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INTRODUCTION

Our motivation comes from the following problem:
Assume that you have an exact diffusion model with high complexity
coefficients.
How to select a simplified diffusion model within a class of models under
the constraint that the probability distribution of the exact model is preserved
as much as possible?
We need to consider a distance which metrizes the weak topology. The
Wasserstein distanceW2 metrizes the weak topology on the set of
probability measures on square integrable paths. Unfortunately numerical
computation ofW2 on an infinite dimensional space is not possible.
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INTRODUCTION

We introduce A NEW DISTANCE on the set of probability distributions of
strong solutions to stochastic differential equations. This new distance is
defined by RESTRICTING THE SET OF POSSIBLE COUPLING MEASURES.
Like the classical Wasserstein distance, THIS NEW DISTANCE METRIZES
THE WEAK TOPOLOGY.
This new distance is the value function of a stochastic control problem.
Classical results do not apply to the corresponding Hamilton-Jacobi-Bellman
equation especially because the differential operator is degenerate.
Nevertheless we prove that THIS H.J.B. EQUATION HAS A SMOOTH
SOLUTION.
We finally exhibit an optimal coupling measure.
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DEFINITION

P = {Pµ,σx , µ, σ Lipschitz, σ uniformly strongly elliptic, x ∈ IRd}

where Pµ,σx is the probability distribution of the unique strong solution to the
stochastic differential equation with coefficients µ and σ and initial
condition x.

Xt = x +

∫ t

0
µ(Xs) ds + σ(Xs) dWs
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SET OF COUPLING MEASURES

DEFINITION

Given two probability measures Pµ,σx and Pµ,σx belonging to P,
let Π̃(Pµ,σx ;Pµ,σx ) be the set of the probability law P̃ of (XC ,X) solution to
the following system of SDEs:{

dXCs = µ(XCs ) ds + σ(XCs ) (Cs dWs +Ds dWs),

dXs = µ(Xs) ds + σ(Xs) dWs,
(1)

with initial condition (x, x), with (Cs) predictable with values in correlation
matrices and Ds =

√
Idd − Cs Cᵀs for any 0 ≤ s.

set of d-dimensional correlation matrices:

Cd :={C ∈Md; there exist IRd valued centered random variables X and Y s.t.
E(XXᵀ) = E(YYᵀ) = Idd, C = E(XYᵀ)}.
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DEFINITION OF W̃2

DEFINITION

W̃2(Pµ,σx ;Pµ,σx ) :=

{
inf

P̃∈Π̃(Pµ,σx ;Pµ,σx )

∫
Ω

∫ T

0
|ωs − ωs|2 ds P̃(dω, dω)

} 1
2

.

(2)

PROPOSITION

W̃2 metrizes the weak topology on the set of probability distributions Pµ,σx
with coefficients µ and σ uniformly Lipschitz bounded, σ uniformly strictly
elliptic and x in a compact set.

Note thatW2 ≤ W̃2.
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INTERPRETATION OF W̃2

This section is aimed to prove
- that the value of W̃2(Pµ,σx ;Pµ,σx ) can be obtained by solving a stochastic
control problem.
- and that the corresponding HJB equation admits a regular solution.

For 0 ≤ t ≤ T , let Ad(t,T) denote the set of processes (Cθ)t≤θ≤T ,
predictable with respect to the filtration generated by
((Wu −Wt), (Wu −W t))t≤u≤T which take values in the set of correlation
matrices.
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INTERPRETATION OF W̃2

There exists a unique strong solution (XCθ (t, x, x),Xθ(t, x)) to

∀t ≤ θ ≤ T,

{
XCθ = x +

∫ θ
t µ(XCs ) ds +

∫ θ
t σ(XCs ) (Cs dWs +Ds dWs),

Xθ = x +
∫ θ

t µ(Xs) ds +
∫ θ

t σ(Xs) dWs,
(3)

where Ds Dᵀ
s + Cs Cᵀs = Idd for any t ≤ s ≤ T .

