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Introduction and motivation

Exchanges are now challenged to attract liquidity on their platforms with
innovative solution.

ãÑ market taker fees system, i.e. a rule charging in an asymmetric way
liquidity provision and liquidity consumption.

To quote Security and Exchange commission "Highly automated exchange
systems and liquidity rebates have helped establish a business model for a
new type of professional liquidity provider". For instance high frequency
traders.

Problem: in time of stress, they tend to leave the market (see Menkveld
(2013), Megarbane, Saliba, Lehalle, Rosenbaum (2017)).

Here, we take the position of an exchange how aims at attracting liquidity
by giving incentives to one market maker.
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Actors of the market

A market-maker (MM) controls the bid and ask price processes of an asset.

A platform/exchange aims at motivating the MM to increase the liquidity
by giving a compensation.

The platform observes but not controlled market-maker’s activities.

ãÑ Incentive theory (Principal/Agent framework).



Related literature

Optimal market making (without incentive policy):
Avellaneda and Stoikov, Quantitative Finance, 2008. A market
maker aims at optimizing the utility of her payoff.
Guéant, Lehalle, Fernandez-Tapia, MAFE, 2013. Formalize and
solve mathematically the problem.

Principal/Agent and Continuous time-model:
Holmström and Milgrom, Econometrica, 1987.
Cvitanic, Possamaï and Touzi, Finance and Stochastics, 2017.

ãÑ No restriction on the set of proposed contracts via (2)BSDE.
ãÑ Problem of the Principal is a stochastic control problem with state

variables the output and the continuation utility of the Agent (see
Sannikov, The Review of Economic Studies, 2008).
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The market model

We consider a finite horizon T .

Efficient price St :“ S0 ` σWt ,

Arrival of Bid (resp. Ask) market orders:
Point process Nb

t (resp. Na
t ) with intensity λbt (resp. λat ),

Bid price process Pb
t :“ St ´ δ

b
t ,

Ask price process Pa
t :“ St ` δ

a
t

Inventory of the Market maker: Qt “ Nb
t ´ Na

t .

We assume that there exists a critical q̄ P N such that

λat “ 0 if Qt ď ´q̄, λbt “ 0 if Qt ě q̄.
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Admissible strategies and set of probabilities

We expect that the intensity of buy/sell orders depends on extra cost paid
by the market taker compared to efficient price.
ãÑ the sum of the spread and a transaction cost c ą 0 collected by the
exchange.

As a stylized fact, we assume that

λat :“ λ pδat q 1Qtą´q, λ
b
t :“ λ

`

δbt
˘

1Qtăq,

with λpxq :“ Ae´
k
σ px`cq, A, k ą 0.

Dependance on the ratio spread/volatility: see Madhaval, Richardson and
Roomans (1994), Wyart, Bouchaud, Kockelkoren, Potters, and M. Vet-
torazzo (2008) or Dayri and Rosenbaum (2013).

Admissible strategy: A :“
 

δ :“ pδa, δbq, |δat | _ |δ
b
t | ď δ8

(

.

Let Pδ be the probability such that rNδ,a
t :“ Na

t ´
şt

0 λpδ
a
s qds,

rNδ,b
t :“ Nb

t ´
şt

0 λpδ
b
s qds, are Pδ martingales. Moreover, there exists a

(true) martingale Φδ such that dPδ
dP0 |Ft

“ Φδ
t .
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Improvement of the quality of the market

Our work: investigate the impact of an incentive policy from an exchange
to a market maker on the quality of the market.



Market making without incentives

Avellaneda Stoikov. The P&L of the market maker given a strategy δ

PLδt :“ X δ
t ` StQt ,

with
X δ
t :“

şt

0 P
a
udN

a
u ´

şt

0 P
b
u dN

b
u

StQt is the inventory risk.

Problem of the market maker:

VMMp0q “ sup
δ

Eδ
“

´ exp
`

´γpPLδT ´ PLδ0`0q
˘‰

.



Market making under incentive policy
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StQt is the inventory risk.

PLδt “ X δ
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VMMpξq “ sup
δ

Eδ
”

´e´γpPL
δ
T´PLδ0`ξq

ı

.

It returns some optimizer δ̂pξq.

Problem of the exchange:

V E
0 “ sup

ξ
Eδ̂pξq

”

´e´ηpcpN
a
T´Na

0`Nb
T´Nb

0q´ξq
ı
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Admissible contracts and characterization

Ź Admissible contracts. For some η1 ą η, γ1 ą γ

C “
"

ξ, sup
δPA

Eδ
”

eη
1ξ
ı

ă `8, sup
δPA

Eδ
”

e´γ
1ξ
ı

ă `8, VMMpξq ě R

*

,

Ź Smooth contracts. Let Y0 P R, and Z “ pZS ,Z a,Z bq,

Y Y0,Z
t “ Y0 `

ż t

0

´

Z a
r dN

a
r ` Z b

r dN
b
r ` ZS

r dSr ´ HpZr ,Qr q

¯

dr ,

where Z is such that conditions holds with ξ “ Y 0,Z
T .

