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Fluid-Structure coupling

¢ Monolithic schemes: fluid and structure simultaneously
(not addressed in these lectures)

e Partitioned schemes: 2 solvers

—

interface velocity ‘

o anddispl.

Stress on the interface rL

Structure

- Explicit schemes : one fluid/structure iteration at each time step

— Implicit schemes : many fluid/structure iterations at each time step
11



Dirichlet-Neumann iterations

¢ Fluid sub-problem (Dirichlet boundary conditions):

ods
ot

/pfau v —|—2,u/ e(u):e(’vf)—/ pdivv!
Of at Of

/ g divu
Of

¢ Solid sub-problem (Neumann boundary condition):

Find w with w5, = and p such that:

o

Find d such that:

a2d S S f S
/p v+/ a'(d):V’U:—/a'(u,p)-n-v.
Qs atz As 3

e How to compute the load?

/Ea(u,p)-nf-’vsZ/E(—pﬂ+2u€(U))°nf°vS J

12




Load computation: a toy example

—Auf = f1 on QF

uf:uD, on X

—Au® = f°, in §°,

Dirichlet: {

Neumann: ¢ g, ouf

=2 on ¥ -

ons on' '
| compute

The condition ufz — up has a sense for u! € H'(Q) \-. ou' v)

ou' . f Loty | om'’
On the contrary, e not defined for all u' € H* (") \\} inst€a§ of
Note that for u! and v smooth (’0|an\2 =0): ’\ %%g

out —

_ : f f
E%U_/ng div(Vu' )v + vau - Vv

Since div(Vu!) = —ffe L2(Q), the normal trace of Vu is well-defined:

(=—,v) déf—/ flo+ | Vu' - Vo
Of Of

for all v € H'(Q) with vigaf\s = 0.
13



i

Load computation: a toy example

~Aut =1, on O

f

—

<

(Find uf € HY (O s.t. ufz = up and

w =up, on X f Vul - Vol = f fffuf, Vol e Hé(ﬂf)
/O Q
\ Uf‘z —0
—Au® = % in Q7 (Find u® € HY(Q®) s.t.
8us _ _a—uf on Z a < VUS . VUS — / fS S \V/'US c Hl(QS)
8’"/8 8nf’ |/ ° (s
f v=17", on X,
—(al, V) L fflo— | vul- Vo with v e HI(Q) s.t. ]
ont Of Of v=0, on ON\X
N~—————  —— ~—_——
. IT 1/Of
variational residual R(uf; V) lifting operator : £:Hz=(%) = H ()
v0 = v = Lo

N\

\

| Find u® € H(®) s.t.
Vu© - Vv* = / o8 + R(u'; Lo®), Yo* € HY (D)
Qs Qs




Load computation: a toy example

Algebraic counterpart

e n! nodes in OF, n% nodes on >, n{} —nl — nfz “Internal” nodes.

e Matrix “without boundary condition” : A' = [a f(vg, vl )}

1,7=1..nt
- Af Af i Uf il - Ff
¢ I1 I% ¢ I ¢ I
A= Af. Af U= Uf b= Pf
L Axr Axs L Ve R i
e Dirichlet problem (Ufzso1 given) : AL Ul = F} — A{EUgd
e Residual : Ry, = Fy, — AL UL — A;ZU;J Rf = Ff — AfUf =

, , oul ¢
— approximation of — —;
ont /.
> i=1..nt

f
e ... but we need (/ aivf>
2 on® 1=1..n"

15




Load computation: a toy example
out

(V)
» ans

’ to be defined
e Conforming meshes : O be define

QS
s VL =V} hence R®= RfJ

Qf

e Non-conforming meshes: let K be the interpolation matrix on X
Vs =KV = (R, V®) = (R',KV®) = (K'R, V¥)
QS
Y

of hence R" = KTRfJ

e Neumann problem (R® given) : A’U® = F® + RSJ

16
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Load computation: an example

[ =
Al P

s vl WYL
L Bt L R
2 i e

e e e M =

P1 tetrahedra

1d:

Flu

MITC4 shell elements

1d:

Sol

how to transfer the load ?

fferent elements

1

but d

P

Same nodes

RS — RfJ

Id hence

K —

17



Load computation: a toy example
Discrete energy balance

o Let (U!, U®) be a solution of the coupled problem (thus Ufzsd = KUS,).
e Multiplying the first equation by U':
(A'UNUY) = (AU, U) + ((A'UY)s, Uy) = (FL, Up) + (Fy — Ry, Uy)
= (F,U") — (Ry, Uy) = (F, U") — (R, KUY,
e and the second by U®:
(A°U®, U°) = (F*,U°) + (R*, U°) = (F*,U°) + (K'Ry;, U,)

e Adding the two relations, we get the energy equation:

(Afo,Uf) 4 (ASUS7US) _ (Ff,Uf) 4 (FS)US) J

The boundary terms cancel, as in the continuous case.

18



Load computation in FSI

e Let (u,p) be solution of the fluid sub-problem
o Let £: H?(X) — H'(Q) be a lifting (extension) in the fluid domain.

e The variational residual 1is:

R (u, p: Lo°) 2 /
I

g - Lv°— / p'ovu - Lv® — / 2ue(u) : €(Lv°) +/ pdiv Lo®
Qf Qf Qf

= —/ o(u,p) -n'-v°
»
e Solid sub-problem:

sa2d S S f S
pP’—= v+ [ o(d): Vv° =R (u,p; Lv°).
gs  Ot? S

e Benefits:

77'

- very simple algebraic operation “R = b — Au
- ensures energy conservation at the discrete level
‘m—-———fl

@ C Farhat, M Lesoinne, P Le Tallec, “Load and motion transfer algorithms for fluid/structure interaction problems
with non-matching discrete interfaces” Comp. Meth. Applied Mech. and Engng (1998) 157(1), 95-114.