We consider the objective function

min
(Cθ)∈Ad(t,T)

E
∫ T

t
|XCθ (t, x, x)− Xθ(t, x)|2dθ. (4)
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INTERPRETATION OF W̃2

The corresponding Hamilton–Jacobi–Bellman equation is the following:{
∂tV(t, x, x) + LV(t, x, x) + H(t, x, x,V) = −|x− x|2, 0 ≤ t < T,
V(T, x, x) = 0,

(5)

LV(t, x, x) :=

d∑
i=1

µi(x)∂xi V(t, x, x) +

d∑
i=1

µi(x)∂xi V(t, x, x)

+
1
2

d∑
i,j=1

(σσᵀ(x))ij∂2
xi,xj

V(t, x, x) +
1
2

d∑
i,j=1

(σ(x)σ(x)ᵀ)ij∂2
xi,xj

V(t, x, x)

and H(t, x, x,V) := min
C∈Cd

d∑
i,j=1

(σ(x)Cσ(x)ᵀ)ij∂2
xi,xj

V(t, x, x).
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ONE DIMENSIONAL CASE

We choose σ, σ ≥ 0. Consider the family of stochastic differential equations

∀t ≤ θ ≤ T, X∗θ = x +
∫ θ

t µ(X∗s ) ds +
∫ θ

t σ(X∗s ) dWs.

Xθ = x +
∫ θ

t µ(Xs) ds +
∫ θ

t σ(Xs) dWs.

consider the function

V∗(t, x, x) := E
∫ T

t
(X∗θ (t, x)− Xθ(t, x))2 dθ.

This function is the unique classical solution to the parabolic PDE
∂V∗
∂t + µ(x) ∂V∗

∂x + µ(x) ∂V∗
∂x + 1

2σ
2(x) ∂2V∗

∂x2 + 1
2σ

2(x) ∂2V∗

∂x2

+σ(x)σ(x)∂
2V∗
∂x∂x = −(x− x)2,

V∗(T, x, x) = 0.
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ONE DIMENSIONAL CASE

∂2V∗

∂x∂x
(t, x, x) = −2

∫ T

t
E
[

d
dx

X∗s (t, x)
d
dx

Xs(x)

]
ds.

The derivative of the flow is a stochastic exponential. It follows that

∀t, x, x, ∂2V∗

∂x∂x
(t, x, x) < 0.

Therefore we have exhibited a classical solution V∗(t, x, x) to the
Hamilton-Jacobi-Bellman equation

∂V
∂t + µ(x) ∂V

∂x + µ(x) ∂V
∂x + 1

2σ
2(x) ∂2V

∂x2 + 1
2σ

2(x) ∂2V
∂x2

+ minC∈[−1,1]

(
C σ(x) σ(x) ∂2V

∂x∂x

)
= −(x− x)2,

V(T, x, x) = 0.
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ONE DIMENSIONAL CASE

note that the differential operator LV + H(V) associated to his H.J.B.
equation is

Tr


 σ2(x) σ(x)σ(x)

σ(x)σ(x) σ2(x)


 ∂2V

∂x2

∂2V
∂x∂x

∂2V
∂x∂x

∂2V
∂x2




Thus this differential operator is degenerate.
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HÖLDER SPACE

For any T > 0 and 0 < α < 1 the Hölder space C0,α([0,T]× IRd) is the set
of bounded continuous functions such that φ(t, ·) is Hölder continuous of
order α for every t in [0,T] equipped with the norm

‖φ‖0,α := sup
t∈[0,T]

‖φ(t, ·)‖α := sup
t∈[0,T]

(
‖φ(t, ·)‖∞ + sup

x,y∈IRd,x 6=y

|φ(t, x)− φ(t, y)|
|x− y|α

)
.

