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Fluid-Structure interaction in large vessels

• Large arteries distend during systole, recoil during diastole
• This damps the pressure fluctuation; helps a constant perfusion of organs 

during diastole
• Distensibility is responsible for wave propagation
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Aorta KCL (euHeart)Windkessel effect



Fluid-Structure interaction in large vessels

Example: aortic coartaction
• After surgical repair, patients must  

be followed on a regular basis
• Exercise test is often necessary to  

assess the patient condition
• Question: With computer simulations, can we extrapolate the 

rest test to avoid the stress test ?
• Maybe... if we are able to personalize the model with the 

available medical data (arterial stiffness, etc.)
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Fluid-Structure interaction for cardiac valves
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Ωs

fΩ

• Difficulties
- very large displacements
- fast dynamics
- high pressure drop
- isovolumic phases
- change of topology (contact)
- …



Industrial applications
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• Goal of simulation 
- provide a “ground truth” to assess 

clinical estimation of regurgitation 

Ongoing PhD thesis (A.This) 

Theoretically, any device allowing leaflet coaptation surface in-
crease should decrease residual MR.

Postimplant adjustable mitral rings potentially address the
problem of residual MR after repair, allowing the reshaping of the
annulus on the beating heart, particularly reducing the septo-lateral
diameter under echocardiography guidance. Such devices would
help to improve clinical results and probably avoid reoperation.

We developed an original mitral ring that is able to remodel
valve geometry after its implantation and designed an animal study
to assess device effectiveness in correcting residual MR.

MATERIALS AND METHODS

Device description

The Mitralflex ring device (Kephalios SA, Paris, France) consists
of two concentric rings: one internal and flexible, sutured to the
mitral annulus and a second, external and rigid. A third conic
element slides between the two rings, modifying the shape of
the flexible ring. The three components receive a Dacron
coating like the current mitral rings. This sliding element is re-
motely activated with a rotating tool that is eventually positioned
under the skin, the same as a pacemaker. The device is currently
available in sizes 28–34 mm (Fig. 1).

Animal model

‘Animal model’in adult swine equipped with a central venous line,
arterial line and electro cardiogram, under general anaesthesia, the
heart was exposed through left thoracotomy. A 19F Biomedicus
cannula was inserted into the ascending aorta, and a Smart cannula
was inserted into the right atrium trough the right jugular vein.
Cardio pulmonary bypass (CPB) was started and, once the theoret-
ical full flow was reached, the ascending aorta was cross-clamped
and cardiac arrest was induced, injecting crystalloid cardioplegia
into the ascending aorta. Through left atriotomy, the mitral valve
was exposed. Severe MR was created, shortening the primary

chordae of the P2 segment. The shortening was achieved folding
the chordae with metallic clips (Fig. 2). This procedure reproduces
Type III MR according to Carpentier’s classification of MR [8]. The
Mitralflex ring was then implanted according to the intertrigonal
distance and using Carpentier’s technique [1] (Fig. 3). Eight 2/0
Ticron sutures were used to fix the ring to the mitral annulus. The
left atrium was closed with running suture, leaving the cable pier-
cing the atrial wall at the level of atriotomy. Cross-clamp was
released and the heart defibrillated, if necessary. After weaning the
CPB, we used intracardiac ultrasound (Acuson Sequoia 256)
inserted into the right atrium to assess iatrogenic MR (starting
point). The third element was then displaced in order to decrease
regurgitation as much as possible, and next, the MR was quantified
again (ending point). The moving element was then repositioned in
its parking position to verify the reversibility of the correction.
Echocardiographic images were recorded for post-processing. The
animal was sacrificed with overdose Pentothal injection. For each
animal, the following echocardiographic parameters were calcu-
lated at the starting and ending points: degree of MR (from 1+ to
4+), vena contracta width, proximal isovelocity surface area (PISA)
radius and effective regurgitant orifice area (EROA) according to the
European Association of Echocardiography recommendations [9].

Study endpoints

Primary endpoints are: (i) assessing the efficacy of the Mitralflex
ring to reduce MR of 2+ or plus and (ii) reversibility of the MR
correction. Secondary endpoints are: (iii) feasibility of ring im-
plantation using Carpentier’s technique and (iv) secondary bleed-
ing from the cable piercing the left atrium.
The research protocol has received the approval of the local

Ethic Committee and the Cantonal (Canton de Vaud) Veterinarian
Authority (Authorization no. 1708).

RESULTS

Eight animals, 54 ± 6 kg in weight, successfully underwent the
procedure. The mean CPB time was 75.7 ± 21 min with aorta

Figure 1: The Mitralflex without the Dacron coating showing its three com-
ponents: a: the external rigid ring; b: the internal deformable ring to be
sutured to the mitral annulus; c: the sliding element that reshape the inner
ring according to the patient’s need; d: the cable that activates the sliding
element.

Figure 2: Creation of severe mitral regurgitation folding the primary chordae
of P2 segment using metallic clips. The length of the chordae has been
reduced by 4–6 mm.
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• Goal of simulation 
- virtual assays  
- limit, or better prepare, animal experiments

Ongoing PhD thesis (L. Boilevin-Kayl) 



Outline

• Generality: energy balance, load computation, coupling
• Added mass effect and incompressibility
• Semi-implicit coupling via projection schemes
• Explicit coupling via Nitsche and Robin formulations
• Explicit coupling for thin structures 
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C Farhat, M Lesoinne, P Le Tallec, “Load and motion transfer algorithms for fluid/structure interaction problems 
with non-matching discrete interfaces” Comp. Meth. Applied Mech. and Engng (1998) 157(1), 95-114.

P Le Tallec, J Mouro, “Fluid structure interaction with large structural displacements” Comp. Meth. Applied 
Mech. and Engng (2001) 190, 3039-3067.



Linear FSI equations
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Newton’s law: Cauchy stress tensorVelocity Z

⌃
� · n = force on surface ⌃

⇢
Du

Dt
� div� = 0

Main assumptions in the fluid:

Viscosity ✏(·) = 1

2

�
r ·+r·T

�
• Linearization:

Du

Dt
=

@u

@t
+ u ·ru ⇡ @u

@t
• Fixed domain

• Incompressible fluid: divu = 0

• Newtonian fluid: �f = �(u, p) = �pI+ 2µ✏(u)

Main assumptions in the solid:

Lamé coefficientsDisplacements

• Infinitesimal displacements

• Isotropic linear elasticity: �s = �(d) = 2µs✏(d) + � Tr(✏(d))I



Linear FSI equations
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• Fluid equations (Eulerian formulation, transient Stokes):

• Solid equations (Lagrangian formulation, linear elasticity):

• Coupling conditions:

⇢f
@u

@t
� div(2µ✏(u)) +rp = 0, in ⌦f

divu = 0, in ⌦f

⇢s
@2d

@t2
� div�(d) = 0, in b⌦s

⇢
�f · nf + �s · ns = 0, on ⌃

u = ḋ, on ⌃

where ⌃ is the fluid-structure interface and ḋ =
@d

@t



Energy estimate

If the system is isolated, then: 

⇤ ⇥� ⌅ ⇤ ⇥� ⌅
viscous 

dissipation

d

d t

Z

⌦f

⇢f

2
|u|2 +

Z

b⌦s

⇢s

2

��ḋ
��2 +

Z

b⌦s

W
�
✏(d)

��
+

Z

⌦f

2µ|✏(u)|2 = 0

⇤ ⇥� ⌅
Kinetic energy Elastic potential energy

• Multiply the solid equations by ḋ and integrate by parts:

d

d t

Z

b⌦s

⇢s

2

��ḋ
��2 +

Z

b⌦s

W (✏(d))

�
�

Z

⌃
�(d) · ns · ḋ = 0.

W (✏(d)) = µs[✏(d)]2 +
�

2
[Tr(✏(d))]2with

d

d t

Z

⌦f

⇢f

2
|u|2 +

Z

⌦f

2µ|✏(u)|2 �
Z

⌃
�(u, p)nf · u = 0

• Multiply the fluid equations by u and integrate by parts:

• With the coupling conditions, the interface terms cancels

Linear FSI equations



Not addressed in these lectures:
ALE and non-linearities
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⇢f
✓
@u

@t |bx
+ (u�w) ·ru

◆
� div(2µ✏(u)) +rp = 0,in ⌦f(t)

divu = 0,in ⌦f(t)

⇢s
@2d

@t2
� div

�
F (d)S(d)

�
= 0, in b⌦s

• Fluid equations (Moving domain: ALE formulation, Navier-Stokes)

• Solid equations (Lagrangian formulation, hyperelasticity):

2d Piola-Kirchhoff tensor:

M. Fernández, L. Formaggia, J.-F. Gerbeau, A. Quarteroni. The derivation of the equations for 
fluids and structures. In Cardiovascular mathematics, volume 1 of MS&A. Model. Simul. Appl., 
Chap. 3, pages 77–121. Springer, 2009. 

