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Under what abiotic and biotic conditions does a population persist
for a long time? When does it tend toward extinction?
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Under what abiotic and biotic conditions does a population persist
for a long time? When does it tend toward extinction?

When are interacting populations likely to coexist for extended
periods of time? When does exclusion occur and why?
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Under what abiotic and biotic conditions does a population persist
for a long time? When does it tend toward extinction?

When are interacting populations likely to coexist for extended
periods of time? When does exclusion occur and why?
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Under what abiotic and biotic conditions does a population persist
for a long time? When does it tend toward extinction?

When are interacting populations likely to coexist for extended
periods of time? When does exclusion occur and why?

For persisting populations, when do they exhibit simple versus
complex dynamical behaviors?
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Under what abiotic and biotic conditions does a population persist
for a long time? When does it tend toward extinction?

When are interacting populations likely to coexist for extended
periods of time? When does exclusion occur and why?

For persisting populations, when do they exhibit simple versus
complex dynamical behaviors?
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Historically studied in ecology and epidemiology using

» differential equations: % = f(x)
» difference equations: x;11 = f(x¢)

> on the non-negative orthant RX = [0, c0)*
> persistence = a positive attractor

Lotka 1925, Volterra 1926, Nicholson & Bailey 1935, Kermack & Mckendrick 1927
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Historically studied in ecology and epidemiology using

» differential equations: % = f(x)
» difference equations: x;11 = f(x¢)

> on the non-negative orthant RX = [0, c0)*
> persistence = a positive attractor

Lotka 1925, Volterra 1926, Nicholson & Bailey 1935, Kermack & Mckendrick 1927

Population geneticists (Wright, Fisher, Haldane) were wiser from the
beginning...
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Lest men suspect your tale untrue, Keep probability in view. —John Gay
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Lest biologists suspect your model untrue, Keep probability in view.

Demographic stochasticity (intrinsic noise)

» finite number of individuals with uncorrelated fates
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Demographic stochasticity (intrinsic noise)

> finite number of individuals with uncorrelated fates
> extinction is inevitable, but may be preceded by long-term
transients
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Lest biologists suspect your model untrue, Keep probability in view.

Demographic stochasticity (intrinsic noise)

» finite number of individuals with uncorrelated fates
> extinction is inevitable, but may be preceded by long-term
transients

Environmental stochasticity (extrinsic noise)
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Lest biologists suspect your model untrue, Keep probability in view.

Demographic stochasticity (intrinsic noise)

> finite number of individuals with uncorrelated fates
> extinction is inevitable, but may be preceded by long-term
transients
Environmental stochasticity (extrinsic noise)
> fluctuations in temperature, precipitation, etc.

BHL Rir Temperature {deg C), Hourly Averages for 2811
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Lest biologists suspect your model untrue, Keep probability in view.

Demographic stochasticity (intrinsic noise)

> finite number of individuals with uncorrelated fates
> extinction is inevitable, but may be preceded by long-term
transients
Environmental stochasticity (extrinsic noise)
> fluctuations in temperature, precipitation, etc.
» demographic rates correlated to environmental conditions

Rate (days™)
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Lest biologists suspect your model untrue, Keep probability in view.

Demographic stochasticity (intrinsic noise)

» finite number of individuals with uncorrelated fates
» extinction is inevitable, but may be preceded by long-term
transients

Environmental stochasticity (extrinsic noise)
» fluctuations in temperature, precipitation, etc.
» demographic rates correlated to environmental conditions
> variation predicted to increase in the next century
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Lest biologists suspect your model untrue, Keep probability in view.

Demographic stochasticity (intrinsic noise)

> finite number of individuals with uncorrelated fates
» extinction is inevitable, but may be preceded by long-term
transients
Environmental stochasticity (extrinsic noise)
» fluctuations in temperature, precipitation, etc.
» demographic rates correlated to environmental conditions
> variation predicted to increase in the next century

Main question: How does environmental stochasticity influence
population persistence and the maintenance of genetic diversity?
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Single population
Xir1 = Xef (Xt, Ye,&e41)  population density [0, co)
Yit1 = g(Xe, Y, &e41) feedback variable R”
£1,60,65,. .. ii.d.
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Yit1 = g(Xe, Y, &e41) feedback variable R”
£1,60,65,. .. ii.d.

Assume f positive, continuous, g continuous
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Yit1 = g(Xe, Y, &e41) feedback variable R"
€1,60,63,... iid.

Assume f positive, continuous, g continuous

Assume Z; = (Xt, Y:) remains in compact set M
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Xir1 = Xef (Xt, Ye,&e41)  population density [0, co)
Yit1 = g(Xe, Y, &e41) feedback variable R"
€1,60,63,... iid.