The Hölder space C α2 ,0([0,T]× IRd) is defined similarly, and

C α2 ,α([0,T]× IRd) := C α2 ,0([0,T]× IRd)
⋂
C0,α([0,T]× IRd)

Finally, C1+α
2 ,2+α([0,T]× IRd) is the set of continuous bounded functions φ

of class C1,2([0,T]× IRd) with bounded derivatives such that ∂tφ and ∂2
xi,xj
φ

are in C α2 ,α([0,T]× IRd) for all 1 ≤ i, j ≤ d. We equip this space with the
norm

‖φ‖1+α
2 ,2+α := ‖φ‖∞ +

d∑
i=1

‖∂xiφ‖∞ + ‖∂tφ‖α2 ,α +

d∑
i,j=1

‖∂2
xi,xj
φ‖α

2 ,α
.
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MULTIDIMENSIONAL CASE: EXISTENCE OF A REGULAR

SOLUTION TO THE HJB EQUATION

THEOREM

Suppose:

(I) The functions µ, µ, σ and σ are in the Hölder space Cα(IRd) with
0 < α < 1.

(II) The matrix-valued functions
a(x) := σ(x)σ(x)ᵀ and a(x) := σ(x)σ(x)ᵀ satisfy the strong ellipticity
condition

∃λ > 0, ∀ξ, ξ, x,
d∑

i,j=1

aij(x)ξiξj +

d∑
i,j=1

aij(x)ξ
i
ξ

j ≥ λ|(ξ|2 + |ξ|2).

Then there exists a solution V to the HJB equation (5),
V ∈ C1,2([0,T]× IRd) such that V(t,x,x)

1+|x|2+|x|2 is in C1+α
2 ,2+α([0,T]× IRd)
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MULTIDIMENSIONAL CASE: EXISTENCE OF A REGULAR

SOLUTION TO THE HJB EQUATION

Sketch of proof:
Recall that we want to solve the Hamilton–Jacobi–Bellman equation:{

∂tV(t, x, x) + LV(t, x, x) + H(t, x, x,V) = −|x− x|2, 0 ≤ t < T,
V(T, x, x) = 0,

LV(t, x, x) :=

d∑
i=1

µi(x)∂xi V(t, x, x) +

d∑
i=1

µi(x)∂xi V(t, x, x)

+
1
2

d∑
i,j=1

(σσᵀ(x))ij∂2
xi,xj

V(t, x, x) +
1
2

d∑
i,j=1

(σ(x)σ(x)ᵀ)ij∂2
xi,xj

V(t, x, x)

and H(t, x, x,V) := min
C∈Cd

d∑
i,j=1

(σ(x)Cσ(x)ᵀ)ij∂2
xi,xj

V(t, x, x).

18/ 27
Jocelyne Bion-Nadal New Wasserstein type distance



Introduction
The distance W̃2

interpretation of W̃2 in terms of stochastic control

MULTIDIMENSIONAL CASE: EXISTENCE OF A REGULAR

SOLUTION TO THE HJB EQUATION

Let v be a function such that v(t,x,x)
1+|x|2+|x|2 belongs to C1+α

2 ,2+α([0,T]× IR2d).

Let ṽ(t, x, x) := v(T−t,x,x)
1+|x|2+|x|2

This leads to consider the following PDE{
∂tṼ(t, x, x) + L̃Ṽ(t, x, x) + H(t,x,x,(1+|x|2+|x|2 )̃v)

1+|x|2+|x|2 = − |x−x|2
1+|x|2+|x|2 , 0 ≤ t < T,

Ṽ(0, x, x) = 0,
(6)
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MULTIDIMENSIONAL CASE: EXISTENCE OF A REGULAR

SOLUTION TO THE HJB EQUATION

Consider the set

K := {g̃ ∈ C1+α
2 ,2+α([0,T]× IRd); ‖g̃‖1+α

2 ,2+α(t) ≤ C̃0 (exp(K̃(T)t)− 1)}.