Dirichlet-Neumann iterations

¢ Fluid sub-problem

d'rL—I—l dn

Find 4" ! with ur’;l = 1= and p" ! such that:

pu Tt —u 1 f 1
/ o Xy —|—2,u/ e(u”+):e(fv)—/ nt div ot /
Of 5?'5 Of Of
0

/ g divu" ™1
Of

Shorthand:  (w" ™!, p" ) = ]:(d&—l—l)

e Solid sub-problem
Find d"*' such that:

Sdn+1 —2d" + dn_l S n S n n S
/As” (51)2 v +/Asa(d ) Vet =R (u p T Lo)

Shorthand: ~ dy " = S(u"" p"*H)

20



Dirichlet-Neumann iterations

solve
e Implicit coupling schemes T A
Find a fixed point: . : :
@
Fluid $V~
i
dr;l =&o }“(d]nzﬂ) :
Solid  ——#—
d": .
™N~— Y 1]
solve

e Several approches: accelerated fixed point, Newton, Inexact Newton,...

® In general:

F'SI cost > FLUID cost + SOLID cost

21



Energy estimate

Energy estimate for the implicit coupling scheme

If the system 1s 1solated, then:

2
1 ,Of N ,Of N IOS ps
E/§|“+1‘2_/§u‘2+[2 ‘[2
Of Of Q) Q)

l € n41 . eld™ E’U,n12
b5 | Lowiea ) = [ wiea@)|+ [ e p <o

97

dn L dn—l
ot

dn—|—1 . dn
0t

QOs

e The interface terms cancel: stability in the energy norm

e Proof

— In the fluid, take v' = u"T! — L (dn+;;dn).

— In the solid, take v° = dn+;;dn.

22



Dirichlet-Neumann iterations

e Explicit coupling schemes
Solve only once the fluid and the solid sub-problems:

Fluid ¢
(un—l—ljpn—kl) _ .F( T%Z) é
d"|rL2—|—1 _ S(un+1’pn+1) q" : "

Solid e

Many possible variants, for example extrapolation: N N—

~

® Very much used in aeroelasticity

F'SI cost ~ FLUID cost + SOLID cost

23



Energy estimate

Energy estimate for the explicit coupling scheme

If the system 1s 1solated, then:
i dn—l—l . dn

1 o' n-+1|2 /Pf n|2 /PS
5t /Qf2|“ L A 51

*%[@W(dd"“))— W(e(d”>)]+ | 2uletwr

Qs Of
d’n—l—l - dn
( . Rf (un—l—ljpn—l—l; L(un—l—l - - )) < 0
artificial interface n+1 -
numerical power -~ / O_(un_|_17pn+1)n. (un+1 - d &— d >
)

e The interface terms do not cancel: stability is not granted
e Proof

— In the fluid, take v' = u — £ (dn_gn_l )

. ] n+1_gn
— In the solid, take v® = ¢ = d_

24
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Explicit Explicit
monolithic fractional step

Implicit Hemi-implicit

18 [ 25 2 1

" Normalized CPU time (on the same computer, in 2015)

Benchmark with validation against experimental measurements:

A m -

@ Landajuela, Vidrascu, Chapelle, Fernandez, Int. J. Numerical Methods Biomed Engng. 2016
25



Outline

e Generality: energy balance, load computation, coupling
( ® Added mass effect and incompressibility j

e Semi-implicit coupling via projection schemes
e Explicit coupling via Nitsche and Robin formulations

e Explicit coupling for thin structures

P Causin, JF Gerbeau, F Nobile. “Added-mass effect in the design of partitioned algorithms for fluid—structure
problems.” Computer Methods in Applied Mechanics and Engineering 194,no. 42 (2005): 4506-4527.

26



Explicit coupling: some observations

| — P

implicit coupling explicit coupling

e Empirical observations for explicit coupling in blood flows:

= Instabilities disappear when the solid density is (artificially) increased
= Instabilities are independent of the time step
= The instability is sensitive to the length of the domain

27



Analysis of a toy model

e Solid: string model (infinitesimal displacements)

pled + Ld = ps, in X,
with

e d: vertical displacement
e ¢: vessel thickness

e [: linear operator (for instance Ln = an — b%)

28



Analysis of a toy model

e Solid: string model (infinitesimal displacements)

ps€d.—|— Ld = DIz in >,

explicit coupling

e Fluid: fixed fluid domain, no viscous/convective terms

( ( L . f
9% Up=0, i Of —Ap =0, in {)

p
ot Op cO0u

— < omn "ot

N = —pfcz, on X

divu =0, in O

u-n=d, on X d Op 0 .
w-n=0 on Iy 1V 9 on I
\ p:O, on FZ pzo on FQ

e Physics: reproduces propagation phenomena

e Numerics: explicit coupling unstable



The added-mass operator

(—Ap =0, in O
g—p = —pfcz, on X )
Fluid: ¢ é: Solid:  p°ed+ Ld =pjs, in X,
P 0, on I}
L D = on FQ

Steklov-Poincar¢ operator

1

The operator M : H 2 (X) — Hz () defined as: for each g € H2(X) we set

Ma(g) def qrw, where g € HY(Q!) solves

(

—Ag=0, in Qf
0
A g, on 2
< on
0q
6_’)’1, = O, on Fl
\ q =Y, O FQ

is a linear, compact, positive and self-adjoint operator in L*(X).