M. Fernández, J.-F. Gerbeau. Algorithms for fluid-structure interaction problems. In 
Cardiovascular mathematics, volume 1 of MS&A. Model. Simul. Appl., Chap. 9,  pages 307–346. 
Springer, 2009. 

S =
@W

@E
(E)

• See e.g.:



Fluid-Structure coupling

• Partitioned schemes: 2 solvers

- Explicit schemes : one fluid/structure iteration at each time step
- Implicit schemes : many fluid/structure iterations at each time step
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FluidStructure

Stress on the interface 

FSI coupler

interface velocity 
and displ. 

• Monolithic schemes: fluid and structure simultaneously  
                                   (not addressed in these lectures)  



• Fluid sub-problem (Dirichlet boundary conditions):

• Solid sub-problem (Neumann boundary condition):

Dirichlet-Neumann iterations
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Find u with u|⌃ =
@d|⌃

@t
and p such that:

Z

⌦f

⇢f
@u

@t
· vf + 2µ

Z

⌦f

✏(u) : ✏(vf)�
Z

⌦f

p div vf =

Z

�f
N

g · vf

Z

⌦f

q divu = 0

Find d such that:
Z

b⌦s

⇢s
@2d

@t2
· vs +

Z

b⌦s

�(d) : rvs = �
Z

⌃
�(u, p) · nf · vs.

• How to compute the load?

Z

⌃
�(u, p) · nf · vs =

Z

⌃
(�pI+ 2µ✏(u)) · nf · vs



�

nf

�s�f

compute  

�
⇥uf

⇥nf
, v⇥

�uf

�nf

instead of   

Load computation: a toy example

• Dirichlet:

(
��uf = f f , on ⌦f ,

uf = uD, on ⌃

• Neumann:

8
<

:

��us = f s, in ⌦s,

@us

@ns
= � @uf

@nf
, on ⌃

• The condition u
f
|⌃ = uD has a sense for uf 2 H

1(⌦f)

• On the contrary,
@u

f

@nf
is not defined for all u

f 2 H
1
(⌦

f
)

• Note that for uf and v smooth (v|@⌦f\⌃ = 0):

Z

⌃

@uf

@nf
v =

Z

⌦f

div(ruf)v +

Z

⌦f

ruf ·rv

• Since div(ru
f) = �f

f2 L
2(⌦f), the normal trace of ru is well-defined:

h @u
f

@nf
, vi def

= �
Z

⌦f

f
f
v +

Z

⌦f

ru
f ·rv

for all v 2 H
1(⌦f) with v|@⌦f\⌃ = 0.

!13



�
⌅⌅⇤

⌅⌅⇥

Find u
s 2 H

1(⌦s) s.t.Z

⌦s

ru
s ·rv

s =

Z

⌦s

f
s
v
s �

Z

⌃

@u
f

@nf
v
s
, 8vs 2 H

1(⌦s)

�
⌅⌅⇤

⌅⌅⇥

Find u
s 2 H

1(⌦s) s.t.Z

⌦s

ru
s ·rv

s =

Z

⌦s

f
s
v
s +R(uf ;Lvs), 8vs 2 H

1(⌦s)

Load computation: a toy example
�
⌅⌅⇤

⌅⌅⇥

Find u
f 2 H

1(⌦f) s.t. uf
|⌃ = uD andZ

⌦f

ru
f ·rv

f =

Z

⌦f

f
f
v
f
, 8vf 2 H

1
⌃(⌦

f)

vf |⌃ = 0

•
(
��uf = f f , on ⌦f ,

uf = uD, on ⌃

•

8
<

:

��us = f s, in ⌦s,

@us

@ns
= � @uf

@nf
, on ⌃

� ⌅ ⌅ ⇤ ⌅ ⌅ ⇥

variational residual R(uf ; v)

�h @u
f

@nf
, vi def

=

Z

⌦f

f fv �
Z

⌦f

ruf ·rv

� ⌅ ⌅ ⇤ ⌅ ⌅ ⇥

lifting operator :

(
L : H

1
2 (⌃) ! H

1(⌦f)

v
s 7! v = Lvs

with v 2 H
1(⌦f) s.t.

(
v = v

s
, on ⌃,

v = 0, on @⌦f\⌃
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Load computation: a toy example

• nf nodes in ⌦f , nf
⌃ nodes on ⌃, nf

I = nf � nf
⌃ “internal” nodes.

• Matrix “without boundary condition” : Af =
h
af (vfj , v

f
i)
i

i,j=1..nf

Af =

"
Af

II Af
I⌃

Af
⌃I Af

⌃⌃

#
, Uf =

"
Uf

I

Uf
⌃

#
Ff =

"
Ff
I

Ff
⌃

#

• Dirichlet problem (Uf,d
⌃ given) : Af

IIU
f
I = Ff

I �Af
I⌃U

f,d
⌃

�! approximation of �
✓Z

⌃

@uf

@nf
vfi

◆

i=1..nf

• Residual : Rf
⌃ = Ff

⌃ �Af
⌃IU

f
I �Af

⌃⌃U
f
⌃ Rf = Ff �Af Uf =

"
0

Rf
⌃

#

• . . . but we need

✓Z

⌃

@uf

@ns
vsi

◆

i=1..ns

Algebraic counterpart
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Load computation: a toy example

• Conforming meshes :

Vf
⌃ = Vs

⌃ hence Rs = Rf

hence Rs = KTRf

• Non-conforming meshes: let K be the interpolation matrix on ⌃

Vf
⌃ = KVs

⌃ =) (Rs,Vs) = (Rf ,KVs) = (KTRf ,Vs)

• Neumann problem (Rs given) : AsUs = Fs +Rs

Z

⌃

@uf

@ns
vs = �

Z

⌃

@uf

@nf
vf  ! (Rs,Vs) = (Rf ,Vf)

to be defined
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Load computation: an example
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Solid: MITC4 shell elements Fluid: P1 tetrahedra

K = Id hence Rs = Rf

Same nodes, but different elements… how to transfer the load ? 



Load computation: a toy example
Discrete energy balance
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(AfUf ,Uf) = ((AfUf)I,U
f
I) + ((AfUf)⌃,U

f
⌃) = (Ff

I,U
f
I) + (Ff

⌃ � Rf
⌃,U

f
⌃)

= (Ff ,Uf)� (Rf
⌃,U

f
⌃) = (Ff ,Uf)� (Rf

⌃,KUs
⌃)

(AfUf ,Uf) + (AsUs,Us) = (Ff ,Uf) + (Fs,Us)

The boundary terms cancel, as in the continuous case.

• Adding the two relations, we get the energy equation:

• Let (Uf ,Us) be a solution of the coupled problem (thus Uf,d
⌃ = KUs

⌃).

• Multiplying the first equation by Uf :

(AsUs,Us) = (Fs,Us) + (Rs,Us) = (Fs,Us) + (KTRf
⌃,U

s
⌃)

• and the second by Us:



• Let (u, p) be solution of the fluid sub-problem

• Let L : H1/2(⌃) ! H
1(⌦f) be a lifting (extension) in the fluid domain.

• The variational residual is:

Rf(u, p;Lvs)
def
=

Z

�f
N

g · Lvs �
Z

⌦f

⇢f@tu · Lvs �
Z

⌦f

2µ✏(u) : ✏(Lvs) +

Z

⌦f

p divLvs

= �
Z

⌃
�(u, p) · nf · vs

Z

b⌦s

⇢s
@2d

@t2
· vs +

Z

b⌦s

�(d) : rvs = Rf(u, p;Lvs).

• Solid sub-problem:

Load computation in FSI

C Farhat, M Lesoinne, P Le Tallec, “Load and motion transfer algorithms for fluid/structure interaction problems 
with non-matching discrete interfaces” Comp. Meth. Applied Mech. and Engng (1998) 157(1), 95-114.

• Benefits:

- very simple algebraic operation “R = b�Au” !