Assume f positive, continuous, g continuous
Assume Z; = (Xt, Y:) remains in compact set M

Assume sup, ¢ | log f(z,&)| < o0
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Xir1 = Xef (Xt, Ye,&e41)  population density [0, co)
Yit1 = g(Xe, Y, &e41) feedback variable R"
€1,60,63,... iid.

Assume f positive, continuous, g continuous
Assume Z; = (Xt, Y:) remains in compact set M
Assume sup, ¢ | log f(z,&)| < o0

What is the feedback Y;?
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Single population
Xir1 = Xef (Xt, Ye,&e41)  population density [0, co)
Yit1 = g(Xe, Y, &e41) feedback variable R"
€1,60,63,... iid.

Assume f positive, continuous, g continuous
Assume Z; = (Xt, Y:) remains in compact set M
Assume sup, ¢ | log f(z,&)| < o0

What is the feedback Y;?

» Environmental forcing by a stationary process e.g.
Yir1 = AY: + &ea
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Single population
Xir1 = Xef (Xt, Ye,&e41)  population density [0, co)
Yiri = g(Xe, Ye, &er1) feedback variable R"
€1,60,63,. .. iid.

Assume f positive, continuous, g continuous
Assume Z; = (Xt, Y:) remains in compact set M
Assume sup, ¢ | log f(z,&)| < o0
What is the feedback Y;?
» Environmental forcing by a stationary process e.g.
Yir1 = AY: + &1

» Internal feedbacks due to evolving traits (e.g. Breeder's
equation) or population structure (e.g. spatial distribution)
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Xiy1 = Xef (X¢, Y, €e01)  population density
Yir1 = g(Xe, Ye,&41) feedback variable
£1,62,83, - - - iid.
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Xiy1 = Xef (X¢, Y, €e01)  population density
Yir1 = g(Xe, Ye,&41) feedback variable
£1,62,83, - - - iid.

What happens when the population is small?
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Single population
Xiy1 = Xef (X¢, Y, €e01)  population density
Yit1 = &(Xe, Yo, &e41) feedback variable
£1,6,83,. .. ii.d.

What happens when the population is small?

Consider the linearized process

)?t—i-l = f(O, \N/nft-rl))?t T/H-l = g(O, S;taét—i-l)
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Xiy1 = Xef (X¢, Y, €e01)  population density
Yit1 = &(Xe, Yo, &e41) feedback variable
£1,6,83,. .. ii.d.

What happens when the population is small?

Consider the linearized process
)?t—i-l = f(0, Vtvgt—i—l))?t T/H-l = g(0, S;taét—i-l)

For a stationary solution of Y; with law I
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Single population

Xiy1 = Xef (X¢, Y, €e01)  population density
Yit1 = &(Xe, Yo, &e41) feedback variable
£1,6,83,. .. ii.d.

What happens when the population is small?

Consider the linearized process
)?t—i-l = (0, Vtvgt—i—l))?t T/H-l = g(0, S;taét—i-l)
For a stationary solution of Y; with law I

) Iog)~<t
lim

t—00 t
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Single population

Xiy1 = Xef (X¢, Y, €e01)  population density
Yit1 = &(Xe, Yo, &e41) feedback variable
£1,6,83,. .. ii.d.

What happens when the population is small?

Consider the linearized process
)?t—i-l = (0, Vtv&t—i—l))?t T/H-l = g(0, S;taét—i-l)
For a stationary solution of Y; with law I

Iog)~< 12

: t o4 ~

Jim = = Jim & EOi log £(0, Ve, &s41)
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Single population

Xiy1 = Xef (X¢, Y, €e01)  population density
Yit1 = &(Xe, Yo, &e41) feedback variable
£1,6,83,. .. ii.d.

What happens when the population is small?

Consider the linearized process
)~<t+1 = f(O, \N/nft—kl))?t ?t+1 = g(O, S;tagt-i-l)
For a stationary solution of Y; with law n

_ logX = = a.s.
Jim 25 = Jim 3 g (0. Vo) [ Eltog (0.0l a)
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Single population

Xiy1 = Xef (X¢, Y, €e01)  population density
Yit1 = &(Xe, Yo, &e41) feedback variable
£1,6,83,. .. ii.d.

What happens when the population is small?