From this definition, we have Pz = M (_Pf d) = fMAd)




Fluid:

The added-mass operator

L p= on T, Pz = —p' Mad

(pPe + p'Mn)d+Ld=0, in X

([ —Ap =0, in Of
O .
8—}? = —,Ofd, on X )
3n Solid: p’ed+ Ld =pys;, in X,
D
~  — O, on Fl

(1)

(2)

What kind of time integration scheme of (2) arises from the explicit coupling of (1) ? '

31



Monolithic scheme

(Lut —
Flllld < div ’U,TH_1 =0 le < apn—l—l B fdn—l—l — 24" + dn—l
utl . — dmtt —dr \ on P Ot?
\ 0t

dn—l—l — 2q" + dn—l dn—l—l — 2q" 4 dn—l

S

Solid:  p¢ + Ld" = prt Pyt =—p Ma

5752 5t2

Condensed solid problem:

dn—|—1 — 24" + dn—l

ot?
~——————

implicit

+ Ld"™ =0

(p°e + prA)

No surprise: no stability problem...

32



Fluid:

Solid:

Explicit coupling and added-mass

f fun—l—l —u”

n+1 __ o

| divu™ =0 div | T pdt o2t +dT

n+1 dm —dr! on 512

u -n =
‘ ot
dn—l—l — an dn—l dn L an—l 1 dn—2
S n __  n+l n+l £

pe Ot? - Ld = 2)> Py =P Ma 512

Condensed solid problem:

] dn—l—l — 2" 4 dn—l
pPE

dn — 2dn—1 4 dn—2

f n
- p M + Ld" =0
512 A 512
N— N——
implicit explicit

Explicit coupling yields an explicit discretization of the added mass ’

33



Stability analysis

dn — 2dn—1 T dn—2
Ot?

] dn—l—l — 24" T dn—l

n+1
pe 512 0

+ an =

+p' Ma

e Note that M, is a compact, positive and self-adjoint operator on L?(X)

e Expand d"!, d*, d*~! and d" 2 on a orthonormal basis made of eigen-
vectors of M a

e Diagonalization of M leads to the linear homogeneous recurrence:

S dgH_l B Qd? + d?_l d? B Qd?_l + d?_Q n -
pPe 512 | pf,ui 512 - an, =0, {eN

e Whose characteristic polynomial is:

Py(r) = (pe + adt®)r® + (p' i — 2p%€)r + (p°e — 2p i) + o' s

34



An unconditional instability result

Let pumax be the largest eigenvalue of M and assume that Ln = an. Then, the
previous explicit coupling scheme is unconditionally unstable whenever

f
,0 ,umax Z 1. (1)
p € y

250

200

e The instability condition confirms the empirical observations:

Hmax

* Instabilities depend on the density ratio

50

e The instability condition does not depend on the time step

0

0 5 10 15 20 25

e Instabilities occur when the structure is thin and slender (larger fimax )

e QOther time schemes have been considered by Forster-Wall-Ramm 07 with
analogous conclusions

¢ Do not forget that the first assumption was incompressiblity

35



Why fixed-point iterations can be inefficient ?

( fuk—|—1 _ u’n, B
p St + vpk—I—l =0 _Apk_|_1 —0
Fluid: div g1 =0 ﬁ Opry1  pdp —2d" +d"!
o dk —d" an = —p 5t2
\ Uk+1 -1 = 57
. g — 2d" dn—l ~ dk — 2" 1 dn—l
Solid: p°e - 572 i + Ldky1 = pryry Pet1e = —p' M 552

y

Relaxation: dgi1 = chkH + (1 — w)dg

Let pumax be the largest eigenvalue of M and assume that Ln = an. The above
relaxed fixed point iterations converge if and only if

2(p°e + adt?)
%€ + pt timax + adt?

D<w<K<

v

P Causin, JF Gerbeau, F Nobile. “Added-mass effect in the design of partitioned algorithms for fluid—structure
problems.” Computer Methods in Applied Mechanics and Engineering 194,no. 42 (2005): 4506-4527.



Implicit / Explicit coupling
Two families of solution:

e Improve implicit iterations (Fixed point, Newton, quasi-Newton,...)

- Le Tallec-Mouro (1999) Wall-Ramm (2001), Fernandez-Moubachir (2003),
Matthies-Steindorf (2003), JFG-Vidrascu (2003), Mischler-van Brummelen-de
Borst (2005), Deparis-Discacciati-Quarteroni (2005), Badia-Nobile-Vergara
(2007), Vierendeels (2006), Vierendeels-Lanoye-Degroote-Verdonck (2007),
Degroote-Annerel-Vierendeels (2010), and many others...

® Devise explicit coupling algorithms:

= Projection semi-implicit coupling: Fernandez-JFG-Grandmont (2007),
Badia-Quaini-Quarteroni (2008)

- Robin-Neuman : Burman-Fernandez (2008)

- Kinematically coupled time-splitting: Guidoboni-Glowinski-Cavallini-
Canic (2009), Fernandez (2012)

37
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Explicit Explicit
monolithic fractional step

Implicit Hemi-implicit

18 [ 25 2 1

" Normalized CPU time (on the same computer, in 2015)

Benchmark with validation against experimental measurements:

A m -

@ Landajuela, Vidrascu, Chapelle, Fernandez, Int. J. Numerical Methods Biomed Engng. 2016
38



Outline

e Generality: energy balance, load computation, coupling

® Added mass effect and incompressibility

( e Semi-implicit coupling via projection schemes j

e Explicit coupling via Nitsche and Robin formulations

e Explicit coupling for thin structures

MA Fernandez, JF Gerbeau, C Grandmont. “A projection semi—implicit scheme for the coupling of an elastic structure
with an incompressible fluid.” International Journal for Numerical Methods in Engineering (2007) 69(4): 794-821.