- ensures energy conservation at the discrete level



• Fluid sub-problem
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Find un+1 with un+1
|⌃ =

dn+1
|⌃ �dn

|⌃
�t and pn+1 such that:

Z

⌦f

⇢f
un+1 � un

�t
· vf + 2µ

Z

⌦f

✏(un+1) : ✏(vf)�
Z

⌦f

pn+1 div vf =

Z

�f
N

gn+1 · vf

Z

⌦f

q divun+1 = 0

(un+1, pn+1) = F
�
dn+1
|⌃

�
Shorthand:

• Solid sub-problem
Find dn+1 such that:
Z

b⌦s

⇢s
dn+1 � 2dn + dn�1

(�t)2
· vs +

Z

b⌦s

�(dn+1) : rvs = Rf
�
un+1, pn+1;Lvs

�

dn+1
|⌃ = S

�
un+1, pn+1

�
Shorthand:

Dirichlet-Neumann iterations



• Implicit coupling schemes  
Find a fixed point:
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Fluid

Solid

tn tn+1

dn

 

 

solve

un+1

dn+1

 

solve

Dirichlet-Neumann iterations

FSI cost� FLUID cost + SOLID cost

• Several approches: accelerated fixed point, Newton, Inexact Newton,…

• In general: 

dn+1
|⌃ = S � F

�
dn+1
|⌃

�



Energy estimate for the implicit coupling scheme

If the system is isolated, then: 

Energy estimate

• The interface terms cancel: stability in the energy norm
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1

�t

"Z

⌦f

⇢f

2
|un+1|2 �

Z

⌦f

⇢f

2
|un|2 +

Z

b⌦s

⇢s

2

����
dn+1 � dn

�t

����
2

�
Z

b⌦s

⇢s

2

����
dn � dn�1

�t

����
2
#

+
1

�t

Z

b⌦s

W
�
✏(dn+1)

�
�

Z

b⌦s

W
�
✏(dn)

��
+

Z

⌦f

2µ|✏(un+1)|2  0

• Proof

– In the fluid, take vf = un+1 � L
⇣

dn+1�dn

�t

⌘
.

– In the solid, take vs = dn+1�dn

�t .



• Explicit coupling schemes  
Solve only once the fluid and the solid sub-problems:
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Many possible variants, for example extrapolation:

d̃n
|b⌃ = dn

|b⌃ + �tḋ
n

|b⌃

Fluid

Solid

tn tn+1

dndn+1
|⌃ = S

�
un+1, pn+1

�

(un+1, pn+1) = F
�
dn
|⌃
�  

solve

un+1

 

solve

dn+1

• Very much used in aeroelasticity  

FSI cost � FLUID cost + SOLID cost

Dirichlet-Neumann iterations



Energy estimate for the explicit coupling scheme

If the system is isolated, then: 

Energy estimate

• The interface terms do not cancel: stability is not granted
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⇤ ⇥� ⌅
⇡

Z

⌃
�(un+1, pn+1)n ·

✓
un+1 � dn+1 � dn

�t

◆artificial interface 
numerical power

�

1

�t

"Z

⌦f

⇢f

2
|un+1|2 �

Z

⌦f

⇢f

2
|un|2 +

Z

b⌦s

⇢s

2

����
dn+1 � dn

�t

����
2

�
Z

b⌦s

⇢s

2

����
dn � dn�1

�t

����
2
#

+
1

�t

Z

b⌦s

W
�
✏(dn+1)

�
�
Z

b⌦s

W
�
✏(dn)

��
+

Z

⌦f

2µ|✏(un+1)|2

�Rf
�
un+1, pn+1;L(un+1 � dn+1 � dn

�t
)
�
 0

• Proof
– In the fluid, take vf = u� L

⇣
dn�dn�1

�t

⌘
.

– In the solid, take vs = dn+1�dn

�t .
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Implicit Semi-implicit Explicit 
monolithic

Explicit 
fractional step

18 2.5 2 1

Normalized CPU time (on the same computer, in 2015)

1997-2007 2007-2009 2010-2015

Landajuela, Vidrascu, Chapelle, Fernández, Int. J. Numerical Methods Biomed Engng. 2016

Benchmark with validation against experimental measurements:

FSI BENCHMARK CHALLENGE

III. Experimental setup

A schematic of the full experimental loop as well as a diagram are provided in Figures 3 & 4. The
flow was delivered through a centrifugal pump that was used to drive the fluid from a reservoir
through the pipes into two 2 m long parallel straight pipes to the phantom. The phantom’s outlet
is connected to the reservoir with another straight pipe. The scanned section covers the flow
phantom and part of the inlet and outlet pipes.

The important considerations are:

• using 2 m straight pipes ahead of the flow phantom to ensure fully developed flow entering
the model, i.e., ensuring a parabolic inflow profile,

• ensuring that inlet pipes have same inner diameter as inlet section of flow phantom to avoid
disturbance to the flow,

• the outlet pipe and outlet section of flow phantom have same inner diameter,

• a reservoir to reduce pressure and flow rate fluctuations,

• centrifugal pump allowing continuous adjustment of flow rates,

• a platform (not shown in sketch) ensuring rigid support of inlet pipes, the flow phantom
and the outlet pipe.

Additionally, a flow limiter was installed right after the pump to have another level of possible
adjustment of the flow rate.

pump

inlet pipes

MR scanner bore

flow phantom
with outlet pipe

reservoir

Figure 3: Sketch of experimental setup.
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Outline

• Generality: energy balance, load computation, coupling
• Added mass effect and incompressibility
• Semi-implicit coupling via projection schemes
• Explicit coupling via Nitsche and Robin formulations
• Explicit coupling for thin structures 
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P Causin, JF Gerbeau, F Nobile. “Added-mass effect in the design of partitioned algorithms for fluid–structure 
problems.” Computer Methods in Applied Mechanics and Engineering 194, no. 42 (2005): 4506-4527.



implicit coupling explicit coupling

• Empirical observations for explicit coupling in blood flows:

➡ Instabilities disappear when the solid density is (artificially) increased
➡ Instabilities are independent of the time step
➡ The instability is sensitive to the length of the domain 

!27

Explicit coupling: some observations



Analysis of a toy model

�

�f

d

�1

�2 �2

�s⇥d̈ + Ld = p|�, in �,
with
• d: vertical displacement
• ⇥: vessel thickness
• L: linear operator (for instance L� = a� � b ⇥2�

⇥x2 )

!28

• Solid: string model (infinitesimal displacements)



• Solid: string model (infinitesimal displacements)

• Fluid: fixed fluid domain, no viscous/convective terms

�s⇥d̈ + Ld = p|�, in �,

�
⌅⌅⌅⌅⌅⌅⌅⌅⇤

⌅⌅⌅⌅⌅⌅⌅⌅⇥

�f ⇤u

⇤t
+ �p = 0, in ⇤f

div u = 0, in ⇤f

u · n = ḋ, on ⇥
u · n = 0, on �1

p = 0, on �2

�

�f

d

�1

�2 �2

�
⌅⌅⌅⌅⌅⌅⌅⇤

⌅⌅⌅⌅⌅⌅⌅⇥

�⇥p = 0, in ⌅f

⇤p

⇤n
= ��f ⇤u

⇤t
· n = ��f d̈, on ⇤

⇤p

⇤n
= 0, on �1

p = 0 on �2

=�
div

implicit couplingexplicit coupling

!29
• Numerics: explicit coupling unstable
• Physics: reproduces propagation phenomena

Analysis of a toy model



�s⇥d̈ + Ld = p|�, in �,Solid:Fluid:

�
⌅⌅⌅⌅⌅⌅⌅⇤

⌅⌅⌅⌅⌅⌅⌅⇥

�⇥p = 0, in ⌅f

⇤p

⇤n
= ��f d̈, on ⇤

⇤p

⇤n
= 0, on �1

p = 0 on �2

 From this definition, we have p|� =MA(��f d̈) = ��fMAd̈

Steklov-Poincaré operator

The operator MA : H� 1
2 (⌃) ! H

1
2 (⌃) defined as: for each g 2 H

� 1
2 (⌃) we set

MA(g)
def
= q|�w , where q 2 H

1(⌦f) solves

8
>>>>>>><

>>>>>>>:

��q = 0, in ⌦f

@q

@n
= g, on ⌃

@q

@n
= 0, on �1

q = 0, on �2

is a linear, compact, positive and self-adjoint operator in L
2(⌃).

The added-mass operator



�s⇥d̈ + Ld = p|�, in �,Solid:Fluid:

�
⌅⌅⌅⌅⌅⌅⌅⇤

⌅⌅⌅⌅⌅⌅⌅⇥

�⇥p = 0, in ⌅f

⇤p

⇤n
= ��f d̈, on ⇤

⇤p

⇤n
= 0, on �1

p = 0 on �2

�
�s⇥ + �fMA

⇥
d̈ + Ld = 0, in �

⇤ ⇥� ⌅

p|� = ��fMAd̈

Remarks:

  What kind of time integration scheme of (2) arises from the explicit coupling of (1) ?