Consider the linearized process
)~<t+1 = f(O, \N/nft—kl))?t ?t+1 = g(O, S;tagt-i-l)
For a stationary solution of Y; with law n

_ logX = = a.s.
Jim 25 = Jim 3 g (0. Vo) [ Eltog (0.0l a)

realized per-capita growth rate r(u) = [E[log f(0, y,&1)]p(dy)
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Xiy1 = Xef (X, Y, Ee41)  population density
Yir1 = g(Xe, Ye, &e41) feedback variable
§1,62,83,- - ii.d.

realized per-capita growth rate r(p) = [E[log f(0, y, &)p(dy)
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Xiy1 = Xef (X, Y, Ee41)  population density
Yir1 = g(Xe, Ye, &e41) feedback variable
§1,82,83, - - ii.d.

realized per-capita growth rate r(u) = [E[log f(0, y,&1)]p(dy)
extinction set My = {(0,y) € M} and persistent set My = M\ My
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Xiy1 = Xef (X, Y, Ee41)  population density
Yir1 = g(Xe, Ye, &e41) feedback variable
£1,62,83,. .. ii.d.

realized per-capita growth rate r(u) = [E[log f(0, y,&1)]p(dy)
extinction set My = {(0,y) € M} and persistent set My = M\ My

Theorem Benaim & S. (in prep) If r(p) > 0 for all ergodic measures 1
supported on My
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Xiy1 = Xef (X, Y, Ee41)  population density
Yir1 = g(Xe, Ye, &e41) feedback variable
£1,62,83,. .. ii.d.

realized per-capita growth rate r(u) = [E[log f(0, y,&1)]p(dy)
extinction set My = {(0,y) € M} and persistent set My = M\ My

~

Theorem Benaim & S. (in prep) If r(p) > 0 for all ergodic measures 1
supported on My, then there exists «, 8 > 0 such that

limsupP[X; € [0,¢)] < ae” for Zy € M,
t—00
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Xep1 = Xef (X, Yi,&e41)  population density
Yir1 = g(Xe, Ye, &e41) feedback variable
§1,82,83, - - - iid.

realized per-capita growth rate r(u) = [E[log f(0, y,&1)]p(dy)
extinction set My = {(0,y) € M} and persistent set My = M\ My

Theorem Benaim & S. (in prep) If r(p) > 0 for all ergodic measures 1
supported on My, then there exists «, 3 > 0 such that

limsupP[X; € [0,¢)] < ae” for Zy € M,
t—00

"arbitrarily small chance of arbitrarily low densities"
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Xip1 = Xef (Xt, Ye,&e41)  population density
Yir1 = g(Xe, Ye, &e41) feedback variable
€1,62,65, ... ii.d.
realized per-capita growth rate r(u) = [ E[log f(0, y,&1)]u(dy)

extinction set My = {(0,y) € M} and persistent set My = M\ My

e )

Theorem Benaim & S. (in prep) If r(p) > 0 for all ergodic measures
supported on My, then there exists «, 5 > 0 such that

limsupP [X; € [0,¢)] < ac” for Zy € M,
t—00

"arbitrarily small chance of arbitrarily low densities"

<s<t:
lim sup #{1<s<t: X €][0,¢)}

< ae? as. for Zy € M,
t—o00 t
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Xip1 = Xef (Xt, Ye,&e41)  population density
Yir1 = g(Xe, Ye, &e41) feedback variable

£1,£2,83, - - ii.d.
realized per-capita growth rate r(p) = [E[log f(0,y,&1)]p(dy)

extinction set My = {(0,y) € M} and persistent set My = M\ My

Theorem Benaim & S. (in prep) If r(1) > 0 for all ergodic measures p
supported on My, then there exists «, 8 > 0 such that

limsupP [X; € [0,¢)] < ae” for Zy € M,
t—o0

"arbitrarily small chance of arbitrarily low densities"

<s<t:
“m sup #{1 =5 t Xt S [075)}

< as® a.s. for Zy € M,
t—00 t

"arbitrarily little time at arbitrarily low densities"
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Xiy1 = Xef (X, Y, Ee41)  population density
Yir1 = g(Xe, Ye, &e41) feedback variable
§1,82,83, - - ii.d.

realized per-capita growth rate r(u) = [E[log f(0, y,&1)]p(dy)
extinction set My = {(0,y) € M} and persistent set My = M\ My
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Xiy1 = Xef (X, Y, Ee41)  population density
Yir1 = g(Xe, Ye, &e41) feedback variable
£1,62,83,. .. ii.d.

realized per-capita growth rate r(u) = [E[log f(0, y,&1)]p(dy)
extinction set My = {(0,y) € M} and persistent set My = M\ My

Proposition Benaim & S. (in prep) If r(p) < 0 for all ergodic u sup-
ported by Mp, then

P[t@;oxtzo\zo: (X,y)} —1asx— 0.
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Xep1 = Xef (X, Yi,&e41)  population density
Yir1 = g(Xe, Ye, &e41) feedback variable
§1,82,83, - - - iid.

realized per-capita growth rate r(u) = [E[log f(0, y,&1)]p(dy)

extinction set My = {(0,y) € M} and persistent set My = M\ My

Proposition Benaim & S. (in prep) If r(p) < 0 for all ergodic u sup-
ported by Mp, then

P[tli)n;otho‘Zo: (X,y)} —1asx— 0.