Ξ “
 

Y Y0,Z
T : Y0 P R, Z , and VMMpY

Y0,Z
T q ě R

(

.

we clearly have Ξ Ă C
ãÑ Choice of H is such that we have an explicit solution of the
MM’s problem in the class Ξ.
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Problem of the market maker for a fixed compensation

hpδ, z , qq “
1´ e´γpz

a
`δaq

γ
λpδaq1tqą´q̄u `

1´ e´γpz
b
`δbq

γ
λpδbq1tqăq̄u,

and

Hpz , qq “ sup
|δa|_|δb|ďδ8

hpδ, z , qq ´
1
2
γσ2pzS ` qq2,

Theorem

(ii) For any ξ P Ξ, the market maker utility value is

VMM
`

ξ
˘

“ ´e´γY0 , Ξ “

!

Y Y0,Z
T : Y0 ě

´1
γ

log p´Rq
)

,

with optimal bid-ask policy (i P ta, bu)

δ̂itpξq “ ∆pZ i
t q, where ∆pzq “ p´δ8q _

!

´ z `
1
γ
log

´

1`
σγ

k

¯)

^ δ8.
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VMM
`

ξ
˘

“ ´e´γY0 , Ξ “

!

Y Y0,Z
T : Y0 ě

´1
γ

log p´Rq
)

,

with optimal bid-ask policy (i P ta, bu)

δ̂itpξq “ ∆pZ i
t q, where ∆pzq “ p´δ8q _

!

´ z `
1
γ
log

´

1`
σγ

k

¯)

^ δ8.



Exchange’s problem

We now turn to the problem of the exchange given the optimal
spread of the market maker.



Exchange’s problem

Problem of the Exchange:

V E
0 :“ sup

ξ
Eδ̂

”

´e´ηpcpN
a
T´Na

0`Nb
T´Nb

0q´ξq
ı

becomes

V E
0 “ sup

Y0ě
´1
γ log p´Rq,Z

Eδ
‹
”

´e´ηpcpN
a
T´Na

0`Nb
T´Nb

0q´Y
Y0,Z
T q

ı

with

Y Y0,Z
t “ Y0 `

ż t

0
ZS
u dSu `

ż t

0
Z a
udN

a
u `

ż t

0
Z b
u dN

b
u ´

ż t

0
HpZu, quqdu.
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Intuitive HJB equation

Applying the standard dynamic programming approach, we are led to the
HJB equation
$

’

&

’

%

Btvpt, qq ` HE

`

q, vpt, qq, vpt, q ` 1q, vpt, q ´ 1q
˘

“ 0, t P p0,T s,
vpT , qq “ ´1,
q P t´q̄, ¨ ¨ ¨ q̄u,

with an explicit HE “ supza,zb,zS . . .

With a change of variable, we obtain a linear differential equation that can
be solved explicitly (linearization inspired by Guéant et al.)

More exactly...
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HJB equation and linearization

... by setting u :“ p´vq´
k
ση , we have to solve

#

Btupt, qq ´ C1q
2upt, qq ` C2

`

upt, q ` 1q1tqăq̄u ` upt, q ´ 1q1tqą´q̄u

˘

“ 0,
upT , qq “ 1,

with C1 “
kγησ

2pγ`ηq and C2 “ C k
ση .

By considering uptq “
`

upt, qq
˘

qPt´q̄,...,q̄u
, it remains to solve the linear

ODE
Btu “ ´Bu,

It can be solve explicitly and we notice in particular that

e´C1q̄
2T ď u ď e2C2T .
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The exchange’s problem via verification

Theorem

The optimal contract for the problem of the exchange is given by

ξ̂ “ Y ‹0 `

ż T

0
Ẑ a
r dN

a
r `Ẑ

b
r dN

b
r `Ẑ

S
r dSr`

´1
2
γσ2`ẐS

r `Qr

˘2
´H

`

Ẑr ,Qr

˘

¯

dr ,

with Ẑ s “ ´
γ
γ`ηQ, and

Ẑ a
“ ζ0 `

1
η

log
´ vp¨,Qq

vp¨,Q ´ 1q

¯

,
loooooooooooomoooooooooooon

bounded

and Ẑ b
“ ζ0 `

1
η

log
´ vp¨,Qq

vp¨,Q ` 1q

¯

looooooooooomooooooooooon

bounded

,

where

ζ0 “ c `
1
η

log
´

1´
σ2γη

pk ` σγqpk ` σηq

¯

.

The market maker’s optimal effort is given by

δ̂at “ δ̂at pξ̂q “ ´Ẑ
a
t `

1
γ
logp1`

σγ

k
q, δ̂bt “ δ̂bt pξ̂q “ ´Ẑ

b
t `

1
γ
logp1`

σγ

k
q.



Discussion on the incentive contract

From the (probabilistic) expression of v from the linearization, roughly
speaking:

For Ẑ a: log
´

vpt,qtq
vpt,qt´1q

¯

„ Qt , incentive to attract buy market orders
for large inventory.

For Ẑ b: log
´

vpt,qtq
vpt,qt`1q

¯

„ ´Qt , converse effect.

ẐS : risk sharing w.r.t. the inventory.



Fixing c

From numerical computations

upt, qq2

upt, q ´ 1, upt, q ` 1q
« 1, @pt, qq.

We take c so that the optimal spread δ̂a ` δ̂b is close to 1 Tick.
We get for σγ

k small enough,

c «
σ

k
´

1
2
Tick.

ãÑ can be used in practice.



Comparison of models with/without incentive policy

We investigate numerically the impact of the incentive policy on
the quality of the market.



Comparison of models with/without incentive policy

Optimal initial spreads w.r.t. initial inventory.



Comparison of models with/without incentive policy



Comparison of models with/without incentive policy
Impact of the incentive policy on the P&L of the platform and market
maker.



Thank you and happy birthday Yuri.