(1)

(2)

!31

The added-mass operator



Monolithic scheme

!32

Fluid:

Solid:

⇤ ⇥� ⌅
implicit

�
⌅⌅⌅⌅⇤

⌅⌅⌅⌅⇥

⇥f u
n+1 � un

�t
+⇤pn+1 = 0

div un+1 = 0

un+1 · n =
dn+1 � dn

�t

⇥s⇤
dn+1 � 2dn + dn�1

�t2
+ Ldn+1 = pn+1

|�

Condensed solid problem:

�
⇥s⇤ + ⇥fMA

⇥ dn+1 � 2dn + dn�1

�t2
+ Ldn+1 = 0

=�
div

�
⇤

⇥

��pn+1 = 0
⇤pn+1

⇤n
= �⇥f d

n+1 � 2dn + dn�1

�t2

pn+1
|� = �⇥fMA

dn+1 � 2dn + dn�1

�t2

No surprise: no stability problem…



Explicit coupling and added-mass

�
⌅⌅⌅⌅⇤

⌅⌅⌅⌅⇥

⇥f u
n+1 � un

�t
+⇤pn+1 = 0

div un+1 = 0

un+1 · n =
dn � dn�1

�t

⇤ ⇥� ⌅
implicit

⇤ ⇥� ⌅
explicit

 Explicit coupling yields an explicit discretization of the added mass

=�
div

�
⇤

⇥

��pn+1 = 0
⇤pn+1

⇤n
= �⇥f d

n � 2dn�1 + dn�2

�t2

pn+1
|� = �⇥fMA

dn � 2dn�1 + dn�2

�t2

⇢s"
dn+1 � 2dn + dn�1

�t2
+ ⇢fMA

dn � 2dn�1 + dn�2

�t2
+ Ldn = 0

⇢s"
dn+1 � 2dn + dn�1

�t2
+ Ldn = pn+1

|⌃

!33

Fluid:

Solid:

Condensed solid problem:



Stability analysis

!34

⇤s⌅
dn+1 � 2dn + dn�1

�t2
+ ⇤fMA

dn � 2dn�1 + dn�2

�t2
+ a⇥n+1 = 0

• Note that MA is a compact, positive and self-adjoint operator on L2(⌃)

• Expand dn+1, dn, dn�1 and dn�2 on a orthonormal basis made of eigen-
vectors of MA

• Diagonalization of MA leads to the linear homogeneous recurrence:

⇢s"
dn+1
i � 2dni + dn�1

i

�t2
+ ⇢fµi

dni � 2dn�1
i + dn�2

i

�t2
+ a⌘n+1

i = 0, i 2 N

• Whose characteristic polynomial is:

Pi(r)
def
= (⇢s"+ a�t2)r3 + (⇢fµi � 2⇢s")r2 + (⇢s"� 2⇢fµi)r + ⇢fµi



uðx; yÞ ¼
X

kP1

gk
L
kp

sin
kpx
L

! " I0
kpy
L

! "

I 00
kpR
L

! " ;

where I0 is the modified Bessel function I0ðyÞ ¼
P1

k¼ 0
1

ðk!Þ2
ðy
2
Þ2k. Hence, the maximum eigenvalue is given by

lmax ¼
LI0

pR
L

! "

pI 00
pR
L

! " : ð22Þ

Fig. 3 (right) shows the value of lmax for different values of L and R in the axisymmetric case. Observe that
in the asymptotic regime when R/L ! 0, the maximum eigenvalue become

lmax $
2L2

p2R
which is twice as big as the maximum eigenvalue in the bidimensional case.

5. Stability of explicit time-marching schemes

We present in this section a stability analysis of an explicit time-marching scheme for the temporal dis-
cretization of the FSI problem presented in Section 3. The space discretization will be addressed in the next
section. Moreover, for the sake of simplicity and under the scaling considerations presented in Section 8 for
the problem at hand, we assume that the coefficient b in (1) is zero. The differential structural operator de-
fined in (10) therefore reduces to Lg ¼ ag. The results obtained in the next sections generalize easily to the
case b 5 0.

By explicit time marching schemes we mean time discretization algorithms of the coupled FSI problem
(1)–(3) and (5) that allow to solve only once (or just a few times) the fluid and the structure equations within
each time step. They can be typically obtained by combining an explicit algorithm for one of the subsystems
(either fluid or structure) with an implicit one for the other subsystem.

Our goal is to show that those kind of algorithmsmight be unconditionally unstable in certain cases, depend-
ing on the relative mass density of the structure and the fluid and on some geometric properties of the domain.
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Fig. 3. Largest eigenvalue of MA as a function of the domain length L and height R. On the left, bidimensional case (formula (21)); on
the right, axisymmetric case (formula (22)).

4514 P. Causin et al. / Comput. Methods Appl. Mech. Engrg. 194 (2005) 4506–4527

An unconditional instability result
Proposition

Let µmax be the largest eigenvalue of MA and assume that L⌘ = a⌘. Then, the
previous explicit coupling scheme is unconditionally unstable whenever

⇢fµmax

⇢s"
� 1. (1)

•  Do not forget that the first assumption was incompressiblity 

• Other time schemes have been considered by Förster-Wall-Ramm 07 with 
analogous conclusions

!35

•   The instability condition confirms the empirical observations: 
•  Instabilities depend on the density ratio 

•  The instability condition does not depend on the time step

•  Instabilities occur when the structure is thin and slender (larger           ) µmax



Why fixed-point iterations can be inefficient ? 

!36

Fluid:

Relaxation: dk+1 = �d̃k+1 + (1� �)dk

�
⌅⌅⌅⌅⇤

⌅⌅⌅⌅⇥

⇥f uk+1 � un

�t
+⇤pk+1 = 0

div uk+1 = 0

uk+1 · n =
dk � dn

�t

Solid: ⇥s⇤
�dk+1 � 2dn + dn�1

�t2
+ L�dk+1 = pk+1|�

=�
div

�
⇤

⇥

��pk+1 = 0
⇤pk+1

⇤n
= �⇥f dk � 2dn + dn�1

�t2

pk+1|� = �⇥fMA
dk � 2dn + dn�1

�t2

Proposition

Let µmax be the largest eigenvalue ofMA and assume that L⇥ = a⇥. The above
relaxed fixed point iterations converge if and only if

0 < ⇧ <
2(⌅s⌃ + a�t2)

⌅s⌃ + ⌅fµmax + a�t2

P Causin, JF Gerbeau, F Nobile. “Added-mass effect in the design of partitioned algorithms for fluid–structure 
problems.” Computer Methods in Applied Mechanics and Engineering 194, no. 42 (2005): 4506-4527.



Implicit / Explicit coupling

Two families of solution: 

• Improve implicit iterations (Fixed point, Newton, quasi-Newton,…)
- Le Tallec-Mouro (1999) Wall-Ramm (2001), Fernández-Moubachir (2003), 

Matthies-Steindorf (2003), JFG-Vidrascu (2003), Mischler-van Brummelen-de 
Borst (2005),   Deparis-Discacciati-Quarteroni (2005), Badia-Nobile-Vergara 
(2007), Vierendeels (2006),  Vierendeels-Lanoye-Degroote-Verdonck (2007), 
Degroote-Annerel-Vierendeels (2010), and many others...

• Devise explicit coupling algorithms:
- Projection semi-implicit coupling: Fernández-JFG-Grandmont (2007), 

Badia-Quaini-Quarteroni (2008) 
- Robin-Neuman : Burman-Fernández (2008)
- Kinematically coupled time-splitting: Guidoboni-Glowinski-Cavallini-

Canic (2009), Fernández (2012)
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Implicit Semi-implicit Explicit 
monolithic

Explicit 
fractional step

18 2.5 2 1

Normalized CPU time (on the same computer, in 2015)

1997-2007 2007-2009 2010-2015

Landajuela, Vidrascu, Chapelle, Fernández, Int. J. Numerical Methods Biomed Engng. 2016

Benchmark with validation against experimental measurements:

FSI BENCHMARK CHALLENGE

III. Experimental setup

A schematic of the full experimental loop as well as a diagram are provided in Figures 3 & 4. The
flow was delivered through a centrifugal pump that was used to drive the fluid from a reservoir
through the pipes into two 2 m long parallel straight pipes to the phantom. The phantom’s outlet
is connected to the reservoir with another straight pipe. The scanned section covers the flow
phantom and part of the inlet and outlet pipes.

The important considerations are:

• using 2 m straight pipes ahead of the flow phantom to ensure fully developed flow entering
the model, i.e., ensuring a parabolic inflow profile,

• ensuring that inlet pipes have same inner diameter as inlet section of flow phantom to avoid
disturbance to the flow,

• the outlet pipe and outlet section of flow phantom have same inner diameter,

• a reservoir to reduce pressure and flow rate fluctuations,

• centrifugal pump allowing continuous adjustment of flow rates,

• a platform (not shown in sketch) ensuring rigid support of inlet pipes, the flow phantom
and the outlet pipe.

Additionally, a flow limiter was installed right after the pump to have another level of possible
adjustment of the flow rate.

pump

inlet pipes

MR scanner bore

flow phantom
with outlet pipe

reservoir

Figure 3: Sketch of experimental setup.