Moreover, if My is “accessible” then lim;_.,, X; = 0 a.s. for all Zp.
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Climate induced extinction?

Bay checkerspot

2 checkerspot populations went extinct in 1990s
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Climate induced extinction?

Paul Ehrlich

abundance

10

100 1000

—

checkerspot populations went extinct in 1990s

location A location B
, .T o / Se ®
/ \ " V.
o0 @ hy 0%\ ¢
o/ Tw |1 NS
e e o ° )
e o
° Ole
J/
o \
L T T T . I. T T T T ..
1960 1970 1980 1990 1960 1970 1980 1990
year year




Introduction
000

Single population
00008000

Multiple populations
0000000000

Finale
[}

Climate induced extinction?

POPULATION CONTROL OR
RACE TO OBLIVION?

Paul Ehrlich

2 checkerspot populations went extinct in 1990s
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Climate induced extinction?

Paul Ehrlich

2 checkerspot populations went extinct in 1990s
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Climate induced extinction?

2 checkerspot populations went extinct in 1990s

(]
° i location A location B
1= ®
51 LN
2 o % |
$810/ | @
E~ % e o
¥e) [ ]
© o |
" ?
.\
A T T T .I. T T T T
1960 1970 1980 1990 1960 1970 1980 1990
year year

r ‘ " O

gl h Y. X
Paul Ehrlich Plantagesen 5!4 | Castilleja\gxserta ‘Castillejaidensiflora



Introduction Single population Multiple populations Finale
000 00000800 0000000000 [}

Climate induced extinction?

2 checkerspot populations went extinct in 1990s

A simplified version of McLaughlin et al. (2002) PNAS:

Xir1 = Xrexp(ag + a1 X + a2 Yy)

where Y} is precipitation.
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Climate induced extinction?

2 checkerspot populations went extinct in 1990s

A simplified version of McLaughlin et al. (2002) PNAS:

Xir1 = Xrexp(ag + a1 X + a2 Yy)

where Y; is precipitation. r(u) = E[ap + a2 Y]
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Climate induced extinction?

2 checkerspot populations went extinct in 1990s

A simplified version of McLaughlin et al. (2002) PNAS:

Xir1 = Xrexp(ag + a1 X + a2 Yy)

where Y is precipitation. r(u) = E[ag + a2 \A/]
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Climate induced extinction?

2 checkerspot populations went extinct in 1990s

A simplified version of McLaughlin et al. (2002) PNAS:
Xir1 = Xrexp(ag + a1 X + a2 Yy)

where Y is precipitation. r(u) = E[ag + a2 \A/]
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Evolution in a changing environment (cf. Lande & Shannon 1996)

population density X;
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Evolution in a changing environment (cf. Lande & Shannon 1996)

population density X;

optimal trait 6;y1

log fitness
0
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Evolution in a changing environment (cf. Lande & Shannon 1996)
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o o0
Mean fitness: Wi :/ exp(Fnax—(2—041)? )p(z,z)dz
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population density X;

optimal trait 0;y1

log fithess
0

mean trait Z; w/ var. o2
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Mean fitness: W1 :/ exp(fmx—(2—0:41)°—a(2) Xt ) p(z, Z; ) dz
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Evolution in a changing environment (cf. Lande & Shannon 1996)

population density X;

optimal trait 0;y1

log fithess
0

2

mean trait z; w/ var. o

Bii1 Z

oo

Mean fitness: W1 :/ exp(fmx—(2—0:41)°—a(2) Xt ) p(z, Z; ) dz

—00

Xep1 =Xe W1
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Evolution in a changing environment (cf. Lande & Shannon 1996)

population density X;

optimal trait 0;y1

log fithess
0

mean trait Z; w/ var. o2

Bii1 Z

oo

Mean fitness: W1 :/ exp(fmx—(2—0:41)°—a(2) Xt ) p(z, Z; ) dz

—00
Xep1 =Xe W1

_ _ 2,2 (9 In Wt+1
Zyyr 1 —2Z¢ + o h e e—
+ 821_-

Breeder's equation for z;
(Lande 1976; Turelli & Barton 1994)
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Evolution in a changing environment (cf. Lande & Shannon 1996)

g
ﬁ population density X;
E o
En optimal trait 041
mean trait Z, w/ var. o
o oo
Mean fitness: Wei1 = / exp(Fmax—(2—0:41)°—a(2) X2 )p(z, Z:)dz
—00
Breeder's equation for Z; Xepr =XeWip
(Lande 1976; Turelli & Barton 1994) 2h28 In Wi

.. . Z =Zr+o0
& i.i.d. w/ mean 0, variance 72 Tl =< 0Z;

p temporal autocorrelation Ori1 =pby + ﬂftﬂ
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There is a unique ergodic measure ;2 on {0} x R?
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There is a unique ergodic measure p on {0} x R?, and

