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Introduction

o Classical Fourier transforms on Lie(G) and relationship with
representation theory of G through Gupni ~ Lie(G)yui (Springer,
Kazhdan, Kawanaka, Lusztig, Waldspurger, L. ,
Achar-Henderson-Juteau-Riche).

@ Special case GL, C gl,, = Lie(GL,) (equivariant GL, x GL,,
open embedding). Fourier on gl,, provides Fourier on GL,
(many applications to quiver representations for instance).

@ Generalization of the case of GL, to other reductive groups?
Given p’ : G — GL,, would like to transfert
(GL, C gl,,, &) to (G C XP,FXP).
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Classical Fourier transforms

@ G connected reductive group defined over [y, with Frobenius
F:G — G. Then GF = G(F,) finite group.
Ex: G = GLy(Fq) and F : (a;)ij — (ag.),-yj.
g = Lie(G) and F : g — g Frobenius.
p: g x g — Fq non-degenerate G-invariant symmetric bilinear
from which commutes with Frobenius (ex. (x,y) — Tr(xy) if
G = GL,).
¥ : Fq — Q™ non-trivial additive character.
Fourier transform F9 : Fun(gF, Q,) — Fun(gF, Q).

FUO) = D elulxy)f ().

yegh
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Representations of G

G-equivariant isomorphism

¢ : Guni = Onil-

We have a connection

{Irreducible Q,-char. of G} «— {Fourier trans. of G'-orbits of g’

Remark : If H finite abelian group, then

{Irreducible Q-char. of H} = Fourier({conjugacy classes of H})
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Special case G = GL,

e G = GL, with standard Frobenius F : (a;) — (aZ’.).
Then GL, C gl,, compatible with Frobenius.

{Unipotent char. of GLF'} = (F& {nilpotent orbits of glf})|GL§

e Many applications (Hausel-L.-Villegas, L.) :
- Computation of Poincaré polynomial of Nakajima's quiver
varieties.
- Proof of Kac conjectures on quiver representations.

- Study of structure coefficients of the character ring of
GL,(Fy).
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General case?

e Example : G = PGL,.

PGL, C [gl,/GL1].
Then Fun([gl,/CGL1]F, Q) ~ Fun(glﬁv@Z)GLfv

1
F(F)([x]) = a7 KX YDfF(IyD,
[)’]G[g%:GLl]F [Stabepr(y)l

where

KD = Y o(Tr(xy) =

{q -1 ifTr(xy)=0
zeGLY

-1 if Tr(xy) #0°
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General case?

o Starting datum : an F-stable maximal torus T of G and a
representation
P New(T°) — GL,
which commutes with Frobenius.

o In the previous example : G = PGL,, p’ : SL, C GL, which
dualizes into p : GL, — PGL,,

X = [gl,/Ker(p)] = [gl,/GLa],
and F? obtained from F&l» by descent.
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Spectral aspect of Fourier transform F&l

e If X finite set, put C(X) = Fun(X, Q)
o GLF x GLF acts on C(gl) and
Fe((g, h) - £) = (h,g) - FE(f).
le. Feln: C(glf) — C(g15)* isomorphism of GLf x GLf-mod.
@ Deligne-Lusztig theory :

rr(GF) = [[ €a(s).
(s)

where (s) runs over F’-stable semisimple conjugacy classes of
G.
Ec(s) : Lusztig series.
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Spectral aspect of Fourier transform F&l

e We have

C(GLD) ~ P v:mVy.
WEGLF
where for x X x¥ € VK V.Y, we get

GL] — Qq, h— xY(pr(h)(x)).
C(GLF) = @c (GLE)s

where (s) runs over the F—stable semisimple conjugacy classes
of GL, and

C(GLD) = P v=rv)

me€aL,(s)
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Spectral aspect of Fourier transform F&l

glF @C gl (s)>

where (s) runs over F-stable sem|5|mp|e conjugacy classes of
GL,.

e Moreover Feh: C(gl,)(s) — Clgly)(s—1y-

o If the eigenvalues of (s) are all # 1, then
C(gln)(s) = C(GLn)(s)-
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Spectral aspect of Fourier transform F&l

e Jordan decomposition for Fourier :

Cleln)(s) = Rever s (C(GLﬁ)(s') X C(glf_ﬂ)u)) :
with r' = #{eigenvalues of s # 1} and L,» = GL,» x GL,_,.
Fourier on both sides coincide.