6



Outline

• Generality: energy balance, load computation, coupling
• Added mass effect and incompressibility
• Semi-implicit coupling via projection schemes
• Explicit coupling via Nitsche and Robin formulations
• Explicit coupling for thin structures 

!39

MA Fernández, JF Gerbeau, C Grandmont. “A projection semi-implicit scheme for the coupling of an elastic structure 
with an incompressible fluid.” International Journal for Numerical Methods in Engineering (2007) 69(4): 794-821.



Basic ideas:

•   Couple implicitly the added-mass effect (incompressibility, pressure stress)
•   Couple explicitly the fluid domain motion, convective and viscous effects
•   Use the splitting provided by fractional time stepping in the fluid  

    (Chorin-Temam projection scheme)

!40

Semi-implicit coupling



The Chorin-Teman projection scheme
• Transient Stokes equations:

• Viscous step:
8
><

>:
⇢f

eun+1 � un

�t
� div (2µ✏(eun+1)) = 0, in ⌦f

eun+1 = 0, on @⌦f

• Projection step:
8
>>><

>>>:

⇢f
un+1 � eun+1

�t
+rpn+1 = 0, in ⌦f

divun+1 = 0, in ⌦f

un+1 · n = 0, on @⌦f

=�
div

8
>><

>>:

��pn+1 = �⇢f

�t
diveun+1, in ⌦f

@pn+1

@n
= 0, on @⌦f

!41

⇢f
@u

@t
� div(2µ✏(u)) +rp = 0, in ⌦f

divu = 0, in ⌦f

 JL Guermond, P Minev, J Shen, CMAME,  2006

Accuracy: velocity: O(�t) in L
2, O(�t1/2) in H

1, pressure O(�t1/2) in L
2

but can be improved with pressure correction . . .

R Temam, Arch Rat Mech Anal (1969)  
AJ Chorin, Math Comp (1968)



Semi-implicit coupling: explicit part

• Viscous sub-step:

Observation:

!42

• N.B.: in the more realistic cases of Navier-Stokes equations on moving 
domains, the mesh is moved during this step, only once (explicit).

⇢f
eun+1 � un

�t
� div (2µ✏(eun+1)) = 0, in ⌦f

eun+1 = ḋ
n
, on ⌃



• Fluid projection sub-step (in a known domain):

- Projection sub-step in a fixed fluid domain (even in ALE formulation) 
- Explicit viscous load, implicit pressure load 
- Implicit part solved with cheaper inner iterations compared to previous schemes

=�
div

!43

8
>><

>>:

��pn+1 = �⇢f

�t
diveun+1, in ⌦f

@pn+1

@n
= �⇢f

dn+1 � 2dn + dn�1

�t2
, on ⌃

8
>>>>><

>>>>>:

⇢f
un+1 � eun+1

�t
+rpn+1 = 0, in ⌦f

divun+1 = 0, in ⌦f

un+1 · n =
dn+1 � dn

�t
· n, on ⌃

• Solid equation:
8
<

:
⇢s

dn+1 � 2dn + dn�1

�t2
� div

�
�(dn+1)

�
= 0, in b⌦s

�(dn+1)bn = �(eun+1, pn+1)bn, on b⌃

Semi-implicit coupling: implicit part



Semi-implicit coupling: the nonlinear case

•Fluid projection sub-step�
⌅⌅⌅⌅⌅⇤

⌅⌅⌅⌅⌅⇥

⇥f u
n+1 � ⇧un+1

�t
+ �pn+1 = 0, in ⇥f,n+1

divun+1 = 0, in ⇥f,n+1

un+1 · n =
dn+1 � dn

�t
· n, on �n+1

1) Explicit sub-step:

2) Implicit sub-step: (fixed fluid domain)

df,n+1 = Ext(dn
|b�), wn+1 =

df,n+1 � dn

�t
, �f,n+1 = (I + df,n+1)(��f),

•Fluid domain motion

•Fluid viscous sub-step

⇤f

⇥
⌅un+1 � un

�t

�����
bx

+ (⌅un+1 �wn+1) · �⌅un+1

⇤
� 2µdiv �(⌅un+1) = 0, in ⇥f,n+1

⌅un+1 = wn+1, on �n+1

•Solid equation:



Variational formulation

1
�t

�⇤

�f,n+1
⇤f ũn+1 · vf

1 �
⇤

�f,n
⇤fun · vf

1

⇥
�

⇤

�f,n+1
⇤f(div wn+1)ũn+1 · vf

1

+
⇤

�f,n+1
⇤f(ũn+1�wn+1)·⇧ũn+1·vf

1+2µ

⇤

�f,n+1
�(ũn+1) : �(vf

1) = 0, ⌅⌅vf
1 ⇤ V f

�un+1 = wn+1, on �n+1

�
⌅⌅⇤

⌅⌅⇥

Rf
µ

�
ũn+1;L(vs)

⇥� ⌅ ⌅ ⇤ ⌅ ⌅ ⇥

Rf
p

�
pn+1;L(vs)

⇥� ⌅ ⌅ ⇤ ⌅ ⌅ ⇥

1) Explicit sub-step:

2) Implicit sub-step: 

viscous load pressure load

�
⌅⌅⇤

⌅⌅⇥

un+1 · n =
dn+1 � dn

�t
· n, on �n+1

1
�t

�⇤

⇥f,n+1
⇥fun+1 · vf

2 �
⇤

⇥f,n+1
⇥f ũn+1 · vf

2

⇥
�

⇤

⇥f,n+1
pn+1 div vf

2

+
⇤

⇥f,n+1
q div un+1 = 0, ⌅⇧vf

2 ⇤ H�(div; ⌅�f), ⌅⌅q ⇤ L2(⌅�f)

— —



Energy estimate for the semi-implicit coupling scheme

If the system is isolated, then: 

Energy estimate

 46

⇤ ⇥� ⌅
⇡

Z

⌃
2µ✏(ũn+1)n ·

✓
ũn+1 � dn+1 � dn

�t

◆artificial interface 
numerical power

�

1

�t

"Z

⌦f

⇢f

2
|un+1|2 �

Z

⌦f

⇢f

2
|un|2 +

Z

b⌦s

⇢s

2

����
dn+1 � dn

�t

����
2

�
Z

b⌦s

⇢s

2

����
dn � dn�1

�t

����
2
#

+
1

�t

Z

b⌦s

W
�
✏(dn+1)

�
�
Z

b⌦s

W
�
✏(dn)

��
+

Z

⌦f

2µ|✏(un+1)|2

�Rf
µ

�
ũn+1, pn+1;L(ũn+1 � dn+1 � dn

�t
)
�
 0

• The interface terms do not cancel: stability is not granted

⇡
Z

⌃
�(un+1, pn+1)n ·

✓
un+1 � dn+1 � dn

�t

◆
• But compare with the spurious power of the explicit scheme: 



A stability result (linear case)

Proposition

Assume the interface matching operator to be L2-stable. Then, under condition

⇢
s � C

✓
⇢
f h

H↵
+ 2

µ�t

hH↵

◆
, with ↵

def
=

(
0, if ⌦s = ⌃,

1, if ⌦s 6= ⌃,

the following discrete energy inequality holds:

1

�t

"
⇢
f

2
kun+1

h
k20,⌦f �

⇢
f

2
kun

h
k20,⌦f +

⇢
s

2

����
dn+1
H

� dn

H

�t

����
2

0,⌦f

� ⇢
s

2

����
dn

H
� dn�1

H

�t

����
2

0,⌦f

#

+
1

2�t

⇥
a
s(dn+1

H
,dn+1

H
)� a

s(dn

H
,dn

H
)
⇤
+ µk✏(eun+1

h
)k20,⌦f  0

Therefore, the semi-implicit coupling scheme is conditionally stable in the energy norm.
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MA Fernández, JF Gerbeau, C Grandmont. “A projection semi-implicit scheme for the coupling of an elastic structure 
with an incompressible fluid.” International Journal for Numerical Methods in Engineering (2007) 69(4): 794-821.

• If ⌦s = ⌃ the scheme can be stabilized by decreasing �t

• If ⌦s = ⌃ and H = h the conditions is not too restrictive (numerics)

• Stable in practice...