B 72 (1—a)p 1
r(u)_rmaX+ﬂ(1+a) ( 1—ap _2> _§|Og5

where 8 = 2702+ 1,a = 1 —20°h?/f3
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Evolution in a changing environment (cf. Lande & Shannon 1996)

There is a unique ergodic measure p on {0} x R?, and

B 72 (1—a)p 1
(1) = Fowe + B(l+ «) < 1—ap _2> B §|Og5

where 8 = 2702+ 1,a = 1 —20°h?/f3

N J—
— - 0
- xX <
" z g
— %)
= c
D )
\T| _| o]
s
N |
b T T T T 1 g T T T T 1
0 100 300 500 0 100 300 500
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Evolution in a changing environment (cf. Lande & Shannon 1996)

There is a unique ergodic measure p on {0} x R?, and

B 72 (1—a)p 1
(1) = Fowe + B(l+ «) < 1—ap _2> B §|Ogﬁ

where 8 = 2702+ 1,a = 1 —20°h?/f3

N o
o
—
— -
- X
"o z &
¥ 2
(«5) (V] Lo
T‘ — T
N —
I [ T T T T 1 [ T T T T 1
0 100 300 500 0 100 300 500

generations generations
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ti+1 = Xtifi(Xt; Ye,€e+1) species/genotype #s w/X: = (th, e 7th)
Yir1 = g(Xe, Ye,&e41) feedback variable
£1,62,83, ... ii.d.
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l{Jrl - Xl{fl(Xf? Yt7 gf-‘rl) species/genotype #S W/Xt = (Xt17 s 7th)
Yir1 = g(Xe, Ye,&e41) feedback variable
£1,6,83,. .. i.i.d.

Assume f; positive, continuous, g continuous
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Multiple populations

l{Jrl - Xl{fl(Xf? Yt7 gf-‘rl) species/genotype #S W/Xt = (Xt17 s 7th)
Yir1 = g(Xe, Ye,&e41) feedback variable
£1,6,83,. .. i.i.d.

Assume f; positive, continuous, g continuous
Assume Z; = (X¢, Yi) remains in compact set M

Assume sup, ¢ | log fi(z,£)| < oo for all i
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Multiple populations

l{Jrl - Xl{fl(Xf? Yt7 gf-‘rl) species/genotype #S W/Xt = (Xt17 s 7th)
Yir1 = g(Xe, Y, Eet1) feedback variable
£1,62,83, ... i.i.d.

Assume f; positive, continuous, g continuous
Assume Z; = (X¢, Yi) remains in compact set M
Assume sup, ¢ | log fi(z,£)| < oo for all i

Extinction set My = {(x,y) : minx; = 0}
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Multiple populations

L1 = X{f(Xe, Ye,&e41)  species/genotype #s w/Xe = (X2, ..., X{)
Yir1 = g(Xe, Ye,&e41) feedback variable
£1,6,83,. .. ii.d.
Assume f; positive, continuous, g continuous
Assume Z; = (X¢, Yi) remains in compact set M
Assume sup, ¢ | log fi(z,£)| < oo for all i
Extinction set My = {(x,y) : minx; = 0}

Coexistence set My = M\ My
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X{l, .. .,X{" & Y} approach approach an ergodic stationary
distribution with law p

X, Xy
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Suppose all but ji, ..., j; become infinitesimally rare

X{l, .. .,X{" & Y} approach approach an ergodic stationary
distribution with law p

X

) = /M Ellog f;(z, £ u(dz)

?

X Xy
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Suppose all but ji, ..., j; become infinitesimally rare

X{l, .. .,X{" & Y; approach approach an ergodic stationary
distribution with law p

X

ri(p) > 0 = i increases when
rare

() = /M Ellog f;(z, £ u(dz)

?

X Xy
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Suppose all but ji, ..., j; become infinitesimally rare

X{l, .. .,X{[ & Y; approach approach an ergodic stationary
distribution with law p

X

ri(p) > 0 = i increases when
rare

ri(p) = / E[log fi(z, &)]u(d2) ri(n) < 0 = i decreases when
M rare

?