@ We are reduced to understand Fourier on C(glf)(l).

o Example : n =2

c@Lf) | 1R1 st®st Vi lan
Clglfy) | 1B1  StRSt 1RSt StR1 {VS12}aa

Clglh,y) | 1K1



Spectral aspect of Fourier transform F&l

o Fourier matrices when n =2
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(StESt)2 (St R St);
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Back to our problem

o Given p’ : Ng(T?) — GL,, we would like to transfert
(GL, C gl,,, &) to (G C X, F¥).

o FGLn .

Clelf) — T2 c(glf)

iRestriction

C(GLH)

GLp

c(GLF) —L

o We first transfert G to .7-"[? : C(GF) — ¢(GF).
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The map t,

@ Deligne-Lusztig theory :
Irr( GF Hé’@

where (s) runs over F’-stable semisimple conjugacy classes of
G’
Ec(s) : Lusztig series.

o p*: Ngo(T°) — H® (H arbitrary connected reductive group)
induces a map from F’-stable semisimple conjugacy classes of
G’ to F’-stable semisimple conjugacy classes of H".

~~ t, : {Lusztig series of GF} — {Lusztig series of HF} given
by

tp(E6(s)) = Enlp(s))-
I
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Cases where t, is given by a functor

o If p”: G — H’ is a normal morphism, then there exists

p:H—=G
and t, is given by the functor p* : Rep(G') — Rep(HF).

Examples :

0’ : SL, C GL,, then p : GL, — PGL,.
0°: GL1 < GL,, A+ A\, then p = det : GL, — GL.

o If p”: L” < HP is the inclusion of a Levi, then t, is given by
the Lusztig induction functor

RF' : Rep(LF) — Rep(HF).



Transfert of restricted Fourier transform

@ Fact:

FGLa: ¢(GLE) — ¢(GLE)* isomorphism of GLE x GLE-mod.



Transfert of restricted Fourier transform

@ Fact:

FGLn . ¢(GLE) — ¢(GLF)* isomorphism of GLE x GLF-mod.
@ Recall
C(GL))~ P v»mVy.

7€GLE



Transfert of restricted Fourier transform

@ Fact:

FGLn . ¢(GLE) — ¢(GLF)* isomorphism of GLE x GLF-mod.
@ Recall
C(GL))~ P v»mVy.

WG(/}.L\f
o W function v : GLE — @ such th
e get a gamma function vy : GL, — Q, such that

FOla(x K xV) = 4L (1) (xV K x)
forall xKx¥ e V; X VY.
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Transfert of restricted Fourier transform

@ Fact : 7O constant on Lusztig series of GLﬁ.
o Recall that p” : N, (T?) — GL, defines

t, : {Lusztig series of G©} — {Lusztig series of GL}

Hence we get .
’Y,;G GF - Q
given by 7L o tp.
e ~ isomorphism F¢ : C(GF) — C(GF)" of GF x GF-modules
s.t.
Fe(xHxY) =~8(m) (x¥ R x),
for all x X xV € V,; K VY c C(GF).

(Construction of ]-'pG due to Braverman-Kazhdan.)
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o Note that abstractly, for all g € GF
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reGF
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Explicit construction of exotic restricted Fourier kernel

@ Problem : compute explicitely d)pG € C.(G") such that
FEA) )= D o5(x)f(y).

o Note that abstractly, for all g € GF

Z 5 (m)m (1) (g).

reGF

o If the image of p” : G — GL, is normal in some F-stable Levi
L of GL,, then p: L — G and

¢,§; = pi(v o Tr) up to some explicit scalar



Braverman-Kazhdan conjecture

@ Recall p* : Ny (T?) — GL,, put L := Car,,(p°(T7)) Levi
subgroup of GL,,.



Braverman-Kazhdan conjecture

@ Recall p* : Ny (T?) — GL,, put L := Car,,(p°(T7)) Levi
subgroup of GL,,.