�
⌅⌅⇤

⌅⌅⇥

eun+1 =
dn � dn�1

�t
, on ⌃n+1

1

�t

Z

⌦f

⇢f ũn+1 · vf
1 �

Z

⌦f

⇢fun · vf
1

�
+

Z

⌦f

2µ✏(ũn+1) : ✏(vf
1) = 0, 8vf

1 2 V f

�
⌅⌅⇤

⌅⌅⇥ un+1 · n =
dn+1 � dn

�t
· n, on ⌃

1) Explicit sub-step:

2) Implicit sub-step: 

take 
vs =

dn+1 � dn

�t
⇥ V s

take 
vf
1 = eun+1 � L

�
vs
�
� L

⇣
eun+1 � vs

⌘
2 V f

Idea of the proof

Z

⌦f

⇢f
un+1 � ũn+1

�t
· vf

2 �
Z

⌦f

pn+1 div vf
2 +

Z

⌦f

q divun+1 = 0,

Z

b⌦s

⇢s
dn+1 � 2dn + dn�1

(�t)2
· vs +

Z

b⌦s

✏(dn+1) : rvs

= �Rf
µ

�
ũn+1;L(vs)

�
�Rf

p

�
pn+1;L(vs)

�
, 8vs 2 V s

take 
vf
2 = un+1 � L(vs) 2 H⌃(div;⌦

f )



1) Under reasonable assumptions

Idea of the proof

2) This allows to control the unbalanced terms in the fluid,  
with the diffusion of the structural time scheme (hence the solid density…)

kLhv
s
H
k2
L2(⌦f ) 

Ch

H↵
kvs

H
k2
L2(⌦s)

kr(Lhv
s
H
)k2

L2(⌦f ) 
C

hH↵
kvs

H
k2
L2(⌦s)

����Lh

✓
dn+1 � 2dn + dn�1

�t

◆����
2

L2(⌦f )

 Ch

H↵

����
dn+1 � 2dn + dn�1

�t

����
2

L2(⌦s)

����✏
✓
Lh

✓
dn+1 � 2dn + dn�1

�t

◆◆����
2

L2(⌦f )

 C

hH↵

����
dn+1 � 2dn + dn�1

�t

����
2

L2(⌦s)

3) Remark: fortunately, numerical diffusion in the solid does not seem necessary in 
practical simulations in hemodynamics



Navier-Stokes / Nonlinear shell coupling

• Abdominal aortic aneurysm (in-vitro model): 2 cardiac cycles, 1000 times steps

Dimensionless CPU timeOut-flow

• �t = 1.68� 10�3s

• Fluid: 26950 Hexahedra (Q1/Q1 FE)

• Solid: 2240 Quadrilaterals (MITC4 FE)

• Parameters: µ = 0.035 poise, ⌅f = 1 g/cm3,
⌅s = 1.2 g/cm3, E = 6106 dynes/cm2,
⇤ = 0.3

COUPLING CPU
time

Implicit 9.3
Semi-Implicit 1.0



• Carotid artery (in-vivo model): 9 cardiac cycles, 4500 times steps
• �t = 1.68� 10�3s

• Fluid: 70047 Tetrahedra (P1/P1 FE)

• Solid: 8103 Quadrilaterals (MITC4 FE)

• Parameters: µ = 0.035 poise, ⌅f = 1 g/cm3,
⌅s = 1.2 g/cm3, E = 6� 106 dynes/cm2,
⇤ = 0.3.

Dimensionless CPU timeOut-flow

COUPLING CPU
time

Implicit 6.7
Semi-Implicit 1.0
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Carotid artery
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Implicit Semi-implicit Explicit 
monolithic

Explicit 
fractional step

18 2.5 2 1

Normalized CPU time (on the same computer, in 2015)

1997-2007 2007-2009 2010-2015

Landajuela, Vidrascu, Chapelle, Fernández, Int. J. Numerical Methods Biomed Engng. 2016

Benchmark with validation against experimental measurements:

FSI BENCHMARK CHALLENGE

III. Experimental setup

A schematic of the full experimental loop as well as a diagram are provided in Figures 3 & 4. The
flow was delivered through a centrifugal pump that was used to drive the fluid from a reservoir
through the pipes into two 2 m long parallel straight pipes to the phantom. The phantom’s outlet
is connected to the reservoir with another straight pipe. The scanned section covers the flow
phantom and part of the inlet and outlet pipes.

The important considerations are:

• using 2 m straight pipes ahead of the flow phantom to ensure fully developed flow entering
the model, i.e., ensuring a parabolic inflow profile,

• ensuring that inlet pipes have same inner diameter as inlet section of flow phantom to avoid
disturbance to the flow,

• the outlet pipe and outlet section of flow phantom have same inner diameter,

• a reservoir to reduce pressure and flow rate fluctuations,

• centrifugal pump allowing continuous adjustment of flow rates,

• a platform (not shown in sketch) ensuring rigid support of inlet pipes, the flow phantom
and the outlet pipe.

Additionally, a flow limiter was installed right after the pump to have another level of possible
adjustment of the flow rate.

pump

inlet pipes

MR scanner bore

flow phantom
with outlet pipe

reservoir

Figure 3: Sketch of experimental setup.

6



Outline

• Generality: energy balance, load computation, coupling
• Added mass effect and incompressibility
• Semi-implicit coupling via projection schemes
• Explicit coupling via Nitsche and Robin formulations
• Explicit coupling for thin structures 
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E. Burman, M Fernández, “Stabilization of explicit coupling in fluid-structure interaction involving fluid 
incompressibility”, Comput Methods Appl. Mech. Engrg. (2009), 198, 766–784

E. Burman, M Fernández, “Explicit strategies for incompressible fluid-structure interaction problems: Nitsche type 
mortaring versus Robin-Robin coupling”, Int. J. Numer. Meth. Engng (2014), 7, 739–758



D-N formulation for interface problems
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• The conforming Dirichlet-Neumann (D-N) formulation:

�1 �2

�

n

�
��u = f, in ⇥

u = 0, on ⇥⇥�⇥
i = 1, 2,

��ui = f, in ⇤i

ui = 0, on ⇥⇤i\⇥

�

u1 = u2, on ⇥
⇥u1

⇥n
=

⇥u2

⇥n
, on ⇥

⇥
⌅

⇤

Find u1 ⇥ H1(�1) s.t. u1|� = u2|� and�

⇥1

�u1 · �v1 =
�

⇥1

fv1, ⇤v1 ⇥ H1
�(�1)

�

�1

�u1 · �(v1 + Lv2) +
�

�2

�u2 · �v2 =
�

�1

f(v1 + Lv2) +
�

�2

fv2

• By adding these expressions we recover the global weak formulation:

• Remark: H1(⌦) =
�
H

1
⌃(⌦1), 0

�
�

�
LH1(⌦2), H

1(⌦2)
�

�

�
�⇤

�1

�u1 · �Lv2 �
⇤

�1

fLv2

⇥
, ⌅v2 ⇤ H1(�2)

Find u2 ⇥ H1(�2) s.t.�

�2

�u2 · �v2 =
�

�2

fv2

• A model problem:



Nitsche’s formulation for interface problems
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• A model problem:

• The Nitsche’s formulation (Nitsche 78, Becker et al. 03, Hansbo 05):
�

⇥1

�u1 · �v1 �
�

�

�u1

�n
v1 =

�

�1

fv1

�

�2

�u2 · �v2 +
�

�

�u1

�n
v2

+
�

h

�

�
(u1 � u2)v1

+
�

h

�

�
(u2 � u1)v2 =

�

⇥2

fv2

�1 �2

�

n

�
��u = f, in ⇥

u = 0, on ⇥⇥�⇥
i = 1, 2,

��ui = f, in ⇤i

ui = 0, on ⇥⇤i\⇥

�

u1 = u2, on ⇥
⇥u1

⇥n
=

⇥u2

⇥n
, on ⇥

⇥
⌅

⇤

2�

i=1

⇥

⇥i

�ui · �vi �
⇥

�

�u1

�n
(v1 � v2)

by adding these expressions we get:

+
�

h

⇥

�
(u1 � u2)(v1 � v2) =

2�

i=1

⇥

⇥i

fvi�
�

�
(u1 � u2)

�v1

�n

�



Nitsche’s method for interface problems
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• Let X1,h ⇥ H1(�1) and X2,h ⇥ H1(�2) be given conforming finite element
approximation spaces

• Consider the discrete problem: Find (u1,h, u2,h) ⇧ X1,h ⇤X2,h such that

2�

i=1

⇥

⇥i

�ui,h · �vi,h �
⇥

�

⇤u1,h

⇤n
(v1,h � v2,h)�

⇥

�
(u1,h � u2,h)

⇤v1,h

⇤n

+
�

h

⇥

�
(u1,h�u2,h)(v1,h�v2,h) =

2�

i=1

⇥

⇥i

fvi,h ⌃(v1,h, v2,h) ⇧ X1,h⇤X2,h

a
�
(u1,h, u2,h), (v1,h, v2,h)

⇥

• The formulation is (strongly) consistent

• The parameter � > 0 is chosen (irrespectively of h) to ensure coercivity

• Optimal and handles non-matching discretizations

• This is a Discontinuous Galerkin (DG) over the interface ⌃
<latexit sha1_base64="i16FPXnxtcNnZJn5oyaikC+W1nY="></latexit><latexit sha1_base64="i16FPXnxtcNnZJn5oyaikC+W1nY="></latexit><latexit sha1_base64="i16FPXnxtcNnZJn5oyaikC+W1nY="></latexit><latexit sha1_base64="i16FPXnxtcNnZJn5oyaikC+W1nY="></latexit>



Coercivity
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Proposition 

For each (u1,h, u2,h) ⌅ X1,h ⇥X2,h we have

a
�
(u1,h, u2,h), (u1,h, u2,h)

⇥
⇤

⇤
1� 2CT

�

⌅
⇧�u1,h⇧20,⇥1

+ ⇧�u2,h⇧20,⇥2

+
�

2h
⇧u1,h � u2,h⇧20,�

Therefore coercivity holds for � > 2CT, where CT is a constant independent of
the mesh size h, but might depend on the polynomial approximation order.