X Xy
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Suppose all but ji, ..., j; become infinitesimally rare

X{l, .. .,X{" & Y; approach approach an ergodic stationary
distribution with law p

X
ri(p) > 0 = i increases when

rare

ri(p) = / E[log fi(z, &)]u(d2) ri(n) < 0 = i decreases when
M rare

ri(p) = 0 for any j “supported”
by 1
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ti+1 = Xtifi(Xh Yi.€e41) species/genotype #s w/ X; = (th7 . 7th)
Yir1 = g(Xe, Ye,&e41) feedback variable &1,&5,&3, ... iid.

realized per-capita growth rate: ri(p) = [ Ellog fi(z, &)]u(dz)
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ti+1 = Xtifi(Xh Yi.€e41) species/genotype #s w/ X; = (Xt17 . 7th)
Yir1 = g(Xe, Ye,&e41) feedback variable &1,&5,&3, ... iid.

realized per-capita growth rate: ri(p) = [ Ellog fi(z, &)]u(dz)

Theorem Benaim & S. in prep If there exist weights p; > 0 such that

Zp,-r,-(,u) > 0 for all i supported by My

I




Introduction Single population Multiple populations Finale

000 00000000 O0@0000000 [©]
!

L1 = X{fi(Xe, Ye,€e41)  species/genotype #s w/ Xe = (X}, ..., X{)
Yir1 = g(Xe, Ye,&e41) feedback variable &1, &2, &3, ... iid.

realized per-capita growth rate: ri(p) = [ Ellog fi(z, &)]u(dz)

Theorem Benaim & S. in prep If there exist weights p; > 0 such that

Zp,-r,-(,u) > 0 for all i supported by My

I

then there exist o, 8 > 0 such that

lim sup P[min X! < ¢] < ae” for Zy € M,
t—o0 !

"arbitrarily small chance of arbitrarily low densities"
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ti+1 = Xtiﬁ(Xt, Y:, E41) species/genotype #s w/ X; = (th, e ,th)
Yir1 = g(Xe, Ye, &e41) feedback variable &1,6,&3, ... iid.

realized per-capita growth rate: ri(p) = [ Ellog fi(z, &)]u(dz)

Theorem Benaim & S. in prep If there exist weights p; > 0 such that

Zp,-r,-(,u,) > 0 for all 1 supported by My

I

then there exist o, 8 > 0 such that

lim sup P[min X! < ¢] < ae” for Zy € M,
t—o0 !

lim sup #{1<s<t: min,-Xsi <e}

< ag? as. for Zy € My
t—00 t

"arbitrarily little time at arbitrarily low densities"

\. J
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Exclusion

l{—‘rl = Xl{fl(Xf? Yt7 gf-‘rl) species/genotype #S W/Xt = (X1}7 s 7th)
Yir1 = g(Xe, Ye,&e41) feedback variable &1, &, &3, ... iid.

realized per-capita growth rate: ri(p) = [ Ellog fi(z, &)]u(dz)
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Exclusion

[H = X,ff,-(Xh Y:,&e41) species/genotype #s w/X; = (th, .. ,th)
Yir1 = g(Xe, Ye,&e41) feedback variable &1, &, &3, ... iid.

realized per-capita growth rate: ri(p) = [ Ellog fi(z, &)]u(dz)

Theorem (Benaim & Schreiber in prep) If there exist weights p; > 0 such
that

Zp,—r,-(,u) < 0 for all i supported by My

i




Introduction Single population Multiple populations Finale

000 00000000 O00@000000 [©]
!

Exclusion

l{Jrl - Xt{fl(va Yt7 gt-‘rl) species/genotype #S W/Xt - (Xt17 s ath)
Yir1 = g(Xe, Ye,&e41) feedback variable &1,&,&3, ... ii.d.

realized per-capita growth rate: ri(p) = [ Ellog fi(z, &)]u(dz)

rTheorem (Benaim & Schreiber in prep) If there exist weights p; > 0 such ]
that
Zp,—r,-(,u) < 0 for all i supported by My
i

then there exists «, 8 > 0 such that

P [nmHoo dist(Zs, M) = o‘z0 - z} > 1 — adist(z, Mp)?
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Exclusion

l{Jrl - Xt{fl(va Yt7 gt-‘rl) species/genotype #S W/Xt - (Xt17 s ath)
Yir1 = g(Xe, Ye,&e41) feedback variable &1,&,&3, ... ii.d.

realized per-capita growth rate: ri(p) = [ Ellog fi(z, &)]u(dz)

rTheorem (Benaim & Schreiber in prep) If there exist weights p; > 0 such ]
that
Zp,—r,-(,u) < 0 for all i supported by My
i

then there exists «, 8 > 0 such that

P [nmHoo dist(Zs, M) = o‘z0 - z} > 1 — adist(z, Mp)?

My accessible = P [Iimtﬁoo dist(Z¢, Mp) = O‘ZO = z} =1
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members of the same species, being very similar to each other, being
machines for preserving genes in the same kind of place, with the same
kind of way of life, are particularly direct competitors for all the resources
necessary for life. - The Selfish Gene
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“And NUH is the letter |
use to spell Nutches,
Who live in small caves,
known as Niches, for
hutches. These Nutches
have troubles, the
biggest of which is the
fact there are many
more Nutches than
Niches. Each Nutch in a
Nich knows that some
other Nutch Would like
to move into his Nich
very much. So each
Nutch in a Nich has to
watch that small Nich or
Nutches who haven't got
Niches will snitch.”

