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The Beginning

Bachelier (1900): BM as stock price model at Paris Bourse:

dst = µ dt + σ dBt , t ≥ 0,

B BM, µ ∈ R, σ > 0.

• 30y later: Rigorous framework due to Kolmogorov

• Several extensions: Black-Scholes-Merton, local-vol, stochastic-vol
etc.

• 77y later: Toronto Stock Exchange introduced CATS (Computer
Assisted Trading System)
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Exchanges and LOBs

Orders are submitted and electronically stored /matched.

• Limit Order: buy / sell quantity of q orders at price level p or better

• Market Order: buy / sell quantity q at best market price, executed
directly against matching LOs

• Execution of market orders decreased from sec or min to less than
msec

• Much more information available than bid-ask quotes

• In 2002: more than 60 % of world largest stock exchanges are fully
order driven, 80 % at least partially. (Jain (2005))
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Limit Order Books
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High-Dimensional Modeling

Mid price: s := (pbid + pask)/2

LOB Model: vt (p) density of LOB, centered: ut (p) := vt (p + st )

Observations and Assumptions

• HFT: > 1000 orders per 10sec on average for some US stocks

(Cont et al 2011)

• On average, orders arrive at prices p

∼ a(b + |p − st |)−1−µ, µ ∈ [0.6, 1.5]

(Bouchaud et al (2002), Zovko, Farmer (2006))

−→ price-time-continuous model,

−→ no spread, pbid = pask = s.
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Limit Order Books: Discrete Reality
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Limit Order Books: Density vt(p)

p... distance to mid price st
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Space time continuous apprpoxixmation:
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Macroscopic Order Book Dynamics I
Fixed frame: ut (p) := vt (p + st ):

1. Small order readjustments of HF-traders: rate ηηη

2. Tendency to shift orders in direction to bid/ask (HF-traders): rate βββ

3. Net impact rate for order volume, of LF and HF-traders: ααα

4. LF-net impact due to exogeneous information: f (p)f (p)f (p)

5. HF-trader impact on volume: dXtdXtdXt

Order book density
With dp, dt → 0, we impose for the centered order book density

dut (p) = [ηa∆ut (p) + βa∇ut (p) + αaut (p) + fa(p)]︸ ︷︷ ︸
=Aaut +fa

dt + ut−(p) dX a
t .

for p > 0 (< 0 resp.) where X a is a R-valued semimartingale.
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Linear Models

On an abstract level,{
dut (p) = Aaut (p) dt + ut−(p) dX a

t , p ∈ (0, L),

dut (p) = Abut (p) dt + ut−(p) dX b
t , p ∈ (−L, 0).

(1)

X a, X b are real semimartingales w/ jumps > −1 and Aa, Ab are densely
defined and closed linear maps on L2(−L, L)

Theorem
g : [0,∞)→ L2(−L, L) solves (1) for X a/b ≡ 0, iff

ut (p) := gt (p)
[
Et (X b)1(−L,0)(p) + Et (X a)1(0,L)(p)

]
, p ∈ (−L, L),

solves (1) (in analytically weak sense).
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Examples

Ex 1: Level-1 Models
L := dp, best bid and ask queues are modeled by positive
semimartingales Z a, Z b. Then X a and X b are such that Z ? = E(X?),
? ∈ {a, b}.

Ex 2: Intra-Book dynamics
L > 0 very large (e.g. L = 1000), Aa and Ab model intra-book dynamics,
as above:

Aa := ηa∆ + βa∇ + αa, Ab := ηb∆− βb∇ + αb

Marvin S. Müller (ETHZ) 7th September 2018 10



Examples

Ex 1: Level-1 Models
L := dp, best bid and ask queues are modeled by positive
semimartingales Z a, Z b. Then X a and X b are such that Z ? = E(X?),
? ∈ {a, b}.

Ex 2: Intra-Book dynamics
L > 0 very large (e.g. L = 1000), Aa and Ab model intra-book dynamics,
as above:

Aa := ηa∆ + βa∇ + αa, Ab := ηb∆− βb∇ + αb

Marvin S. Müller (ETHZ) 7th September 2018 10



Spectral Analysis

Imposing Dirichlet bdry cond., the eigenvalues and eigenfcts of
A := η∆ + β∇ + α on (0, L) are

νk := α− k2 ηπ
2

L2 −
β2

4η
, ek (p) := e−

β
2η p sin

(
kπ
L

p
)

, k ∈ N,

Observation

• Solution of dut = Aut dt + ut− dXt is

ut (p) = Et (X )
∞∑
k=1

eνk t

(∫ L

0
u0(x)ek (x)e

β
η x dx

)
ek (p) (2)

• The only positive eigenfct is e1 for the principlec eigenvalue ν := ν1.
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
dut (p) =

[
ηa∆ut (p) + βa∇ut (p) + αaut (p)