39



Semi-implicit coupling

Basic ideas:

e (Couple implicitly the added-mass effect (incompressibility, pressure stress)

e (Couple explicitly the fluid domain motion, convective and viscous effects

e Use the splitting provided by fractional time stepping in the fluid
(Chorin-Temam projection scheme)

40



The Chorin-Teman projection scheme

R Temam, Arch Rat Mech Anal (1969)

e Transient Stokes equations: .
AJ Chorin, Math Comp (1968)

0
'Of@_;b — div(2ue(u)) + Vp=0, in Q
diveu=0, in O
e Viscous step:
"t
p' = —div Que(@"t) =0, in O
"' =0, on 9O
e Projection step:
( n+1 ~n+1
U —u | n+1 __ . f ( f ~
p 57 + Vp =0, n ) . —Ap"tl = —%divuwrl, in O
< dive™! = 0, in QF div gyt
_ ; =0, on ON!
\ Uu -1, = 0, on 0f) \ on

Accuracy: velocity: O(6t) in L?, O(6t*/?) in H', pressure O(5t'/?) in L?
but can be improved with pressure correction ...
41 JL Guermond, P Minev, J Shen, CMAME, 2006



Semi-implicit coupling: explicit part

® Viscous sub-step:

—div(2ue(@™™) =0, in

on .

~ 1 °n
"t =d

* N.B.: in the more realistic cases of Navier-Stokes equations on moving
domains, the mesh 1s moved during this step, only once (explicit).

42



Semi-implicit coupling: implicit part

¢ Fluid projection sub-step (in a known domain):

( ~ 1
fun—i—l o un‘l—

n+1 . f ( £
0 57 + Vp =0, in € _Aptt! = _p_divﬂn—|—17 0 Of
< dive" =0, in QF T2 | ot |
1IvVu = U, 111 div apn—i—l o fdn-|— — 924" + d” -
L USRI L R T on P 512 ;
\ ot ’

¢ Solid equation:

. dn—l—l o 2dn _|_ dn—l
P 512

AN

—div (o(d"™)) =0, in O

o(d N =c@" ", p""A, on I

= Projection sub-step 1n a fixed fluid domain (even in ALE formulation)
= Explicit viscous load, implicit pressure load
= Implicit part solved with cheaper inner iterations compared to previous schemes

43



Semi-implicit coupling: the nonlinear case

1) Explicit sub-step:

e Fluid domain motion

df,n—|—1 _ EXt(dn ), wn—l—l _ Qf,n—l—l _ (I + df,n—l—l)(Qf)’

b5

*Fluid viscous sub-step

~n+1
fut T —un
p

ot R
£r
"t =w"tt on X!
2) Implicit sub-step: (fixed fluid domain)
*Fluid projection sub-step
( un—l—l . ,&’,n-l-l
p' 5 +Vp"tt=0, in QYH
\ dive"™ =0, in Qb7
dn—l—l . dn
u"t = ‘n, on X"
\ ot
*Solid equation:
( & odt
< Pt — 5div (F(d"™)Sd""") + F(d")S(d")] =0, in

[F(d™)S(d™) + F(d")S(d")] i = J(d " o @ ™ P R, on

DO | =

\

D



Variational formulation

1) Explicit sub-step:

2)

(
~nt1
" =w"t, on

M/ ofantt . of _/ pfun.,vfl] _/ of (div w™ )@+
Of,n+1 Of,n Of,n+1

En—l—l

.

+ / pl (@t —w" ). Va" ol +2u / e(@" ™) e(v))~0, Vol eV!
\ Of,n+1 Of,n+1

Implicit sub-step:
f dn—l—l L dn

-n = M on
Y !

En—l—l

/ ,Of n+1 f_/ f n—l—l ’Ug _/ pn—l—ldivvg\
Qf,n—l—l Qf n—l—l Qf n+1 /

/ QW va2 € Hyx(div; Qf) Vq € LQ(Qf)
Of,n+1

d  -d 1
/ﬁ p° 5 V7 + §/A [F(d"™)S(d"™) + F(d")S(d")] : Vv°

— —/ 2ue(w"Hn - v* +/ "t Yot e V.
Sin+1 Sin+1

> —RZ(’&”H;E(’US)) —Ré(p”“;ﬁ(fvs)) <

viscous load pressure load



Energy estimate

Energy estimate for the semi-implicit coupling scheme

If the system 1s 1solated, then:
1 | £ f S dn—l—l _d"
= / p_|un—|—1|2_/ p_|un|2_|_/ P
0t Of 2 Of 2 Os 2 0t
1

QOs ()s Of
+1
Rf ~n—+1 n—l—l,L ~n—+1 d" —d" <0
( - v (u 7p ) (u - 5t )) —
art1ﬁ01§11 interface dntl _ gn
numerical power - / 2,ue(f&n+1)n- <’L~Ln+1 B - )
by

e The interface terms do not cancel: stability is not granted

e But compare with the spurious power of the explicit scheme:

dn—l—l o dn
~ / O_(un—l—ljpn—l—l)n . (un—l—l o )
- 51
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A stability result (linear case)

Assume the interface matching operator to be L?-stable. Then, under condition

h 51; e O? lf @ — Z?
o> >C (pf— F 2“—) ,  with « & __
a 1, if 54,

the following discrete energy inequality holds:

S n+1 n 112 S n n—1 12
L p_fHunHz f—’O—fHu"[{2Qf+p dHJr —dy P H—dy
h 0,0 0,
1 s/ gn+1 n+1 S n n ~n—+1
+25t [CL (dH+ 7dH+ )—CL( HadH)}—'_:uHE(uh )|(2),Qf§0

Therefore, the semi-implicit coupling scheme 1s conditionally stable in the energy norm.

o If ()° = 3] the scheme can be stabilized by decreasing ot

o If O° =3 and H = h the conditions is not too restrictive (numerics)

e Stable in practice...