Then p* : T — L normal and so we have

p:L—>T.



Braverman-Kazhdan conjecture

@ Recall p* : Ny (T?) — GL,, put L := Car,,(p°(T7)) Levi
subgroup of GL,,.
Then p* : T — L normal and so we have

p:L—>T.

@ Artin-Schreier sheaf : h: Al — Al x+— x9 — x Galois
covering with Galois group F.

L, = subsheaf of h.(Q,) on which F, acts as ¢ *.
Consider ®L := Tr*(L,) with Tr: L — A4, and put

o7 := p®t[dim L](dim V,) € DE(T)F.



Braverman-Kazhdan conjecture

e Proposition [Braverman-Kazhdan, Cheng-Ng6, Laumon-L.] If
p: L— T is surjective + positivity assumptions on weights of
p", then CDZ is an irreducible perverse smooth ¢-adic sheaf on
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Braverman-Kazhdan conjecture

e Proposition [Braverman-Kazhdan, Cheng-Ng6, Laumon-L.] If
p: L— T is surjective + positivity assumptions on weights of
p", then CDZ is an irreducible perverse smooth ¢-adic sheaf on
T.

@ We have geometric induction :

Ind$ : DY(T) — DE(G).
given by (pr2)i o (pr1)*[dim G — dim T] where

T<~—{(t,;x,g) € TxGx G/B|lgixgctU} —=G .

@ Theorem [Lusztig] Under above assumptions, Ind(}-(d);) is a

semisimple perverse sheaf on which W := Wg(T) acts.
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Braverman-Kazhdan conjecture

e Conjecture [Braverman-Kazhdan, 2002] The characteristic
function of Ind?(CDZ—)W equals gbg.

(Proved by BK if p” : G* = GL,,, — GLj,).

e Theorem [Laumon-L., 2018] BK conjecture is true.

In fact we prove (without any assumptions on p) that
6 = g 2 RE(O]).
weW

where R?W is Deligne-Lusztig induction and qprW is push
forward of ¢tv for some v € Ngr,,(L) defined from w.
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Extending .7:[? to involutive Fourier ?

@ Reduces to extending ]-"pG : C(GF)(l) — C(GF)(l) (by Jordan
decomp.).

e Theorem [Laumon, L.] Explicit construction for all
representations p’ : NGb(Tb) — GL, with G = GL» or GL3.

o Assume that the image of p* : G — GL, is normal in some
Levi L, then we have p: L — G.

Proposition [Laumon, L]
X, = [(Lie(L) x G)/L] (= [Lie(L)/Ker(p)] if p surjective).

where the action is given by (x,g) - h = (xh, p(h)"1g).
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Extending .7:[? to involutive Fourier ?

@ Diag. embedding pb : GL, — GL, x GL, € GL»,. Then

m: GL, x GL, — GL,, (x,y) — xy.
extends p: T, x T, — T,.
Theorem [Laumon, L.]
Xp = [gln X gln/GLn]a
with action (x,y) - g = (xg, g 1y).

Fourier kernel :

G = S (T2 + 2x")),

zeGLE
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Extending .7:[? to involutive Fourier ?

e p’ : PGLy — GLs3 given by

a2 ab b2
a b 1
d — d— be 2ac ad + bc 2cd | .
¢ ad = be c? cd d?
At the Level of tori we have

P’ To— Ts, (a,b)— (a/b,1,b/a)

which dualizes to

p: Tz — Th~{(t,6) € To x Al| det(t) = 62} /GLy,

given by (a, b, c) — (a/c,c/a) + [a°, c?]. This induces a
bijective morphism

[Lie(Ts)/Ker(p)] — [{(t,8) € Lie(T2)x Al | det(t) = 62} /GL].
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Extending .7:[? to involutive Fourier ?

Theorem [Laumon, L]

X, = [{(x,6) € gl x gy | det(x) = 6} /GL].

The Fourier kernel is given by

oY ([x,0]) = Y e(s(Tr(x + 26)))

seGLy
B {q— 1 if Tr(x+20) =0

1 otherwise.