Remark:

⇤u1,h � u2,h⇤0,� ⇥ 0 as h ⇥ 0



Sketch of the proof
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• Find (u1,h, u2,h) ⇧ X1,h ⇤X2,h such that

2�

i=1

⇥

⇥i

�ui,h · �vi,h �
⇥

�

⇤u1,h

⇤n
(v1,h � v2,h)�

⇥

�
(u1,h � u2,h)

⇤v1,h

⇤n

+
�

h

⇥

�
(u1,h�u2,h)(v1,h�v2,h) =

2�

i=1

⇥

⇥i

fvi,h ⌃(v1,h, v2,h) ⇧ X1,h⇤X2,h

a
�
(u1,h, u2,h), (u1,h, u2,h)

⇥
=

2⌅

i=1

⇤�ui,h⇤20,⇥i
+

�

h
⇤u1,h � u2,h⇤20,� � 2

⇧

�

⌅u1,h

⌅n
(u1,h � u2,h)

⇥
2⌅

i=1

⇤�ui,h⇤20,⇥i
+

�

h
⇤u1,h � u2,h⇤20,�

� 1
⇥

⇤⇤⇤⇤
⌅u1,h

⌅n

⇤⇤⇤⇤
2

0,�

� ⇥⇤u1,h � u2,h⇤20,�

⇥
2⌅

i=1

⇤�ui,h⇤20,⇥i
+

�

h
⇤u1,h � u2,h⇤20,�

� CT

h⇥
⇤�u1,h⇤20,⇥1

� ⇥⇤u1,h � u2,h⇤20,�

ab � 1
2�

a2 +
�

2
b2, � > 0

discrete trace inequality take

�
⇤

⇥
⇥ =

�

2h
� > 2CT



A linear FSI model problem
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�f

�s

�

• Fluid: transient Stokes

• Structure: linear elasticity

• Coupling conditions:

8
<

:
⇢f
@u

@t
� div�(u, p) = 0, in ⌦f

divu = 0, in ⌦f

⇢sd̈� div�(d) = 0, in ⌦s

(
u = ḋ, on ⌃

�(u, p)n = �(d)n, on ⌃



The FSI Nitsche’s semi-discrete formulation
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Find (uh, ph,dh) 2 Vh ⇥Qh ⇥Xh such that:

⇢f
Z

⌦f

@uh

@t
· vh +

Z

⌦f

�(uh, ph) : ✏(vh) +

Z

⌦f

qhr · uh

+⇢s
Z

⌦s

d̈h ·wh + as(dh,wh)

�
Z

⌃
�(uh, ph)n · (vh �wh) �

Z

⌃
(uh � ḋh) · �(vh,�qh)n

+�
µ

h

Z

⌃
(uh � ḋh) · (vh �wh) = 0

for all (vh, qh,wh) 2 Vh ⇥Qh ⇥Xh

“penalty”

symmetry

consistency



Partitioned Nitsche’s formulation 
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for all

• Solid subproblem: Find dh � Xh

⇤s

�

⇥s
d̈h ·wh+as(dh,wh)+�

µ

h

�

�
(⇧tdh � uh)·wh+

�

�
�(uh, ph)n·wh = 0

wh � Xh

(uh, ph) ⇥ Vh �Qh

(vh, qh) ⇥ Vh �Qhfor all

• Fluid subproblem: Find

⇤f

⇤

⇥f

⇧uh

⇧t
· vh +

⇤

⇥f
⇥(uh, ph) : �(vh) +

⇤

⇥f
qh� · uh �

⇤

�
⇥(uh, ph)n · vh

�
⇤

�

�
uh � ḋh

⇥
· ⇥(vh,�qh)n + �

µ

h

⇤

�

�
uh � ḋh

⇥
· vh = 0

• Robin coupling in the solid 
• Dirichlet-Nitsche coupling in the fluid



Time discretization: coupling procedures
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• Solid:

• Fluid:

⇥s

�

�s

dn+1
h � 2dn

h + dn�1
h

�t2
· wh + as(dn+1

h ,wh)

• Explicit:                                            

• Implicit:                                                  
Coupling strategies:

+�
µ

h

⇤

�

�
⌅�td

n+1
h � u�

h

⇥
· wh +

⇤

�
�(u�

h, p�h)n · wh = 0

⇥�tX
n+1 def=

Xn+1 �Xn

�t

⇤f

⇤

⇥f
⇧�tu

n+1
h ·vh+

⇤

⇥f
⇥(un+1

h , pn+1
h ) : �(vh)+

⇤

⇥f
qh�·un+1

h �
⇤

�
⇥(u�

h, p�h)n·vh

�
⇤

�

�
un+1

h � ⇧�td
n+1
h

⇥
· ⇥(vh,�qh)n + �

µ

h

⇤

�

�
un+1

h � ⇧�td
n+1
h

⇥
· vh = 0

u⇤
h = un+1

h , p⇤h = pn+1
h

u⇤
h = un

h, p⇤h = pnh



Implicit Nitsche’s coupling 
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Proposition

Under the conditions
We have:

En def
=

⇢f

2
kun

hk20,⌦f +
⇢s

2
k@�tdn

hk20,⌦s + as(dn
h,d

n
h)

+ �tµ
n�1X

m=0

k✏(um+1
h )k20,⌦f + �t

�µ

h

n�1X

m=0

kum+1
h � @�td

m+1
h k20,⌃

Define the discrete energy by: 



Explicit Nitsche’s coupling
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• Idea to stabilize the scheme: add the temporal weakly consistent penalty term

�0h

�µ

Z

⌃

�
pn+1
h � pnh

�
qh

Proposition

Under the conditions

we have
� > 256CT, �⇥t = O(h),

En ⇥6E0 + 3C�µ⇤u0
h⇤20,� +

3µ

4
⇤�(u0

h)⇤20,⇥f

+ 24
h

�µ
⇥t

n�1�

m=0

⇤pm+1
h � pm

h ⇤20,�.

E. Burman, M Fernández, “Stabilization of explicit coupling in fluid-structure interaction involving fluid 
incompressibility”, Comput Methods Appl. Mech. Engrg. (2009), 198, 766–784



The stabilized explicit coupling scheme 
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3) Next time step

1) Solid substep:

⇥s

�

�s

dn+1
h � 2dn

h + dn�1
h

�t2
· wh + as(dn+1

h ,wh)

+�
µ

h

⇤

�

�
⌅�td

n+1
h � un

h

⇥
· wh +

⇤

�
�(un

h, pn
h)n · wh = 0

2) Fluid substep:

E. Burman, M Fernández, “Stabilization of explicit coupling in fluid-structure interaction involving fluid 
incompressibility”, Comput Methods Appl. Mech. Engrg. (2009), 198, 766–784



Robin-Robin and quasi-compressibility 
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• The discrete incompressibility condition is given by 

�0h⇥t

�µ

�

�
⇧�tp

n+1
h qh +

�

⇥f

qh� · un+1
h =

�

�
(un+1

h � ⇧�t�
n+1
h ) · nqh, ⌅qh ⇤ Qh

• Explicit Robin-Robin coupling:
8
><

>:

�(dn+1)ns +
�µ

h
ḋ
n+1

=
�µ

h
un � �(un, pn)n on ⌃

�(un+1, pn+1)n+
�µ

h
un+1 =

�µ

h
ḋ
n+1

+ �(un, pn)n on ⌃

• Remark: the idea of pseudo-compressibility to accelerate the convergence of the 
fixed-point iterations (implicit coupling) was present in 

P Raback, J Ruokolainen, M Lyly, E Järvinen, ECCOMAS CFD, 2001 
J.A. Vierendeels, K. Riemslagh, E. Dick, P.R. Verdonck, J. Biomech. Eng. Trans. ASME 122 (6) (2000) 667–674.



Proposition

An energy based stability result 
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Under the conditions

there holds

Thus, the stabilized explicit coupling scheme is (conditionally) stable in the energy norm.

