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Introduction

INTRODUCTION

Our motivation comes from the following problem:

Assume that you have an exact diffusion model with high complexity
coefficients.

How to select a simplified diffusion model within a class of models under
the constraint that the probability distribution of the exact model is preserved
as much as possible?

We need to consider a distance which metrizes the weak topology. The
Wasserstein distance V> metrizes the weak topology on the set of
probability measures on square integrable paths. Unfortunately numerical
computation of ¥/ on an infinite dimensional space is not possible.
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Introduction

INTRODUCTION

We introduce A NEW DISTANCE on the set of probability distributions of
strong solutions to stochastic differential equations. This new distance is
defined by RESTRICTING THE SET OF POSSIBLE COUPLING MEASURES.
Like the classical Wasserstein distance, THIS NEW DISTANCE METRIZES
THE WEAK TOPOLOGY.

This new distance is the value function of a stochastic control problem.
Classical results do not apply to the corresponding Hamilton-Jacobi-Bellman
equation especially because the differential operator is degenerate.
Nevertheless we prove that THIS H.J.B. EQUATION HAS A SMOOTH
SOLUTION.

We finally exhibit an optimal coupling measure.
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The distance V2

P = {P*°, i, 0 Lipschitz, o uniformly strongly elliptic, x € R}

where P£9 is the probability distribution of the unique strong solution to the
stochastic differential equation with coefficients 1 and o and initial
condition x.

t
X, =x-+ / w(Xs) ds + o(X;) dW;
0
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The distance V2

SET OF COUPLING MEASURES

DEFINITION

Given two probability measures P£“ and IP’?’E belonging to P,
let IT(IP#; P£>7) be the set of the probability law P of (X¢, X) solution to
the following system of SDEs:

(Cy dW, + Dy dW,),

{dXC = u(XS) ds + o )C 0

)
dX, = u(X,) ds + (X)) dW

with initial condition (x, X), with (C) predictable with values in correlation

matrices and Dy = /Id; — C; Cf for any 0 < s.

set of d-dimensional correlation matrices:

C, :={C € My; there exist R valued centered random variables X and Y s.t.
E(XXT) = E(YYT) =1d,, C =E(XYT)}.
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The distance V2

DEFINITION OF W?

DEFINITION
1

2
W (PO PE) = { inf / / — @,|* ds P(dw,dw)} :
]P‘eH P ]P’“ &
@)

PROPOSITION

2 |

W? metrizes the weak topology on the set of probability distributions P*°
with coefficients p and o uniformly Lipschitz bounded, o uniformly strictly
elliptic and x in a compact set.

‘\

Note that W? < VNVZ.
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INTERPRETATION OF W2

This section is aimggl to prove

- that the value of W?(P7; P27) can be obtained by solving a stochastic
control problem.

- and that the corresponding HIB equation admits a regular solution.

For 0 <t < T, let Ad(t, T) denote the set of processes (Cy),<p<7,
predictable with respect to the filtration generated by

(Wy = W,), (W, — W,))i<u<r Which take values in the set of correlation
matrices.
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INTERPRETATION OF W2

There exists a unique strong solution (X§ (¢, x,%), Xy (t,x)) to

c
Vi<0<T, )je—x-l-fu ds+f ) (Cy dW, + Dy dW;),
ngx+ft,u derj dW‘,
3)
where Dy DT +C; C] =1d; foranyt <s <T.
We consider the objective function

X5( X 2de. 4
(cg)renjign) / X6 (1,2,%) — Xo(1, )| )
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INTERPRETATION OF W2

The corresponding Hamilton—Jacobi—Bellman equation is the following:

AV(t,x, %) + LV(t,x,%) + H(t,x,%,V) = —|x —X|*, 0<t < T, )
V(T,x,x) =0,
V(t,x,X) Zu, )0y, V (2, x,%) —|—Zu, V(t,x,%)
1< 1<
ii 2 - =215 ()T )2 <
+5 Z(O—UT(X)) 0, V(t.x3) + 5 Z(U(x)a(x)T) 102 L V(t,x,%)
ij=1 ij=1
d
and H(t,x,x,V) := énlél (o(x)Ca(x)T)Y0; 3 V(t,x,%).
cCy el
ij=1
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ONE DIMENSIONAL CASE

We choose o, o > 0. Consider the family of stochastic differential equations

W<9<T, Xj=x+ [ uX7)ds+ [ o(X7)dW,.

