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Binomial and multinomial approximations of stock prices

Let S’ be scalar geometric Brownian motions describing the prices
of d — 1 risky securities, i.e.

dS! =o'SidwW), Sh=1, i=1,...,d -1,
where W' are independent Wiener processes. It is well-known that
the financial market model based on such a description is
complete. However, the standard binomial approximation leads to a
complete market only in the case of one risky securities. A good
alternative to save completeness of approximating models is
multinomial approximation spanned by a sequence of independent
random variables taking values in the vertices of a regular simplex.
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Let V :={w1,...,vq} be the set of vertices of a regular simplex
Y c R91 je. d affine independent vectors such that
vi2=d -1, >.j<a Vi =0, and vjv; = —1 for i # j. Also,

(1/d)D i@y =(1/d) Y vvi=lg 1.
Jj<d Jj<d

Let o be an invertible symmetric (d — 1) x (d — 1)-matrix. Define
the discrete-time process 1" = (1)<, with values in R9~1 by
putting nf =1 :=(1,...,1),

/
ngf =3 "In (1 + n*l/%gg) . (1)
k=1
Put 57 =g, t € [0,1]. Then S" is a piecewise-constant process

in RY~1 jumping at t, = ty := k/n modeling the price evolution of
d — 1 risky assets. The price process of all traded assets, including
the numéraser is d-dimensional, 5" := (1, S"). One can check that
L(S"|P") converge to the law of process S with S' = £((e W)).
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Details

So, S7 ==y, t €[0,1], Iy =304 In (14 n~Y20¢]).
The identities > v; = 0 and (1/d) >_ vjvj = lg—1 implies that
E€) = 0, ESH(ER) = lyv. E(o€))(0€]) = oo’ Then

Eln(1+ n"Y20€]) = —(1/(2n))diag oo’ + o(1/n),

Eln(1+n7Y26e0) (In (1 + n~Y20¢])) = (1/n)oc’ + o(1/n).

The supermartingale In S” has the Doob decomposition
INnS"=L"+ E"InS" where L" :=1InS5" — E"In 5" is a martingale,
(L")¢ = o0't +o(1) and E"In S = —(1/2)diagoo’t + o(1) By
the CLT for martingales the laws £(In S"|P") converge in Dy_; to
the law of the Gaussian process X; := ow; — (1/2)diag oo’t where
w is the standard Wiener process in R9~1. Hence, £(S"|P")
converge to the law of process S with components S’ = £((ow)).
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Geometric formulation of models transaction costs, 1

o Piecewise constant price process S” = (S[)¢c[0,1] With jumps
atty =k/n, k=1,...,n, So=1,5°=1.

@ Solvency cone in terms of the numéraire K" € RY with
K™ =R (14 n~'/2U,) where the sequence of convex
compact sets U, lays in a bounded subset of the linear
subspace {x € R¥: x% =0} (identified with R9~1) and
converges to a convex compact U. E.g., U, = [—ko, ko).

@ Solvency cone in terms of physical units R{’ = K"/S{ with
the dual K™ := D/K"™, where D! := diag S/".

@ Price dynamics

Vt:X—FZZ\Btm E\Btk GLO(_R{L"F{D'

t <t

We denote jﬂ(l) the set of terminal values of such processes.
e Consistent price systems are martingales Z € Mo(K™ \ {0}),
i.e Z, € LY(K;™), Z is constant on [tx_1, tx[, ZJ = 1.
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Geometric formulation of models transaction costs, 2

e Contingent claim is an arbitrary Rﬁ-valued random variable ("
(a function of the price, i.e. " = F(5")).
@ Hedging set is the set of initial values allowing portfolio

processes with the terminal values dominating the contingent
claim F(S5"), i.e.

M={xeR9: F(S") e AI(1)}.
@ The hedging theorem gives the following description :
M= {xeR9 Zyx > EZiF(S") VZ € Mo(K™)}.

@ Problem : given a model for S§” find the limit [*° of ['".
@ Closed limit convergence " — [ :
@ For any x € ™, there are x" € ['" such that x" — x.
@ For any convergent subsequence of a sequence of vectors
xm e ", its limit x belongs to [*°.
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Grépat theorem (simplified form)

e d = 2. The price process S/ := (1, M[ney) where
=T (1+ 07 208)),
Jj<k

§F, k=1,...,n, are independent and take values —1 and 1
with equal probabilities.

o Uy=(1+n"2N)"1 —1,n12)\).
@ F is a bounded continuous function on the Skorohod space.
o Let W be a Wiener process and let g be a predictable process,

o(o =20 < g? < oo +2)).
Put I := {x € R2: 1x > EX;F(X) VX = (1,&(g - W))}.

Theorem (Grépat, 2013)
[ [,
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Multidimensional result

B:={8=(1/d) Y cqu®v: u € U},

M := {oo’ + 06+ p'o’, BB},

My =MNSy.

A : 3+ 0 isinvertible V3 € B and (8 + ¢)71BL C int L.

If A is fulfilled, then I'" —>Nrj’\° where
r<:={xeR¥ Ix>EX;F(X)VX =EH W), HH' € M, }.
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A particular case : Bank—Dolinsky—Perkkio theorem

Up = [~k_, k] CRIL.

@ Let G be the set of (d — 1) x (d — 1)-matrices of the matrix

oo’ +oB+ p'd
where 3 is a matrix which column By = 3, , wjkv; for some
wik € [0, (1/d)(k— + K£4)] (the set of such ﬁ is denoted by B).
o Let W be (d — 1)-valued Wiener process defined on some

stochastic basis and let H be the set of predictable
(d — 1)-valued processes such that HH' € G.

Suppose that for any 3 € B the matrix o’ + 3 is invertible and
v/B(c' + B)~tv; > —1 for all i, j. Then

limx" = sup EF(1,E(H?- W?),...,E(HY - w)).
HeH
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