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Introduction

Coupling Time

Objective : Compute the coupling time for an homogenous Markov chain with
representation

Xn+1 = Xn > £n+1

where £ is i.i.d over a finite state space A.

Definition

The coupling time T for a Markov Chain X with state space X and representation
Xn+1 = Xn > &ny1 is the first (random) instant T such that

V(va) € X X X7X[>* &8t = yD* EiloolSTr
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Introduction

Applications

e Mixing time for Markov chains (bounds for the Monte-Carlo
algorithm)

o Expected complexity of the Propp and Wilson algorithm
(based on the CFTP coupling scheme)

@ Queueing networks
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Exact Computation Methodology
It

Methodology

o Language of coupling words : the prefix-free language of words w € A* such that

Vix,y) EX X X, x> w=y>*w
Language of coupling words = hitting language in some automaton
Unambiguous decomposition

Generating series G(p1, ..., Pn)

E[T] = D(G)(P(p1), -, P(pn))
with D =37, Piz,; and ({p1,--s Pn},P) a probability space
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Exact Computation Methodology
First Result

First step

We define the enveloppe automaton Aep, = (A, E,>g), with

o A the (finite) state space of the process £
0 £=P(X)
o V(a,P) e AXE Prga={pralpe P}

The set of coupling words corresponds then to the hitting language of S(X) the set of
singletons of elements of X starting from X in Aepy.
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Exact Computation Methodology
It

Second st

@ Longest path into the maximal stronlgy connected
components (MSCC) for bg.

@ Queueing systems : linked to distance between top and
bottom element.

Sebastian Samain and Ana Bugi¢ INRIA DI ENS, Ecole Normale Supéri , Exact Computation and Bounds for the Coupling Time



Exact Computation Methodology
First It

Third step
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Exact Computation
First Result

First result

Let X a Markov Chain with representation
Xn+1 = Xp > £n+1
Then:
Ax s(x)(P)=2yes(x) Zcechcon(Cx.c, ») Lo (P)
Le(P)=32(v,w)epass(C) %Acx,x,{m)(t))
1
v ( > ae(vop )~ (wp) a) Sc,v,w(P) T=Re, 2ol 1 A, awic| 1,03 ()
cl-2
Sewo)=| THS ™ g A wiy £} (P ( S o tm)= 1) )
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Compare formal series

@ Generating series of events A for the reprensentation Xp+1 = X, > §p41 define
conditional expectations for the coupling time T :

D(G)(P(p1), -, P(pn))
G(P(p1), .-, P(pn)) = Ep[T|A]

with D =37, pigs

@ This leads to the following criterion of comparison =<,.¢j-
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Bounds Second result

Definition
We define the binary relation <,.:, over the generating series in pi, ..., pn by
G Rratio H iff :
D(G)(N) _ D(H)(N)
TG T HW)
where FM({p;|i € [1,n]}) is the set of finite measures over the formal variables
p1, .-, pn and VI formal series in p1, ..., pn, [(A) = I(A(p1), -, A(Pn))

VA € FM({pili € [1,n]})
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Compare formal series

Definition

We define the binary relation < over the generating series in p1, ..., pn by: G =X H iff
dM a set of monomials in the variables py, ..., pn such that

o H= ZmEM mH[m]
e Vm € M,V(j, k) monomials in pi, ..., pn such that

degior(j) > degror(k) = (U]Him)([K]G) = ([k]Hm)(L/]G)
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Compare formal series

GXH = GjratioH

Study D(G)H and GD(H) monomial by monomial.
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=
Second result

Compare formal series

Ifl is a formal series over the set of monomlals M,
G =Y e P mGpps H = mem 2L mGpy and ¥m € M, Gy Zratio Him), then
G Zratio H

Proof

If M, is the set of monomials of /, we use the fact that :

DO _ <~ [l D(Gim)(N)
S 2 100 “’( " G ™) >

[m]1 D(Hpm)(A)\  D(H)(A)
m;/h 1(\) (/\)< ml =+ Himp (N) )_ H(X)

G Sratio H = Gl Sratio HI
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Bounds Second result

Preliminaries

Let G and H two formal series with monomial sets Mg and My respectively. We
define G LU H the mixing series of G and H as :

GwH= > > ( ImAlll;: |‘mB| ) [mc]G[my]Hmemy
mgEMg myeMy 2
and G Wj,s: H the mixing series except the last letter of G and H as :

G Wipast H = Z Z ( ‘mG|+|mH‘71 )[mG]G[mH]Hm(;mH

m
mgEMg myeMy | Gl
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Bounds Second result

Preliminaries

Let G and H two formal series over disjoint sets of respective variables. Then :
GH=<GWH
and
GH j G LW ast H
v
N—N
Vn € N, the function f, : m s ( n+m ) is increasing.
m
O

ian Samain and Ana Bugi¢ INRIA DI ENS, Ecole Normale Supérieure, Exact Computation and Bounds for the Coupli



Bounds Second result

Second result

Theorem

The coupling time for the "classical” representation of the embedded Markov chain of
a queueing network of k independent queues is lower bounded by :

K K
] D(G;)(P) D(L;)(P)
min + < Ep[T
jEII,k],; Gi(P) ; Li®) — 24
i#j
with G; = G(pai, pai—1); Li = > 125 (P2i—1 + p2i)" = m, G the generating

series of one queue and P a probability distribution on pi, ..., pok.-
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Bounds Second result

If A; is the event that the last queue to couple is the i th queue, then :
o [T < 400] = Wicp, A
o Ep[T|A] = % where K; = (LjiH;) Wpst G and Hj = GiL;

° (Hﬁg, )G Zratio Ki
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Conclusion

Further research

o Upper bound

o General open queueing networks of finite capacity
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