Xo=x+ ff n(Xy) ds + fte 7(X;) dW;.

consider the function

vV (t,x,%) ::E/ (X3 (1) — Xo(6,5))? dO.

t

This function is the unique classical solution to the parabolic PDE

* * o 2% _h .\ HRy*
G+ nx) G +AE) G + 3070 HE +30°(F) G

+o(N)F(®) LY = —(x - 3)?,
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ONE DIMENSIONAL CASE

PV T T7d d—
X)) = -2 E| =X —X(x .
8x8i(t’x’x) /t {dx (8, x) = s(X)| ds

The derivative of the flow is a stochastic exponential. It follows that
2\ /%

Vt, x, X, m(l,x,x) < 0.

Therefore we have exhibited a classical solution V*(, x,X) to the
Hamilton-Jacobi-Bellman equation

. . — N\ £ 5 2(5) &
G o) 5+ F + 3070 G 4 17 5

. (v > X
+mince-1,1 (€ o(x) 7(F) 5z ) = —(r = )°,

V(T,x,x) = 0.
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ONE DIMENSIONAL CASE

note that the differential operator LV + H(V) associated to his H.J.B.
equation is
2 2
2(x)  o(x)F(®) % 5’ 6‘1
X
Ir Fv BV
oxox  Ox°

Thus this differential operator is degenerate.
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HOLDER SPACE

For any 7 > 0 and 0 < o < 1 the Hélder space C%*([0, T] x R?) is the set
of bounded continuous functions such that ¢(z, -) is Holder continuous of
order « for every ¢ in [0, T| equipped with the norm

|¢(tax) — ¢(tay)‘
[8llo,a := sup [[é(t,")]|a := SUP (2, )lloo +  sup T e |-
t€[0,T] t€[0 X,yER? x#y lx =yl
The Holder space C°([0, T] x R? ) is defined similarly, and
C3([0,T] x RY) := 2 °([0, 7] x RY) (> ([0, T] x RY)

Finally, C'*%:27(]0, T] x R?) is the set of continuous bounded functions o)
of class C'*([0, T] x R?) with bounded derivatives such that ;¢ and 0} x,¢

are in C2+%([0,T] x RY) for all 1 < i,j < d. We equip this space with the
norm

[16ll1+5 240 = ll¢llo + Z 105 8lloo + 110:0]l g .0 + Z 195, ¢

i=1 i,j=1

’) 7a.

Jocelyne Bion-Nadal New Wasserstein type distance



The
. . 2 . .
interpretation of A2 in terms of sto ontrol

MULTIDIMENSIONAL CASE: EXISTENCE OF A REGULAR

SOLUTION TO THE HJB EQUATION

THEOREM

Suppose:

(1) The functions p, Ti, o and & are in the Holder space C*(RY) with
O0<a<l

(11) The matrix-valued functions
a(x) := o(x)o(x)T and a(x) := 7(x)a(x)T satisfy the strong ellipticity
condition

d

d P
IN>0,VE, & x, Y dl(gd + ) al(x)EE > Ml + [€).

ij=1 ij=1

Then there exists a solution V to the HIB equation (5),

V € C'2([0,T] x R?) such that % is in C11%:27(]0, T] x R9)

Jocelyne Bion-Nadal New Wasserstein type distance



interpretation of VA2 in terms of stochastic control

MULTIDIMENSIONAL CASE: EXISTENCE OF A REGULAR
SOLUTION TO THE HJB EQUATION

Sketch of proof:
Recall that we want to solve the Hamilton—Jacobi—Bellman equation:

OV (t,x,X) + LV(t,x,X) + H(t,x,%,V) = —|x = x>, 0<t < T,
V(T,x,x) =0,

V(t,x,X) = Zu, GVtxerZ,ul V(t,x,X)

d d
1 ip? X ! =(3)5 ()T )V 52 =
+ E Z(UO'T(X))]aXi,ij(t7X7X) + 5 Z(U(x)o'(_x)T)Ja}i,)@v(t,x;x)
ij=1 iyj=1
d
and H(t,,%,V) = min 3 (0(x)Co®)T)0] 5 V(1 x,%).
cCy sAj
ij=1
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MULTIDIMENSIONAL CASE: EXISTENCE OF A REGULAR
SOLUTION TO THE HJB EQUATION