MA Fernandez, JF Gerbeau, C Grandmont. “A projection semi—implicit scheme for the coupling of an elastic structure
with an incompressible fluid.” International Journal for Numerical Methods in Engineering (2007) 69(4): 794-821.
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Idea of the proof

1) Explicit sub-step:

n _ gn—1
a" = d d . on X"t
ot
| 1
5i Lo ot = [ ot aue@th o) =0, vol eVt
\ ——— — \
‘ take —_n S £
| ’Uf :ﬁn+1—£(vs)—£<u +1,fu> cV !
2) Implicit sub-step: ol B

R ——

f”“lwrl_ﬁﬂ+1 f 1 qee.  f : +1
/ P 5 -v2—/ p"t d1vv2—|—/ gdivu"T" =0,
Of Of Of ’

——— =
< d"t —d" ' take 1
’U,n+1 N = 51 -1, on X -‘ va _ ot — ﬁ(vs> c Hg(diVS Qf)

\ —

(

——

{

‘take +1 n

n+1 n n—1 | A" —d g

- 2d d \ s E V

/ ,OSd 2+ - v° +/ e(d"™) . Vs U= 5t ;

QS (5t) AS — —
— —RZ (@" ™ L(v®)) — R; (p" 1 L(v®%)), Vv*eV?




Idea of the proof

1) Under reasonable assumptions

S Ch S
||£h’UHH%2(Qf) = mH’UHHQLz(Qs)

S C S
”V(thH)H%?(Qf) = N H’UHHQL%Qs)

2) This allows to control the unbalanced terms in the fluid,
with the diffusion of the structural time scheme (hence the solid density...)

dn—l—l o an dn—l
o ()
0t

( (dn+1_2dn_|_dn—1)>
e £ 5t

3) Remark: fortunately, numerical diffusion in the solid does not seem necessary in
practical simulations in hemodynamics

2 2

_ Ch||ld* —od™ +d* 1
ot

L2y L2(00)

2

_ C ||d”+1 —od™ +d" ||
LQ(Qf) - hHO{ 5t

L2(09)



Navier-Stokes / Nonlinear shell coupling

e Abdominal aortic aneurysm (in-vitro model): 2 cardiac cycles, 1000 times steps
0t = 1.68 x 10735

Q (cm”3/s)

Fluid: 26950 Hexahedra (Q;/Q; FE)
Solid: 2240 Quadrilaterals (MITC4 FE)

Parameters: p = 0.035 poise, p/ = 1g/cm?3.
pf =1.2g/em3, E = 610° dynes/cm?,

v =20.3

A N
[ 1)
L

\/

/\ —— SEM—IMP_IC

\— IMFLICIT
) /\// A~

time ()
Out-flow

COUPLING C.PU
time
Implicit 9.3
Semi-Implicit 1.0

Dimensionless CPU time




Carotid artery

e C(arotid artery (in-vivo model): 9 cardiac cycles, 4500 times steps
e it =1.68 x 10735

Time = 0.000

e Fluid: 70047 Tetrahedra (IP; /P; FE)
e Solid: 8103 Quadrilaterals (MITC4 FE)

e Parameters: p = 0.035poise, p/ = 1g/cm?3,
pf =1.2g/cm3, E = 6 x 10° dynes/cm?,

v =0.3.
-~ : * U 3,- K (¢} INRIA, REO foamm
: e e
o i\ f? o CPU
\ S~ \\Q COUPLING | ©
fime
Implicit 6.7
time (s) Semi-Implicit 1.0
Out-flow Dimensionless CPU time
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2010-2015

11997-2007 / 2007-2009Y

Explicit Explicit

Implicit Semi-implicit . olithic  fractional step

18

Normalized CPU fime (on the same computer, in 2015)

Benchmark with validation against experimental measurements:

A m -

@ Landajuela, Vidrascu, Chapelle, Fernandez, Int. J. Numerical Methods Biomed Engng. 2016
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Outline

e Generality: energy balance, load computation, coupling
® Added mass effect and incompressibility

e Semi-implicit coupling via projection schemes

( e Explicit coupling via Nitsche and Robin formulations j

e Explicit coupling for thin structures

@ E. Burman, M Fernandez, “Stabilization of explicit coupling in fluid-structure interaction involving fluid
incompressibility”, Comput Methods Appl. Mech. Engrg. (2009), 198, 766784

@ E. Burman, M Fernandez, “Explicit strategies for incompressible fluid-structure interaction problems: Nitsche type

mortaring versus Robin-Robin coupling”, Int. J. Numer. Meth. Engng (2014), 7, 739-758
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D-N formulation for interface problems

¢ A model problem:

—Au; = f, in €
i— 19 u; = f, in >

\

u; =0, on GQZ-\Z) “Au=f in O
up = uz, on X u=0, on O

(9’&1_8%2 0

o o "7

¢ The conforming Dirichlet-Neumann (D-N) formulation:
Find u; € HY(Q) s.t. U1z = ugx and

Vui - Vo, = fvy, Vv € Hé(Ql)
Ql Q1

Find us € H' () s.t.