Let ṽ belong to K. Denote ψ̃(ṽ) the unique solution to the above system.
We prove that ψ̃ defines a continuous map on K with values on K.
Furthermore we prove that K is convex and compact.
We can then conclude by applying the Kakutani-Fan-Glicksberg fixed point
theorem.
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MULTIDIMENSIONAL CASE: EXISTENCE OF A REGULAR

SOLUTION TO THE HJB EQUATION

THEOREM

Assume that the functions µ, µ, σ and σ are in the Hölder space Cα(IRd) with
0 < α < 1.
Assume that σ(x)σ(x)ᵀ and σ(x)σ(x)ᵀ are uniformly strongly elliptic.
Then there exists a regular solution V to the HJB equation:{

∂tV(t, x, x) + LV(t, x, x) + H(t, x, x,V) = −|x− x|2, 0 ≤ t < T,
V(T, x, x) = 0,

V ∈ C1,2([0,T]× IRd) such that V(t,x,x)
1+|x|2+|x|2 is in C1+α

2 ,2+α([0,T]× IRd)

H(t, x, x,V) := min
C∈Cd

d∑
i,j=1

(σ(x)Cσ(x)ᵀ)ij∂2
xi,xj

V(t, x, x).
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APPROXIMATION AMONG DIFFUSION LAWS

Making use of Michael Selection Theorem, we can prove that

PROPOSITION

For every n ∈ IN there is a continuous map Cn(s, x, x) taking values in the set
of correlation matrices which is 1

n -optimal: ∀s, x, x,

H(t, x, x,V) ≤
d∑

i,j=1

(σ(x)Cn(s, x, x)σ(x)ᵀ)ij∂2
xi,xj

V(t, x, x) ≤ H(t, x, x,V) +
1
n
.

Recall that H(t, x, x,V) = min
C∈Cd

d∑
i,j=1

(σ(x)Cσ(x)ᵀ)ij∂2
xi,xj

V(t, x, x).
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APPROXIMATION AMONG DIFFUSION LAWS

PROPOSITION

There exists a sequence (Pn) of solutions to martingale problems with
continuous Markovian coefficients such that∫

Ω

∫ T

0
|ωs − ωs|2 ds Pn(dω, dω)

converges to (W̃2(Pµ,σ;Pµ,σ))2. Pn is the law of (Yn,Yn
) weak solution to{

Yn
θ = x +

∫ θ
0 µ(Yn

s ) ds +
∫ θ

0 σ(Yn
s ) [Cn(s,Yn

s ,Ys) dBs + Dn(s,Yn
s ,Ys) dBs],

Yn
θ = x +

∫ θ
0 µ(Yn

s ) ds +
∫ θ

0 σ(Yn
s ) dBs
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EXISTENCE OF AN OPTIMAL COUPLING MEASURE

Making use of Skorokhod results, we prove the existence of a process
ξ := (X∗,X,W,W) and a sequence ξn := (Xn,Xn

,Wn
,Wn) defined on some

probability space such that
- The finite-dimensional distributions of ξn coincide with the corresponding
finite-dimensional distributions of (Yn,Y,B,B),
- and ξn

θ converges in probability to ξθ for every θ ≥ 0.
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EXISTENCE OF AN OPTIMAL COUPLING MEASURE

THEOREM

There exist a predictable process C∗ and an adapted and continuous
solution on [0,T] to the system


X∗t = x +

∫ t
0 µ(X∗s ) ds +

∫ t
0 σ(X∗s ) C∗s dWs +

∫ t
0 σ(X∗s ) D∗s dWs,

Xt = x +
∫ t

0 µ(Xs) ds +
∫ t

0 σ(Xs) dWs,

C∗s ∈ arg min
C∈Cd

∑d
i,j=1

(
σ(X∗s ) C σ(Xs)

T)ij∂2
xixj

V(s,X∗s ,Xs)
)
,

D∗s =
√

Idd − C∗s C∗s ᵀ

which satisfies

V(0, x, x) = E
∫ T

0
|X∗t − Xt|2dt = (W̃2(Pµ,σx ;Pµ,σx ))2.
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CONCLUSION

We have introduced a Wasserstein type distance W̃2 on the set of strong
solutions to stochastic differential equations. This distance is defined by
restricting the set of coupling probability measures to laws of stochastic
differential equations.
We have proved that this distance metrizes the weak topology and that it is
the value function of a stochastic control problem.
This value function is the regular solution of a H.J.B. equation.
We have constructed an optimal coupling measure. This optimal coupling
measure can be approximated by diffusion laws with continuous coefficients.
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