Dr. Seuss

On Beyond the Zebra
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Gillespie's SAS-CFF model with demography

k alleles at a single locus of a diploid population
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fi.1 additive contribution of allele / to fitness
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Gillespie's SAS-CFF model with demography
k alleles at a single locus of a diploid population

fi.1 additive contribution of allele / to fitness

I+ .)/2 fitness of genotype A/A;
t+1 t+1 J
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Gillespie's SAS-CFF model with demography
k alleles at a single locus of a diploid population

fi.1 additive contribution of allele / to fitness
(lcti+1 + ftJH)/2 fitness of genotype A;A;

X/ frequency of allele i for i < k
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Gillespie's SAS-CFF model with demography
k alleles at a single locus of a diploid population

fi.1 additive contribution of allele / to fitness
(lcti+1 + ftJH)/2 fitness of genotype A;A;

X/ frequency of allele i for i < k, and th+1 population density
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Gillespie's SAS-CFF model with demography

k alleles at a single locus of a diploid population

fi.1 additive contribution of allele / to fitness

(flq+ t+1)/2 fitness of genotype A;A;

X/ frequency of allele i for i < k, and th+1 population density

Define average fitness of allele i and average fitness of population

Wiy = Y XU(Eh+ &) 2 and Wi =Y X[ Wy,
j i
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Gillespie's SAS-CFF model with demography

k alleles at a single locus of a diploid population

fi.1 additive contribution of allele / to fitness
(flq+ t+1)/2 fitness of genotype A;A;

X/ frequency of allele i for i < k, and th+1 population density

Define average fitness of allele i and average fitness of population

Wiy = Y XU(Eh+ &) 2 and Wi =Y X[ Wy,
j i

If exp(—aX ™) is density-dependent survivorship
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Gillespie's SAS-CFF model with demography
k alleles at a single locus of a diploid population

fi.1 additive contribution of allele / to fitness
(flq+ t+1)/2 fitness of genotype A;A;

X/ frequency of allele i for i < k, and th+1 population density

Define average fitness of allele i and average fitness of population
7,‘ . . . P . 7,‘
Wi = ZX#(@’H—I + §Jt+1)/2 and Wi = th/ Wi

j i
If exp(—aX/ ™) is density-dependent survivorship, then
—i

k+1 k+1717 —aX{ ! Wi
X = XETTWee @ and X{ 4 = X{=
Wi
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Gillespie's SAS-CFF model with demography
k alleles at a single locus of a diploid population

fi.1 additive contribution of allele / to fitness

(flq+ t+1)/2 fitness of genotype A;A;

X/ frequency of allele i for i < k, and th+1 population density

Define average fitness of allele i and average fitness of population

t+1 ZXJ ft+1 + §t+1)/2 and Wiy = ZX{W
i

If exp(—aX ™) is density-dependent survivorship, then
i

kil . W
XKt = Xk Wi e7#X and X!, = X[ —
+ t+1 —
Wi

State space A x [0,00) w/ A = {(x},...,xK) : x" > 0,3 x; = 1}

t+1
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Gillespie's SAS-CFF model with demography

Assume f;_f =1+ s+a§,’; with f{; i.i.d. with mean 0 and variance 1.
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Gillespie's SAS-CFF model with demography
Assume f/ = 1+ s+ o&l with & i.i.d. with mean 0 and variance 1.

w with u(A x {0}) =1 and supporting alleles /  {1,... k}
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Gillespie's SAS-CFF model with demography

Assume f;_f =1+ s-l-af,’_l with f{; i.i.d. with mean 0 and variance 1.

w with u(A x {0}) =1 and supporting alleles /  {1,... k}

o2
ri(p) =~ all forie{1,...,k}\/
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Gillespie's SAS-CFF model with demography

Assume f/ = 1+ s+ o&l with & i.i.d. with mean 0 and variance 1.

w with u(A x {0}) =1 and supporting alleles /  {1,... k}

2 2

1) % gy for 1€ {1 K\ T and i (0) = 7%(1+2/\/|)
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Gillespie's SAS-CFF model with demography

Assume f/ = 1+ s+ o&l with & i.i.d. with mean 0 and variance 1.

w with u(A x {0}) =1 and supporting alleles /  {1,... k}

2 2

1) % gy for 1€ {1 K\ T and i (0) = 7%(1+2/\/|)

For o2 small, <= < k+2
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Gillespie's SAS-CFF model with demography
Assume f/ = 1+ s+ o&l with & i.i.d. with mean 0 and variance 1.