Let v be a function such that % belongs to C'*+%:2+([0, T] x R*?).
v(T—1,x,%)

Let ,\\;(t, X, X) = W
This leads to consider the following PDE

o R =y o HOam (AR e
?,V(t,x,x) + EV(I,X,X) + T+ P+ = TR R 0<t<T,
V(0,x,%) =0,

(6)
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MULTIDIMENSIONAL CASE: EXISTENCE OF A REGULAR
SOLUTION TO THE HJB EQUATION

Consider the set
K :={g € C'32(0,T] x R)); |&ll1+5 24a(r) < Co (exp(K(T)r) — 1)}.

Let v belong to K. Denote J(T/) the unique solution to the above system.
We prove that {/; defines a continuous map on K with values on K.
Furthermore we prove that K is convex and compact.

We can then conclude by applying the Kakutani-Fan-Glicksberg fixed point
theorem.
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MULTIDIMENSIONAL CASE: EXISTENCE OF A REGULAR

SOLUTION TO THE HJB EQUATION

THEOREM

Assume that the functions yu, Ti, o and & are in the Holder space C*(R?) with
O<a<l

Assume that o(x)o (x)T and 7 (x)T(x)T are uniformly strongly elliptic.

Then there exists a regular solution V to the HIB equation:

OV(t,x,x) + LV(t,x,%) + H(t,x,%, V) = —|x — x>, 0<t < T,
V(T,x,x) =0,

V € C'2([0,T) x R?) such that 150 is in C1+:2+([0, 7] x RY)

H(t,x,%,V) := min (U(x)CE(X)T)UQJ%?}/V(t,xj).
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APPROXIMATION AMONG DIFFUSION LAWS

Making use of Michael Selection Theorem, we can prove that

PROPOSITION

For every n € N there is a continuous map C,(s, x,X) taking values in the set
of correlation matrices which is %-optimal: Vs, x, X,

d

. 1
H(t,x,% V) < > (0(x)Cals, x,®)F(X)7)107 . V(t,x,%) < H(t,x,X, V) + -
ij=1 ' n
d .e
Recall that H(t,x,x,V) = min 3 (o(x)Ca(x)T)i0% _V(t,x,X).
€Caj=1 o
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APPROXIMATION AMONG DIFFUSION LAWS

PROPOSITION

There exists a sequence (P") of solutions to martingale problems with
continuous Markovian coefficients such that

T
// |ws — @s|? ds P"(dw, d)
QJo

converges to (W2(P*7; PP7))2. P, is the law of (Y",Y") weak solution to

Yo =x+ [y w(Y ds+f0 o (Y") [C(s, Y",Y,) dB, + D'(s, Y", Y,) dBy),
Yo =%+ Jy i(Ys) ds + [y o(Ys) dB,
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EXISTENCE OF AN OPTIMAL COUPLING MEASURE

Making use of Skorokhod results, we prove the existence of a process

£ := (X*,X,W, W) and a sequence £" := (X", X, W', W") defined on some
probability space such that

- The finite-dimensional distributions of £” coincide with the corresponding
finite-dimensional distributions of (Y",Y, B, B),

- and & converges in probability to s for every 6 > 0.
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EXISTENCE OF AN OPTIMAL COUPLING MEASURE

THEOREM

There exist a predictable process C* and an adapted and continuous
solution on [0, T| to the system

Xr=x+ [y nX;) ds+ [y o(X7) CF dW, + [y o(X7) D aW,,
X, =x+ [, aX,) ds + [, 5(X,) dW;,
C; Eargmmzw (o) co®)" )va;;jws,x;,x)),

CceCy

Dr = /ld; — C: CiT

which satisfies

V(0,x,%) = /\x* X |Pdt = (W27 PE7))2.
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CONCLUSION

We have introduced a Wasserstein type distance W2 on the set of strong
solutions to stochastic differential equations. This distance is defined by
restricting the set of coupling probability measures to laws of stochastic
differential equations.

We have proved that this distance metrizes the weak topology and that it is
the value function of a stochastic control problem.

This value function is the regular solution of a H.J.B. equation.

We have constructed an optimal coupling measure. This optimal coupling
measure can be approximated by diffusion laws with continuous coefficients.
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