]
dt + σaut (p) dW a

t , p ∈ (0, L),

dut (p) =
[
ηb∆ut (p)− βb∇ut (p) + αbut (p)

]
dt + σbut (p) dW b

t , p ∈ (−L, 0),

ut (0+) = ut (0−) = u(−L) = u(L) = 0,

ut (p) > 0, p ∈ (0, L), ut (p) < 0, p ∈ (−L, 0), t > 0,

From parametrization theorem: ut (p) explicitly computable

, and

Corollary
For u0(p) = h(p) := sin(πL p) exp

(
± βb/a

2ηb/a
p
)

the unique solution is

ut (p) = h(p)
(
Y b

t 1(−L,0)(p) + Y a
t 1(0,L)(p)

)
,

where dY a/b
t = νa/bY a/b

t dt + σa/bY a/b
t dW a/b

t
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Fit to data:
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Fit to data:
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Linear Inhomogeneous Models II

Consider now the one-sided problems,

dut (p) = [Aut (p) + λf (p)] dt + σut (p) dWt , u0(p) = z0f (p), (3)

p ∈ (0, L), with initial data z0 ∈ R.

Theorem

• If f is an eigenfct for A with eigenvalue −ν, then ut (p) = f (p)Zt ,
where Z0 = z0 and

dZt = [λ− νZt ] dt + σZt dWt .

• If f is not an eigenfct, then no “reasonable” parametrization!
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Price Prediction

• Empirical observation (Cont et al. ’13):

dsb/a
t ≈ ±δ

OFb/a(t)
Db/a(t)

, D ... depths, OF ... order flow.

• First order approx for tick size δ = dp,

Da/b(t) = ±
∫ δ

0
ut (±p) dp ≈ δ

2
∇ut (0±) =

δπ

2L
Z a/b

t , (4)

OFb/a(t) ≈ dDb/a(t) (5)

After reparametrization:

dDa/b(t) = νa/b(µa/b − Da/b(t)) dt + σa/bDa/b(t) dW a/b
t ,
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Price Dynamics

Induced Price Model I

dst =
1
2

(
dsb

t + dsa
t

)
= csδ

(
dZ b

t

Z b
t
− dZ a

t

Z a
t

)
,

where cs ≈ 1/2, Z a and Z b are the factor processes from before.

• Bachelier model with coefficients from order flow!

• 〈s〉t = σ2
s t , where

σs = csδ
√
σ2

a + σ2
b − 2%a,bσaσb.
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Price Dynamics

Induced Price Model II
Summarizing the price dynamics are

dst = csδ

(
µb

Db(t)
− µa

Da(t)
+ (νb − νa)

)
dt + σb dW b

t − σa dW a
t ,

dDa/b(t) = νa/b(µa/b − Da/b(t)) dt + σa/bDa/b(t) dW a/b
t

• Time inhom. extension of classical Bachelier model, based on
empirical observations!

• Db and Da are the market depth at bid and ask side.
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Calibration: Setup

Model for depths:

dDa/b(t) = νa/b(µa/b − Da/b(t)) dt + σa/bDa/b(t) dW a/b
t , (6)

with [W a, W b]t = ρt . First try:

1. Split trading day in 10ms time intervals
→ observations Da(ti ), Db(ti ) of depths in first two levels, i = 1, ..., N.

2. For ti estimate parameters based on Da(tj ) and Db(tj ),
tj ∈ [ti − 30min, ti ].

3. Recalibrate at ti+5 = ti + 50ms.

Run on NASDAQ data for some of most liquid large-tick stocks and
SPY+QQQ.
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SPY 2016-11-16, depth (av in first 2 levels):
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Price variations

Recall that for cs ≈ 1
2 ,

〈s〉t = σ2
s t , σs = csδ

√
σ2

a + σ2
b − 2%a,bσaσb.

−→ Absolute (!) price variation determined by order flow volatility

• Allows to check on market data if price model makes sense
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Price variations

SPY 2016-11-17
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С днем рождения

Bon anniversaire

Happy birthday

Buon compleanno

Herzlichen Glückwunsch zum Geburtstag
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Symmetric Case

Assume µa = µb = µ and νa = νb = ν, then

P
[
st > s0 +

δ

2

]
≈ P

[
N <

ν
√

t
2σs

µ(Da
0 − Db

0 )
Db

0Da
0

− 1
2σs
√

t

]
for a standard normal RV N.

→ Invers to Volume Imbalance VI = Db
0 − Da

0 !
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VI as Price Predictor

• Accepted prediction method in academia and industry (e. g. Lipton et
al (2013)):

next price move ∼ VI

• Cartea et al. (2015): MO triggers LO (on small time horizons - up to
100ms)

• However: Mean reversion yields expected OFI might be inverse to
initial VI

• Taking care of the time scales! (next price move vs scales of mean
reversion)
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