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Matching models Intro

Different types of matching models

@ Stable marriage
@ Online stochastic matching

e Fully dynamic matching model
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Matching models Introduction
Some literature

Description of the model

TALKING ABOUT TRANSPLANTATION

OPTN Kidney Faired
Donation Pilot Program

A transplant aption for patients with an incompatible living donor
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Matching models
erature
Description of the model

The case N

A matching graph with two types of buyers and two types of sellers.
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Stability condition: S<a
The vector of the queue length of all the nodes (at time t):

Q(t) = (qk(t))ke{b1,b2,s1,52}- 8/24



Markov Decision Process
Dynamic Programming Bellman Equation
Structured policies

Markov Decision Process

The matchings are carried out after the arrivals at time t:

X(t) = Q(t) + A(t)
Q(t+1) = X(t) — U(X(1))
Dynamics of the system: X(t + 1) = X(t) — U(X(t)) + A(t + 1)
Markov Decision Process:
e Transitions: P,(x,x") = >, 1y yra=xP(A = a)

o Costs: Cu(x,X) = Xkc(by,br,s1,5} Ck¥k
e Policy: m = (ut)>0



Markov Decision Process
Dynamic Programming Bellman Equation

Structured policies

v*(x0) = inf I|m ZHtE“ t))]

where 6 € (0, 1) is a discount factor.

mf Z O'EL [c(X(t)

|nf{c x0) + GZ |nf{z 0'TET [c(X(£))]} Puo (0, x1)}
— IDof{C x0) + GZ v (x1 Py (x0,x1)}}
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Markov Decision Process
Dynamic Programming Bellman Equation

Structured policies

Operators: L,v(x) = c(x) + 92 v(x)Py(x,x")

Bellman equation

How to solve this equation ?

Value iteration

vt = [v" with v0 =0
L is a contraction mapping (||Lv — Lw|| < 0|lv — w||) and using
the Banach Fixed-Point Theorem, v" will converge towards v*
when n tends to infinity.
See chapter 6 from M.L. Puterman. Markov decision processes: discrete

stochastic dynamic programming. Wiley, 2005.
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Markov Decision Process
Dynamic Programming Bellman Equation

Structured policies

Theorem (Puterman 2005)

Assumptions to handle the unbounded costs. Let V7 (the set of

structured value functions) and D? (the set of structured

decisions) be such that

(a) v € V7 implies that Lv € V?;

(b) v € V7 implies that there exists a decision u’ € D’ such that
u' € argmin, L,v;

(c) V7 is a closed subset of the set of value functions by simple
convergence.

Then, there exists an optimal stationary policy that belongs to 1°
(the set of structured policies).
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Priority to the end nodes

Results

e; is the vector with 1 on both nodes of the edge j and 0
elsewhere.

Definition (Increasing)

We say that a function v is increasing in ¢1 or v € Z,, if
vix +ey) > v(x) VxeX.
Likewise, v is increasing in {5 or or v € 1, if

v(x +ep) > v(x) VxeX.

Definition (Priority of 1 and ¢ over /3)
A function v € Py 53 if

v(x + ey +ep, —en) > v(x) VxeX.
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Priority to the end nodes
Threshold in £3

Results ork
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Priority to the end nodes
Threshold in £3
Results Futu ork

U= €,

P12/3
61 52
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Priority to the end nodes
Threshold in £3

Results Future work

Proposition

Let v € Zy, N1y, NPy o/3. For any x € X, there exists u* € Uy
such that u* € argmin ¢y L,v(x), (u*)s, = min(xp,, xs;) and

(u*)p, = min(xp,, Xs,).

Lemma
Ifvel,NZ,n 771,2/3, then Lv € P1,2/3-

Lemma
If a function v € Zyy NIy, NP1 33, then Lv € Ty NIy,.

16

24



Priority to the end nodes

Results
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Priority to the end no

Threshold in ¢3

Results Future

Motivation for threshold policy

]
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One realisation of X(t) for t =1,--

A. Busi¢ and S. Meyn. Approximate optimality with bounded regret in dynamic

matching models. ArXiv, 2016.
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Results Future work

Threshold policy

Definition (Threshold-type matching policy)

A matching policy uy is said to be of threshold type in /3 with
priority to ¢1 and /5 if:

o (ux)s, = min(Xxp,, Xs;)

o (ux)p, = Min(Xp,, Xs,)

o (ux)p, = min(Xp,, Xs,) + ke(x)

o (ux)s, = min(Xp,, Xs,) + ke(x)

i —xg <
e fld) = { 0 if Xp, — X5 < t

Xp, — Xs; — t else
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Results

Convexity in {3

Definition (Convexity)

A function v is convex in £3 or v € Cy if v(x + e5) — v(x) is
nondecreasing in /3. i.e.,

v(x +2(ep)) — v(x + er) > v(x + ep) — v(x).
Let x € X, my, = min(xs,, Xp, ), Mg, = Min(Xs,, Xp,). We define:
o Gy = (me,, mg,, me,, my,)
o K :{ {0} if Xp, < Xs
x {0, -+, min(xp, — Xs;5 Xs, — Xby) } else

® k*(x) = max{k’ € argmin;cs L, tke, v(X)}
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Priority to the end nodes
Threshold in £3

Results Future work

Lemma

Let v be a function that is convex in (3. Let x € X, X = x + e;.
Let k € K, such that k < k*(x). Then,

K(x) < k(x) < k(x) + 1

Moreover, if we suppose that k*(x) > 0, we have:
k*(X) = k*(x) + 1.

Proposition

Let v € Zy, N1y, NP1 2/3 N Cyy. There exists u* € Uy such that u*
is a matching policy of threshold type in {3 with priority to ¢1 and
{3 and u* € argmin,y L,v(x).

Conjecture: the convexity property propagates, i.e if
v E Ifl ﬁIgz N P172/3 N Cg3, then Lv € C[3
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Results

Average cost problem

We also considered the average cost problem:

g (x0) = |r71rf I|m ZE t))]

In this case, we use the structured policies method in the
discounted problem and make 6 tends towards 1.

22 /24



Results Future work

Optimal threshold

Proposition
Let p = 28:% €(0,1), R= EZT%CZ and N'% be the set of

matching policy of threshold type in {3 with priority to ¢1 and ¢5.
Assume that the cost function is a linear function. The optimal
threshold t*, which minimize the average cost on 1174, is

- :{ [k]if £([kT) < (LK)
|k] else

log __p=1
where k = % —1 and

F(x) = (Coy + €)X + (G + by + Gy + ) B — iy + )75 +
((Cb1 + CS1)a5 + (Cbz Ak Csz)(l - a)(l - B) + (Cbz + Csl)(l - 05)/8 F (Cb1 + C52)Oc(1 - B)
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Results

Future work

The case W:

General bipartite graph.
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