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Exponential functionals arise in many areas
@ in self-similar Markov processes via Lamperti transform,
@ in study of random processes in Random Environment,
@ in mathematical statistics in the study of Pitman estimators,

@ in Mathematical Finance for evaluation of perpetuities, for
evaluation of Asian options, in the insurance for evaluation of
ruin probability.
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For stochastic process X = (X¢)¢>0 we introduce two exponential
functionals

t
It :/ exp(—Xs)ds, t>0
0

and also

oo
/Oo:/ exp(—X;)ds
0

when it exists.
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Previous results

When the process X is Levy process, the properties of exponential
functionals /., was studied by

® 6 6 6 o o o

Bertoin, Yor (2005)

Carmona, Petit, Yor (2004)
Erikson, Maller (2004)

Bertoin, Maller, Lindner (2008)
Behme, Lindner (2015)

Behme (2015)

Kuznetsov, Prado, Savov (2012)
Prado, Rivero, Van Schaik (2013)
Patie, Savov (2016)

In the case of diffusions the exponential functionals see

Salminen, Yor (2005)
Kardaras, Robertson (2014)
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PIl processes

Note that in the mathematical finance context X plays a role of log
of the price of the risky asset. This process is not always
homogeneous. This is the explanation why it is important to
generalize the results for Pll processes.

As important examples we mention
@ Compound Poisson process,
@ Levy process subjected to deterministic time change,
@ Integrals of Levy processes with deterministic integrands,

@ Hitting times for diffusions.

Moreover, the time horizon is finite in real life, so that it is
important to consider the exponential functionals as stochastic
processes depending on t.
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We suppose that the process X = (X;)¢>0 is a process with
independent increments which is a semi-martingale with absolutely
continuous characteristics (B, C, ) such that

t t
B = / bsds, C;= / csds, v(dt,dx) = Ki(dx)dt.
0 0

@ In the first part of the talk we give such important
characteristics of exponential functionals as moments, Laplace
transform, Mellin transform.

@ In the second part of the talk we present the
integro-differential equations for the density of /; and /.

@ As a special case, Levy processes are of course included.
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Impotrant observation

The process (/¢)+>0 is not a Markov process for the filtration
generated by the process X and this is an obstacle to use the
stochastic calculus in efficient way. But if we do time reversal, we
can introduce a family of Markov processes indexed by t and then
we can make the link between this family and the initial problem.
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Time reversion

For fixed ¢t > 0 introduce a new process Y(t) = (Ys(t))ogsgt with
YD = X — Xy
We will omit the index (t) for simplicity of the notations.

LEMMA 1 We have for all t > 0, that

t
Iy = e_yf/ e v du
0
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Generalised OU processes

Consider generalized OU process

dVie = V,_dYs + dns

A

where (Ys)s>0 and (7s)s>0 are stochastic processes. Supposing
that these two processes are independent and that the jumps of Y
are bigger then -1, the solution of this equation is

Vi = (V). <v0+/0 gzl:zj) )

Observation :Put Y for the process such that £(Y): = exp(—Y}),
n: = t and Vp = 0 to see that the solution of this equation is
exactly the process V' defined by time reversal.
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Mellin transform

For o > 0 and t > 0 we introduce Mellin transform:
mi® = E(Ip)

and also Mellin transform for shifted process:

t a
mgixt) =E {(/ e_(X"_Xs)du> }

Under some integrability assumptions we introduce Laplace
transform of parameter @ > 0 of X; : E(e~®%) = e~®(®t) with
Laplace exponent equal to:

2 t
O(t,a) = aB; — a—Ct — / /(e_ax — 1+ ax)v(du, dx).
2 o Jr
In the case of Lévy process, ®(t,a) = t P(«).
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Recurrent equations for positive values of «

THEOREM 1 Let @ > 1 and there exists § > 0 such that the
following condition holds:

/ / e (XK (dx) ds < oo.

Then, mga) is well-defined and satisfy the following recurrent
integral equation:

t
mga) = a/ mﬁf‘[l) e~ ®(s:9) s
0
If X is Levy process, then for all t > 0

m® = ae¢(a)t/tmgoz—1) o®(0)s s
0
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Levy processes and moments of /;

COROLLARY 1.1Let n> 1 and @ is bijective on [0, n] N N. Then

n e—d>(k)t e—cb(n)t

BR) = ) o o)~ o)

EXAMPLE Let us consider Geometric Brownian Motion with drift
w1 > 0 and diffusion coefficient o > 0, i.e. X; = ut + ocW; where
W = (W;)¢>0 is standard Brownian motion. Then,

Cb(a) =au— 0‘2 2 and under one of the conditions %5 < 1 or

n < -5 we get:

—(kp—k?a02/2)t _ (n,u n?a?/2)t

E(/]) = n!
Z I1 (i—k)(u—(f+k)0'2/2)

0<i<n, i#k
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Levy processes and the moments of /.,

COROLLARY 1.2 Let X be a Levy process such that for fixed
n>1, E(IZ) < oco. Then

n!