Vug - Vug = Jua — [ Vuy - VLuy — fﬁ?)z] ; Yug € Hl (Qz)
QQ Ql

QQ Ql

e By adding these expressions we recover the global weak formulation:

Vui - V(”Ul + E?}Q) -+ Vug - Vg = f(’Ul -+ EUQ) -+ / f?)z
Q4 Qs Q4 Qs

e Remark: H'(Q2) = (H5(91),0) & (£H1(92),H1(Qz))



Nitsche’s formulation for interface problems

¢ A model problem:

—Au; = f, in €
i— 19 u; = f, in >

\

u; =0, on GQZ-\Z) “Au=f in O
up =uz, on X u=0, on O

(9’&1_8’&2 0

on " on 7

e The Nitsche’s formulation (Nitsche 78, Becker et al. 03, Hansbo 05):

duq ”Y/
Vuy - Vo —— vy +— U — U )V = fuq
0. 1 1 — . on 1ty 2( 1 2)V1 o
0
Vug - Vg + ﬂvz +7/<U2_U1)U2: Jv2
Qo an h > 0o

by adding these expressions we get:

Y/

2
0 0
;/QiVui.Vvi 81'2(@1_@2) /Z(ul—m)(,;;i Z/(ul—ug V] — V) Z/ fu;
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Nitsche’s method for interface problems
e Let X1, C H'(Q) and X5 5 C H* () be given conforming finite element
approximation spaces

e Consider the discrete problem: Find (uy p,u2p) € X151 X Xap such that

2
ouq p, Ov1 p
;/Q Vu;p - Vo, _/2 Y (v1.n — v2.n) /E(Ul,h Uz,h)@

2

/(ul,h—UQ,h)(Ul,h_UQ,h) Z/ fvin Y(vip,van) € X1 nxXXop
2 1=1 €2

__— = > a’z((ulyfw U,Q’h), (Ul,h? U27h))

e The formulation is (strongly) consistent
e The parameter v > 0 is chosen (irrespectively of h) to ensure coercivity
e Optimal and handles non-matching discretizations

e This is a Discontinuous Galerkin (DG) over the interface X |

——-———————-——————-—-‘
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Coercivity

For each (u1 p,u2p) € Xi,n X Xop, we have

20T
a((u1,hsu2,n), (U1n,uz,n)) > (1 - T) IVuinllgq, + IVuzllg o,
0
+ %Hul,h — U2, |(2),z

Therefore coercivity holds for v > 2C~, where Cr is a constant independent of
the mesh size h, but might depend on the polynomial approximation order.

y

Remark:

lur,n —uzpllos — 0as h —0
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Sketch of the proof

e Find (uj p,uspn) € X1 X Xop such that

2 8u1,h 87}1,h
E Vu;p - Vo p — (vi,p —v2.n) — | (w1 p —u2p)
1= v

2
—|—%/(ul,h_u2,h)(vl,h_v2,h) = Z/ fvin V(vin,van) € X1 pXXop
5 i=1 2

2
ou h
a((ur,nyuzn), (Wan,uzn) =Y 1IVuinlga, + %Hul,h —ugnllg s — 2/ 87171 (w1, — u2,n)
>

i=1
- Y
ab < ia2 + E192, e >0 > Z IVuin g,Qi + EHul,h — U2, ?),E
2€ 2 i—1
2
— - —ellurp —u
cll on 0.5 Lh 2,h1l0,%
2 Y
| N IV 2 Dl e a2 €= 5
discrete trace inequality = Z | Uz,hHo,Qi + 5 Jui,n — ug,p 0,5 take 2h
=1 v > QCT
Cr 2 2
— EHVUU@ |0,Q1 - €Hul,h — U2,hll0,x
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A linear FSI model problem

e Fluid: transient Stokes

(o

2y —divo(u,p) =0, in O

divu =0, in O
e Structure: linear elasticity

p°d —dive(d) =0, in O

® Coupling conditions:
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The FSI Nitsche’s semi-discrete formulation

Find (up, pn,dn) € Vi x Qp x Xj, such that:

¢ Oup,

p -V, +/ o(un,pn) : €(vy) +/ qnV - up
Of ot Of Of

dh wy, + a®(dy,, wp,)

consistency

symmetry
@/ uh—dh ’Uh—’wh _0
penalty

for all (’Uh,qh,’wh) e Vy X Qh X Xy,
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Partitioned Nitsche’s formulation

e Solid subproblem: Find d;, € X},
S Y S % ‘ ‘ o
0 / d,-wp+a (dh,wh)%—vﬁ/ (Ordy, — uh)-wh—|—/ o(up,pp)n-wp =0
S E E

forall wy € Xy,

e Fluid subproblem: Find (up,pn) € Vi, X Qp

ou
/ baliy vh+/ U(Uh,ph)ie(vh)+/ th°’uh—/ o (up,pp)n - vy,
Of f Of by

—/ (Uh—c.ih)'ff(’vh,—%)nJrV%/ (’th—dh)"vh:o
)y )y

forall (vp,qn) € Vi, X Qp

e Robin coupling in the solid

e Dirichlet-Nitsche coupling in the fluid
4
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Time discretization: coupling procedures

e Solid: P def xnt+l _ xn
dZ+1 L QdZJ _I_ dZ—l . ot - 5t
) o wn + @ () w)
+vﬁ/ (85td2+1 —up) - wp +/ o(u;,,p,)n-wp =0
h Js >
e Fluid:

ol 85tu2+1-vh—|—/ o(ul ™ ppth) e(vy)+ th-uZ“—/ o(u;,p;)nv
Qf Qf Qf 5

_ /E (fu,Z"Fl _ (95tdz+1) . O'(T)h, —qh)’n + ’7%/2 (fu,Z"‘l . (95td2"|‘1) -V = 0

Coupling strategies:

o Implicit: u; = uZ“H, Py = pZ’H

o Explicit: uj, = uj, p;, = pj
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Implicit Nitsche’s coupling