w with u(A x {0}) =1 and supporting alleles /  {1,... k}
o2 o2
ri(p) =~ all forie{1,...,k}\/ and rk+1(u)zs—€(1+2/\l|)

For o2 small, 2 < k+2 = population persists & alleles coexist

W%WWW_.I

0e+00 4e+04 8e+04

density

le-02 1le+01

time logaox;
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Gillespie's SAS-CFF model with demography

density

Assume f/ = 1+ s+ o&l with & i.i.d. with mean 0 and variance 1.

w with u(A x {0}) =1 and supporting alleles /  {1,... k}
2

o2
o
ri(p) =~ all forie{1,...,k}\/ and rk+1(u)zs—€(1+2/\l|)
For 02 small, < 2 < k+2 = population persists & alleles coexist

2
=~ > k+2 = population extinction

le-09

le-27

T T T T T 1 T
0e+00 4e+04 8e+04 -4 -3

1
time logioX,
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Gillespie's SAS-CFF model with demography

Assume f] = 1+ s+ o€l with £/ i.i.d. with mean 0 and variance 1.

w with u(A x {0}) =1 and supporting alleles |  {1,... k}

2 2

ri10) % gy for 1€ (Lo K\ T and () = s - %(1+2/\/])

For 02 small, < 2 < k+2 = population persists & alleles coexist

2
=~ > k+2 = population extinction

Mea (1)

-0.005 0.000
~

2 4 6 8 10 12 14

# alleles
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Gillespie's SAS-CFF model with demography

Assume f] = 1+ s+ o€l with £/ i.i.d. with mean 0 and variance 1.

w with u(A x {0}) =1 and supporting alleles |  {1,... k}

2 2

ri10) % gy for 1€ (Lo K\ T and () = s - %(1+2/\/])

For 02 small, < 2 < k+2 = population persists & alleles coexist

2
=~ > k+2 = population extinction

Mea (1)

-0.005 0.000
~

2 4 6 8 10 12 14

# alleles
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/ Mussels —\&:>samades
detach settle -

/ @ ‘

Mussels Crustose algae
overgrow invade

.

~——— . .
Lankau & Strauss 2007 Science Beninica et al 2015 PNAS
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Rock (1), paper (2), scissors (0) mod 3

Wt’ >1,1, Lé < 1 payoff to i when interacts w/ i — 1,i,i +1
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Rock (1), paper (2), scissors (0) mod 3
wi>1,1, L’; < 1 payoff to i when interacts w/ i — 1,i,i +1

W/ identically distributed, L. identically distributed
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Rock (1), paper (2), scissors (0) mod 3
W/ >1,1,Li < 1 payoff to i when interacts w/ i — 1,/,i + 1
W/ identically distributed, L. identically distributed
b XX W X+ Ly - Xi)
TS Wy X X

Xt" frequency of /
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W/ >1,1,Li < 1 payoff to i when interacts w/ i — 1,/,i + 1
W/ identically distributed, L. identically distributed
b XX W X+ Ly - Xi)
TS Wy X X

Xt" frequency of /
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Rock (1), paper (2), scissors (0) mod 3
W/ >1,1,Li < 1 payoff to i when interacts w/ i — 1,/,i + 1
W/ identically distributed, L. identically distributed
b XX W X+ Ly - Xi)
TS Wy X X

Xt" frequency of /
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W/ >1,1,Li < 1 payoff to i when interacts w/ i — 1,/,i + 1
W/ identically distributed, L. identically distributed
b XX W X+ Ly - Xi)
TS Wy X X

Xt" frequency of /
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Rock (1), paper (2), scissors (0) mod 3
W/ >1,1,Li < 1 payoff to i when interacts w/ i — 1,/,i + 1
W/ identically distributed, L. identically distributed
b XX W X+ Ly - Xi)
TS Wy X X

Xt" frequency of /
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Rock (1), paper (2), scissors (0) mod 3
W/ >1,1,Li < 1 payoff to i when interacts w/ i — 1,/,i + 1
W/ identically distributed, L. identically distributed

j XU X{+ Wiy - Xioa + Ly - Xin)

= — - . . . X! frequency of i
t+1 2 -1 +1 t
ijo th“ (Xi + Wg+1 ’ th“ + th+1 ’ X# )

&

& 8,
] o=

ri(6;)) =0, ri(6i11) = Eflog Li], ri(6;_1) = E[log W/]
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Rock (1), paper (2), scissors (0) mod 3
W/ >1,1,Li < 1 payoff to i when interacts w/ i — 1,/,i + 1
W/ identically distributed, L. identically distributed

i X{(U- X[+ W - Xioa + Ly - Xiqa)

= — - . . . X! frequency of i
t+1 2 -1 +1 t
ijo th“ (Xi + Wg+1 ’ th“ + th+1 ) X{ )

@ o=

E[log W] + E[log L}] > 0
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