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Filling at random a Young diagram

Consider F a Young (or Ferrers) diagram of size .

‘ 1 2|6 |7 10‘

A Young tableau with shape F is a standard filling of F: put an
entry between 1 and N into each cell so as to be increasing along
the rows and columns.
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Filling at random a Young diagram

Consider F a Young (or Ferrers) diagram of size .

‘ 1 2|6 |7 10|

A Young tableau with shape F is a standard filling of F: put an
entry between 1 and N into each cell so as to be increasing along
the rows and columns.

If F if fixed, there are several possible standard fillings. Choose
one at random, uniformly. Interpreting the entries as heights, how
does the random surface look like ?

Analogy with height functions associated with random tilings.
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The rectangular case: scaling limit

For Young tableaux, the only case studied so far is the case of a
rectangular tableau of size (m, n).

Associated surface: function f : [0,1] x [0,1] — [0, 1]

If the cell (i,/) has entry k, put f(i/m,j/n) = k/mn.
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The rectangular case: scaling limit

For Young tableaux, the only case studied so far is the case of a
rectangular tableau of size (m, n).

Associated surface: function f : [0,1] x [0,1] — [0, 1]

If the cell (i,/) has entry k, put f(i/m,j/n) = k/mn.
Pittel-Romik (2007): if m,n — oo, m/n — £, existence of a
deterministic limit function f, expressed as the solution of a
variational problem.
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The rectangular case: fluctuations along the edge

Two asymptotic regimes (M., 2016)
In the corner: Let X, , be the entry in the southeast corner.

2 ]. E Xm n EXm n w .
f( + )(n3/2’ : ) Ia—> Gaussian

Along the edge: Suppose the tableau is an (n, n) square. Let Y,
be the entry in the cell (1,7). Fix 0 < t < 1. Then for large n,

r(t)(Yl,Lth _ EYI’LMJ) fay Tracy — Widom

473
Similar results for random surfaces (Johansson et al., Bouttier et
al., ...) By analogy, the expected behaviour in the centre of the

tableau is the gaussian free field (Kenyon et al.).
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The rectangular case: fluctuations along the edge

Two asymptotic regimes (M., 2016)
In the corner: Let X, , be the entry in the southeast corner.

2 ]. E Xm n EXm n w .
f( + )(n3/2’ : ) Ia—> Gaussian

Along the edge: Suppose the tableau is an (n, n) square. Let Y,
be the entry in the cell (1,7). Fix 0 < t < 1. Then for large n,

r(t)(Yl,Lth _ EYI’LMJ) fay Tracy — Widom

473
Similar results for random surfaces (Johansson et al., Bouttier et
al., ...) By analogy, the expected behaviour in the centre of the

tableau is the gaussian free field (Kenyon et al.).

Nothing else is known for non-rectangular diagrams.

Our goal: understanding what happens in the southeast corner of
Young tableau with general fixed shape.
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Linear extension of a tree

If T is a tree of size N + 1, a linear extension is a function
f: T —{0,1...N} such that f(child) > f(parent).
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Linear extension of a tree

If T is a tree of size N + 1, a linear extension is a function
f: T —{0,1...N} such that f(child) > f(parent).
Number of linear extensions given by

(N +1)!
HVET h(V)

where h(v) is the size of the subtree below v.
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Linear extension of a tree
If T is a tree of size N + 1, a linear extension is a function

f: T —{0,1...N} such that f(child) > f(parent).
Number of linear extensions given by
(N+1)!
HvETh(V)

where h(v) is the size of the subtree below v.
Analogue of the hook length formula for the number of standard

fillings of a diagram F:
N!

[Teer hie)

where h(e) is the hook length of the cell e.

ool0]
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The tree associated with a diagram

If F is a Young diagram, associate a planar rooted tree T with the
rule:

@ The hook lengths along the first row of F are the same as the
hook lengths along the left-most branch of T.
@ All the non-leftmost vertices are leaves.

@ T has a distinguished vertex v which is either the father of
the left-most leaf if this leaf has brothers, or the left-most leaf.
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The main result

Let F be a Young diagram, associate a planar rooted tree T with

a distinguished vertex v. Enlarge T to obtain T by adding a father
R to the root of T and adding children to R so that the size of T
is N+ 1.
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The main result

Let F be a Young diagram, associate a planar rooted tree T with

a distinguished vertex v. Enlarge T to obtain T by adding a father
R to the root of T and adding children to R so that the size of T
is N+ 1.

Let X be the entry of the southeast corner of F when one picks a
random, uniform standard filling of F.

Let Y = ((v) where { is a random, uniform linear extension of T.
Then X and Y have the same law.
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Triangular tableaux, periodic trees, periodic urns

If F is triangular, then the associated tree T will have a periodic
pattern.
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Moreover, the law of £(v) will be given by a model of periodic urn.
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Periodic Pdlya urns

Definition

A periodic Pélya urn of period p is a Pdlya urn with replacement
matrices

My, My, ..., M,, such that at step np + k the replacement matrix
M, is used.

Particular case:

Definition

The Airy Pélya urn is a Pélya urn of period 2 with

1 0) for every odd step,

replacement matrix M; := (0 1

0 2

. 11
and replacement matrix M, := for every even step.

Caveat: not *exactly* modelizable as a classical Pélya urn (even
with multidrawing).
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The Airy case

The generalized Gamma distribution GG(d, p) is the distribution
on Ry with density c(d, p)x?~te™>". When p = 1, this a usual
Gamma distribution.

Computing the moments, we find:

The of the number of black balls in an Airy Pélya urn converges in
law to a generalized Gamma distribution:

22/3 Bn

L
=55 — GG (1,3)

As a corollary, let X, be the entry of the southeast corner of the
associated triangular Young tableau with total size N, = n(n + 1).

2B N — X, r
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The more general triangular case

For a more general triangular tableau, there exists a critical
exponent « such that (N, — X,)/n® has a limit law X. One can
show that a only depends on the slope and that X is a product of
independent generalized Gamma distributions. These distributions,
which are related to Mittag-Leffler distributions (same growth of
the moments), also appear in papers by Janson (2016) and
Pekoz-Rollin-Ross (2016).
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The more general triangular case

For a more general triangular tableau, there exists a critical
exponent « such that (N, — X,)/n® has a limit law X. One can
show that a only depends on the slope and that X is a product of
independent generalized Gamma distributions. These distributions,
which are related to Mittag-Leffler distributions (same growth of
the moments), also appear in papers by Janson (2016) and
Pekoz-Rollin-Ross (2016).

Duality

There is a duality between the limit law X in the southeast corner
and the limit law Y in the northwest corner. If X/ ~ X, Y/ ~ Y
and X', Y’ are independent, then X'Y’ has Gamma distribution.
Such factorizations often appear in the study of exponential
functionals of Lévy processes (Bertoin-Yor).
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