Define the discrete energy by:

f S
def P P n n o n
E" = EHUZ ?),Qf + §||35tdh||(2),szs + a”(dy,, dy,)
n—1 n—1
0t Y e G e 0t D T = Oy R
m=0 m=0

Under the conditions ¥ > 2C'T,
We have: E" < EY
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Explicit Nitsche’s coupling

Under the conditions

v > 256CT, ot =0(h),

we have

2

E" <6E° + 3Csp||u; 0.9

S
s+ o lle(ud)

2
0,

n—1
h ™m ™m
+24—ot Z lp ™ — pF,
TR

¢ Idea to stabilize the scheme: add the temporal weakly consistent penalty term

— [ (™ =) an

@ E. Burman, M Fernandez, “Stabilization of explicit coupling in fluid-structure interaction involving fluid
incompressibility”, Comput Methods Appl. Mech. Engrg. (2009), 198, 766784
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The stabilized explicit coupling scheme

1) Solid substep: ’
dn—I—l . 2dn _I_ dn—l _ H
4 / ; 575; " w4 a*(dy T wp) ‘
+7%/ ((95td",;f+1 — fu,?;;) - wy, +/ o(uy,py)n - wp =0
by b
2) Fluid substep:

pl o 85tuz+1-vh+/m o(ult ppth) e(fvh)+/ th-uZ’Jrl—/E o(uy,py)n-vy

_/ (u"}:‘Fl L aétdz—l_l) . O'(Uh, _qh)n_l_fyﬁ/ (u’;ll‘l-l L @(%d’Z—Fl) -V,
b >

3) Next time step

@ E. Burman, M Fernandez, “Stabilization of explicit coupling in fluid-structure interaction involving fluid
incompressibility”, Comput Methods Appl. Mech. Engrg. (2009), 198, 766784
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Robin-Robin and quasi-compressibility

e Explicit Robin-Robin coupling:

n+1
o(d" s h R %un—a(un,pn)n on
- n+1
o(u"t p"thn + %unﬂ = %d " +o(u™,p")n on X

* The discrete incompressibility condition is given by

hot n n n n
E /aétp an +/ gnV - uy T= /(UhH OstM}, ) ngn, Van € Qn
>

* Remark: the 1dea of pseudo-compressibility to accelerate the convergence of the
fixed-point 1terations (1mplicit coupling) was present in

P Raback, J Ruokolainen, M Lyly, E Jarvinen, ECCOMAS CFD, 2001
J.A. Vierendeels, K. Riemslagh, E. Dick, P.R. Verdonck, J. Biomech. Eng. Trans. ASME 122 (6) (2000) 667—-674.
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An energy based stability result

Under the conditions

there holds v > 256CT, ~6t=O0(h), ~ > 8,

h
370

3
E" < 6E° + 3Cuuluf|f} s + 7 le 3t|lph|

(w16, 0,5

Thus, the stabilized explicit coupling scheme 1s (conditionally) stable 1n the energy norm.

@ E. Burman, M Fernandez, “Stabilization of explicit coupling in fluid-structure interaction involving fluid
incompressibility”, Comput Methods Appl. Mech. Engrg. (2009), 198, 766784

67



Side remark: fluid-fluid coupling

Ry

e The same idea applies to fluid-fluid explicit coupling M%
— I

pOzur + p(uy - V)u, — Vo (u,p) =0 . P =

V-u =0 I/, 4

(o(ul,p}) ni+ouf = aul ' —o(uy ps ) ny
<
L o(uf,ph) ny+auy = oul +o(uy ,ph ') ny

Control of pressure on X Control of kinetic energy flux

ou-Vu+Vp =pu- Vu-Lwu? + Pvu? + Vp
S(py, Py~ B/ 2 2

=pu-Vu—pu- (Vu)l +Vr

0%



Side remark: fluid-fluid coupling

Reference solution “Total pressure”
(monolithic) (staggered scheme)

Time = 0.000 s

Coupling

interface
Velocity

1.500e+02
1.125e+02
7.500e+01
3.750e+01
0.000e+00 -

Incoming Flow {cc's)

M Fernandez, JF Gerbeau, S Smaldone “Explicit coupling schemes for a fluid-fluid interaction problem arising in
hemodynamics”, SIAM Journal on Scientific Computing (2014), 36(6), 2557-2583
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Outline

e Generality: energy balance, load computation, coupling
® Added mass effect and incompressibility

e Semi-implicit coupling via projection schemes

e Explicit coupling via Nitsche and Robin formulations

[ e Explicit coupling for thin structures j

M Fernandez. “Incremental displacement-correction schemes for incompressible fluid-structure interaction:
stability and convergence analysis”, Numerische Math. (2012), 123(1), 21-65.