� > 256CT, �⇥t = O(h), �0 > 8,

En � 6E0 + 3C�µ⇥u0
h⇥2

0,� +
3µ

4
⇥�(u0

h)⇥2
0,⇥f

+ 3
�0h

�µ
⇥t⇥p0

h⇥2
0,�.

E. Burman, M Fernández, “Stabilization of explicit coupling in fluid-structure interaction involving fluid 
incompressibility”, Comput Methods Appl. Mech. Engrg. (2009), 198, 766–784



Side remark: fluid-fluid coupling
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⇢
⇢@⌧u2 + ⇢(u2 ·r)u2 �r · �(u2, p2) = 0

r · u2 = 0
in ⌦2

⇢
⇢@⌧u1 + ⇢(u1 ·r)u1 �r · �(u1, p1) = 0

r · u1 = 0
in ⌦1

Discretization techniques: Explicit coupling

⇢u ·ru+rp = ⇢u ·ru�⇢

2
ru2 +

⇢

2
ru2 +rp

= ⇢u ·ru� ⇢u · (ru)T +r⇡

Control of kinetic energy flux

Discretization techniques: Explicit coupling

Transmission conditions on Σ
�
⇤

⇥

�(un
1 , pn

1 ) · n1 + �un
1 = �un�1

2 � �(un�1
2 , pn�1

2 ) · n2

�(un
2 , pn

2 ) · n2 + �un
2 = �un

1 + �(un�1
2 , pn�1

2 ) · n2

Discretization techniques: Explicit coupling

Control of pressure on Σ 

S(pn2 , p
n�1
2 ) = �

Z

⌃
(pn2 � pn�1

2 )q2

• The same idea applies to fluid-fluid explicit coupling
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Reference solution 
(monolithic)

“Total pressure” 
(staggered scheme)

Coupling  
interface

Side remark: fluid-fluid coupling

M Fernández, JF Gerbeau, S Smaldone “Explicit coupling schemes for a fluid-fluid interaction problem arising in 
hemodynamics”, SIAM Journal on Scientific Computing (2014), 36(6), 2557-2583



Outline

• Generality: energy balance, load computation, coupling
• Added mass effect and incompressibility
• Semi-implicit coupling via projection schemes
• Explicit coupling via Nitsche and Robin formulations
• Explicit coupling for thin structures 
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G Guidoboni, R Glowinski, N Cavallini, S Canic. “Stable loosely-coupled-type algorithm for fluid–structure 
interaction in blood flow” Journal of Computational Physics (2009), 228(18), 6916-6937.

M Fernández. “Incremental displacement-correction schemes for incompressible fluid-structure interaction: 
stability and convergence analysis”, Numerische Math. (2012), 123(1), 21-65.



FSI models with thin structure
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�s

• Fluid: transient Stokes

• Thin structure (membrane, shell,…)

• Coupling conditions:

8
<

:
⇢f
@u

@t
� div�(u, p) = 0, in ⌦f

divu = 0, in ⌦f

⌃ = ⌦s⌦f

⇢s✏@tḋ+Led = ��(u, p)n on ⌃

u = ḋ, on ⌃
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(
⇢s✏@tḋ+Led = ��(u, p)n on ⌃

ḋ = @td on ⌃

u = ḋ on ⌃

• Thin solid

• Fluid 8
><

>:

⇢f@tu� div�(u, p) = 0 in ⌦f

divu = 0 in ⌦f

⇢s✏@tḋ+Led = ��(u, p)n on ⌃

�(u, p)n+ ⇢s✏@tu = �Led on ⌃

• Idea: only solid inertia needs to be implicitly coupled to the fluid

�(un, pn)n+
⇢s✏

⌧
un =

⇢s✏

⌧
ḋ
n�1 �Led? on ⌃

• Key issue is now the accuracy !

FSI models with thin structure

• Added-mass free and parameter free

, d? =

��������

0

dn�1

dn�1 + ⌧ ḋ
n�1



Robin-“Neumann” explicit coupling schemes
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1) Solve the fluid:

8
>>><

>>>:

⇢s@⌧ ḋ
n+1 � div⇧n+ 1

2 = 0 in ⌦s

ḋ
n+ 1

2 = @⌧d
n+1 in ⌦s

⇧n+ 1
2ns = �Jn+1�(un+1, pn+1)(F n+1)�Tn on ⌃

⇢f@⌧u
n � div�(un, pn) = 0 in ⌦f

divun = 0 in ⌦f

ḋ
n
= @⌧d

n on ⌃

2) Solve the solid:
8
>>><

>>>:

⇢s@⌧ ḋ
n+1 � div⇧n+ 1

2 = 0 in ⌦s

ḋ
n+ 1

2 = @⌧d
n+1 in ⌦s

⇧n+ 1
2ns = �Jn+1�(un+1, pn+1)(F n+1)�Tn on ⌃

�(un, pn)n+
⇢s✏

⌧
un =

⇢s✏

⌧
ḋ
n�1 �Led? on ⌃

⇢s✏@⌧ ḋ
n
+Ledn = ��(un, pn)n on ⌃

, d? =

��������

0

dn�1

dn�1 + ⌧ ḋ
n�1



Same method, alternative formulations
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�(un, pn)n+
⇢s✏

⌧
un =

⇢s✏

⌧
ḋ
n�1 �Led? on ⌃

• Explicit Robin-Neumann coupling:

�(un, pn)n+
⇢s✏

⌧
un =

⇢s✏

⌧

⇣
ḋ
n�1

+ ⌧@⌧ ḋ
?
⌘
+ �(u?, p?)n on ⌃

• Robin based kinematic relaxation (form convenient to the implementation):

⇢s✏

⌧

�
ḋ
n � un

�
+Le (dn � d?) = 0 on ⌃

• Incremental displacement-correction (form convenient to the analysis):

⇢s✏@⌧ ḋ
n
+Ledn = ��(un, pn)n on ⌃

8
>>><

>>>:

⇢s@⌧ ḋ
n+1 � div⇧n+ 1

2 = 0 in ⌦s

ḋ
n+ 1

2 = @⌧d
n+1 in ⌦s

⇧n+ 1
2ns = �Jn+1�(un+1, pn+1)(F n+1)�Tn on ⌃

Remark: d? = 0 corresponds to the stable loosely-coupled scheme by

G Guidoboni, R Glowinski, N Cavallini, S Canic. “Stable loosely-coupled-type algorithm for fluid–structure 
interaction in blood flow” Journal of Computational Physics (2009), 228(18), 6916-6937.



Stability and accuracy: main principle
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Proposition

• Energy-norm error:

• For smooth enough solutions and n � 1, there holds:

en . hk + ⌧ +
�ep
⇢s✏

·

8
>><

>>:

⌧
1
2 if d? = 0

⌧ if d? = dn�1

⌧2 if d? = dn�1 + ⌧ ḋ
n�1

with k � 1 the convergence order of the Stokes-projection.

en
def
=

r
⇢f

2
kun � u(tn)k20,⌦f +

⇢s✏

2
kḋn � ḋ(tn)k20,⌃ +

1

2
kdn � d(tn)k2e

M Fernández. “Incremental displacement-correction schemes for incompressible fluid-structure interaction: 
stability and convergence analysis”, Numer. Math., 2012, 123(1), 21-65.



Pressure-wave propagation benchmark

�

�(u, p)n = 0

u · n = 0, �(u, p)n · ⇥ = 0

�(u, p)n = �P (t)n
⌦f = [0, 6]⇥ [0, 0.5]

P (t) =

8
<

:

pmax

2

�
1� cos(2⇡t/0.005)

�
t 2 [0, 0.005]

0 t > 0.005

• Thin-solid: generalized string

Ledy
def
= � E✏

2(1 + ⌫)
@xxdy +

E✏

0.25(1� ⌫2)
dy

• Physical data:

E = 0.75⇥ 106 dynes/cm2

⌫ = 0.5

µ = 0.035P⇢s = 1.1 g/cm3
⇢f = 1.0 g/cm3✏ = 0.1 cm

•  Space discretization: P1 for the solid, P1/P1 stabilized for the fluid



Accuracy vs. time and space refinement

⌧ = 2⇥ 10�4, h = 0.1, tn = 0.015
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Concluding remarks

• A wide variety of partitioned coupling methods for incompressible FSI 
- Implicit, semi-implicit, explicit coupling schemes

• Fractional time stepping 
- In the fluid: semi-implicit projection scheme 
- In the solid: explicit schemes for thin structures

• Added-mass stability issues  
- Can be circumvented via, e.g., Robin-Robin or Robin-Neumann coupling schemes

• The fundamental issue used to be stability with Dirichlet-Neumann.  
With Nitsche, Robin, etc. it is now accuracy!   
- Be careful with the parameters and the constants… 
- Thin-walled solids: first-order accurate Robin-Neumann schemes 
- Open problems: optimal convergence for the coupling with non-thin structure 