E) = T e

Moreover, if all positive moments of /., exist and the above series
is converging, then its Laplace transform of parameter 5 > 0 is
given by:
oo
3 _1)nﬁn
E(ePle) = 2157
2 1, ()

Remark : Similar results was obtained by Bertoin, Yor (2005) for
subordinators and under stronger integrability conditions.
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Finiteness of the positive moments

COROLLARY 1.3 Let ap = inf{ae > 0] ®(«x) < 0} with
inf{(} = 4o00. Then, E(/) < oo ifand only if 1 < o < ag. In
particular, in continuous case with ¢y # 0,

1
d(a) = aby — §a2co

and the moment of I, of order a > 1 will exist if o < 22 C
If X be a subordinator with Levy measure which has a den5|ty Ko
w.r.t. Lebesgue measure, then under the condition

bo —/ XKo(dX) > 07
R+

all moments of I, exist.

Remark : Similar results as Theorem 1 and Corollaries 1.1, 1.2 and
1.3 are obtained for o < 0.
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A family of processes V indexed by t

Let t > 0 be fixed. We consider again the process V = (Vs)o<s<t

with . -
Vs = eYS/ e udu.
0

According to Lemma 1 /; = V; for each t > 0. The process

V = (Vs)o<s<t is a Markov process w.r.t. to the natural filtration
of the process Y, and with the infinitesimal generator (AY)o<s<:
given by

AVN) = (L +y 2s) P + 565 £ v+

[Flye™) = f(y) = f'(y)y(e ™™ — 1)] Kt_s(dx)

T

where

1
dt—s = _bt—s + ECt_s + /(e_x -1 +X)Kt_5(dX)
R
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Kolmogorov-type equation for the density of /;

THEOREM 2 For0<s < t

S

E(F(Ve) = | E(AY((Va))da
0

where Ay = limg_s;_ .A;/.

If for 0 < s < t the density ps w.r.t. Lebesgue measure X of the law

of V; exists and belongs to the class C12(]0, t[xR*+*), then \-a.s.

) 1 ”2
Eps()/) = §ct758—y2(y ps(y)) —

2 ((ar-sy + VP

/ [exps(yeX)—ps(yH(eX—1)§y(yps(y)) Ke_o(d)

In addition, the density of the law of /; is equal to the integral of
the right-hand side of the previous expression w.r.t. s on [0, t[.
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When X is Levy process

let X be Levy process with the parameters (b, cp, Ko) and

1
ag = —by + 50 4 /(ex — 1+ x)Ko(dx).
R

PROPOSITION 2.1 Suppose that the density of the law of /;
exists and belongs to the class C12(]0, t[xR***). Then

22pel0) = 353 i) = 5((aoy + 1) puly)+

/ [expt(yex) = i)+ (7 = 1 )| Kol

In particular case, when I, < 0o (P-a.s.) and the density po, of
the law of /., exist and belongs to the class C2(R*"*) we have the
same equation with |.h.s. replaced by 0.
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Brownian motion case

COROLLARY 2.1 Let us consider Brownian motion with drift;
dXi = bodt + /codW;

such that that ¢y # 0 and by > 0. Then the law of exponential
functional associated with X has a density which verify :

2
5P) = 50 02 puly) — 5 ((aoy + 1) pely))

with ag = —bg + 3co. In particular, for I (cf. Dufresne(2000),
Borodin and Salminen(2002))

2b,

o= L (2 (%o 2
X)=—7— | — X "< exp (| ———
pOO r(%) Co p COX
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Levy process with integrable jumps

Let us denote by v and v~ the Levy measure of positive and
negative jumps respectively and put for x > 0

0= [ kot v 0= [ ale

—0o0

COROLLARY 2.2 Suppose that X is a Levy process with
integrable jumps, Then the density p; of /;, when it exists, verify :

0 1 o2

S22 = 500502 ply) — 5L ((roy + ) e+

+o00 N z y 3 z
/y pe(z)v (In(y))dz—/0 pe(z)v (—In(;)) dz

where rp = — by + % c + fo Ko(dx)
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