@ G Guidoboni, R Glowinski, N Cavallini, S Canic. “Stable loosely-coupled-type algorithm for fluid—structure
interaction in blood flow” Journal of Computational Physics (2009), 228(18), 6916-6937.
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FSI models with thin structure

e Fluid: transient Stokes

(o

2y —divo(u,p) =0, in O

divu =0, in O

L N

¢ Thin structure (membrane, shell,...) ' Of v

p’cdd + L°d = —o(u,p)n on ¥ '—;

® Coupling conditions:
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FSI models with thin structure

¢ [dea: only solid inertia needs to be implicitly coupled to the fluid

¢ Fluid
p'ou—dive(u,p) =0 in QF

divu=0 in O

o(u,p)n+ p°ecdyu = —L°d on X
® Thin solid / (u.P) prece

edyd + L°d = —0@ on X

d:atd on X

0
S S
-n—1 7, —
a(u”,p”)nJrEu” ~ P8 _ed* |lon B, dF=|d"!
T T .
& rd

¢ Added-mass free and parameter free

e Key issue is now the accuracy ! 72



Robin-“Neumann” explicit coupling schemes

1) Solve the fluid:

’

plou” —dive(u",p") =0 in O
4 divu® =0 in O 0

S Se .1 1
o(u”,p")n + Plun =254" —L°d* on %, d* =|d"
\ T T

2) Solve the solid:

[ pPed-d + L°d" = —o(u™,p")n on X
d =90.d" on X
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Same method, alternative formulations

e Explicit Robin-Neumann coupling:

) S Se .1
o(u”,p")n + Plur =25a" — Lear
< T T

ifed,d + L°d" = —o(u”,p")n on X

on X

e Robin based kinematic relaxation (form convenient to the implementation):

S S 1 .
o(u",p")n + Plur = £° (d + T(?Td*) +o(u*,p")n on X
T T

e [ncremental displacement-correction (form convenient to the analysis):

ﬁ(c.ln—fu,”)—|—Le(d”—d*):0 on X

T

Remark: d* = 0 corresponds to the stable loosely-coupled scheme by

@ G Guidoboni, R Glowinski, N Cavallini, S Canic. “Stable loosely-coupled-type algorithm for fluid—structure
interaction in blood flow” Journal of Computational Physics (2009), 228(18), 6916-6937.
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Stability and accuracy: main principle

e Energy-norm error:

f S
ndef p n pe 7" 1 "
o )2 g+ D — () B+ Sl — )

e For smooth enough solutions and n > 1, there holds:
(72 if d*=0

Be . * n—1
e < hF + 1+ L if d=d
- Vpoe e
2 if & =d" '+ 7d

1

\

with £ > 1 the convergence order of the Stokes-projection.

M Fernandez. “Incremental displacement-correction schemes for incompressible fluid-structure interaction:
stability and convergence analysis”, Numer. Math., 2012, 123(1), 21-65.
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Pressure-wave propagation benchmark

.....

N ;
o(u,p)n = —P(t)n\: f 5 :
. Q' =0,6] x [0,0.5]
\u.n:O, U(uap)n’T:O
Pmax
P(t) = { 5 (1 —cos(2mt/0.005)) ¢ € [0,0.005]
0 t > 0.005

¢ Thin-solid: generalized string

def Fe Fe
L°d, = — Opzd d
Y 2(1 4+ v) y+025(1—y2) Y
® Physical data:
e =0.1cm pl =1.0g/cm?
p* =1.1g/cm? i =10.035P
E =0.75 x 10° dynes/cm?

v =20.5

e Space discretization: Py for the solid, Py /IP; stabilized for the fluid



Accuracy vs. time and space refinement

T=2x10"% h=0.1, t, = 0.015

implicit coupling scheme
0.03 - non-incremental scheme
incremental scheme 1st-order extrap.
i incremental scheme 2nd-order extrap.
R reference
0.02 -
E
o
=
3
© 0.01 [
Q -
D -
U -
0 ///-7-- ---------------
-0.01 |-
C ] ] ] ] ]
0 1 2 3 4 5 6

x-coordinate



Accuracy vs. time and space refinement

T=10"% h =0.05, t,, = 0.015

implicit coupling scheme
0.03 non-incremental scheme
incremental scheme 1st-order extrap.
i incremental scheme 2nd-order extrap.
R reference
0.02 -
-E
o
=
3
a 0.01 |
a n
D =
U -
O I —
-0.01 |~
C ] ] ] ] ]
0 1 2 3 4 5 6

x-coordinate



Accuracy vs. time and space refinement

T =0.5x107%, h = 0.025, t, = 0.015

_ implicit coupling scheme
0.03 non-incremental scheme
i incremental scheme 1st-order extrap.
: incremental scheme 2nd-order extrap.
R reference
0.02 -
= !
m -
=
8 -
ac 0.01 |
B_ n
D =
U -
0
-0.01 |~
C ] ] ] ] ]
0 1 2 3 4 5 6

x-coordinate



Concluding remarks

e A wide variety of partitioned coupling methods for incompressible FSI

- Implicit, semi-implicit, explicit coupling schemes

¢ Fractional time stepping

- In the fluid: semi-implicit projection scheme

- In the solid: explicit schemes for thin structures

¢ Added-mass stability 1ssues

- Can be circumvented via, €.g., Robin-Robin or Robin-Neumann coupling schemes

¢ The fundamental 1ssue used to be stability with Dirichlet-Neumann.
With Nitsche, Robin, etc. 1t 1s now accuracy!

- Be careful with the parameters and the constants...

- Thin-walled solids: first-order accurate Robin-Neumann schemes

- Open problems: optimal convergence for the coupling with non-thin structure



