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For persisting populations, when do they exhibit simple versus
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Historically studied in ecology and epidemiology using

I differential equations: dx
dt = f (x)

I difference equations: xt+1 = f (xt)

I on the non-negative orthant Rk
+ = [0,∞)k

I persistence = a positive attractor

Lotka 1925, Volterra 1926, Nicholson & Bailey 1935, Kermack & Mckendrick 1927

Population geneticists (Wright, Fisher, Haldane) were wiser from the
beginning...
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Lest men suspect your tale untrue, Keep probability in view. –John Gay

Lest biologists suspect your model untrue, Keep probability in view.

Demographic stochasticity (intrinsic noise)

I finite number of individuals with uncorrelated fates
I extinction is inevitable, but may be preceded by long-term

transients

Environmental stochasticity (extrinsic noise)
I fluctuations in temperature, precipitation, etc.
I demographic rates correlated to environmental conditions
I variation predicted to increase in the next century

Main question: How does environmental stochasticity influence
population persistence and the maintenance of genetic diversity?
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Single population
Xt+1 = Xt f (Xt ,Yt , ξt+1) population density [0,∞)

Yt+1 = g(Xt ,Yt , ξt+1) feedback variable Rn

ξ1, ξ2, ξ3, . . . i.i.d.

Assume f positive, continuous, g continuous

Assume Zt = (Xt ,Yt) remains in compact set M

Assume supz,ξ | log f (z , ξ)| <∞
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log X̃t
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log f (0, Ỹs , ξs+1)
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∫
E[log f (0, y , ξ1)]µ(dy)

realized per-capita growth rate r(µ) =
∫
E[log f (0, y , ξ1)]µ(dy)
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lim
t→∞

log X̃t

t

= lim
t→∞

1

t

t−1∑
s=0

log f (0, Ỹs , ξs+1)
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lim
t→∞

log X̃t

t

= lim
t→∞

1

t

t−1∑
s=0

log f (0, Ỹs , ξs+1)
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lim
t→∞

log X̃t

t

= lim
t→∞

1

t

t−1∑
s=0

log f (0, Ỹs , ξs+1)
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log f (0, Ỹs , ξs+1)
a.s.
=

∫
E[log f (0, y , ξ1)]µ(dy)

realized per-capita growth rate r(µ) =
∫
E[log f (0, y , ξ1)]µ(dy)



Introduction Single population Multiple populations Finale

Single population

Xt+1 = Xt f (Xt ,Yt , ξt+1) population density

Yt+1 = g(Xt ,Yt , ξt+1) feedback variable

ξ1, ξ2, ξ3, . . . i.i.d.

What happens when the population is small?

Consider the linearized process
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Theorem Benäım & S. (in prep) If r(µ) > 0 for all ergodic measures µ
supported on M0, then there exists α, β > 0 such that

lim sup
t→∞

P [Xt ∈ [0, ε)] ≤ αεβ for Z0 ∈ M+

"arbitrarily small chance of arbitrarily low densities"

lim sup
t→∞

#{1 ≤ s ≤ t : Xt ∈ [0, ε)}
t

≤ αεβ a.s. for Z0 ∈ M+

"arbitrarily little time at arbitrarily low densities"



Introduction Single population Multiple populations Finale

Xt+1 = Xt f (Xt ,Yt , ξt+1) population density

Yt+1 = g(Xt ,Yt , ξt+1) feedback variable

ξ1, ξ2, ξ3, . . . i.i.d.

realized per-capita growth rate r(µ) =
∫
E[log f (0, y , ξ1)]µ(dy)

extinction set M0 = {(0, y) ∈ M} and persistent set M+ = M \M0
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Climate induced extinction?

Bay checkerspot

2 checkerspot populations went extinct in 1990s
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Evolution in a changing environment (cf. Lande & Shannon 1996)
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Mean fitness: W t+1 =

∫ ∞
−∞

exp(rmax−(z−θt+1)2

−a(z)Xt

)p(z , z̄t)dz

Breeder’s equation for z̄t
(Lande 1976; Turelli & Barton 1994)

ξt i.i.d. w/ mean 0, variance τ2

ρ temporal autocorrelation

Xt+1 =XtW t+1

z̄t+1 =z̄t + σ2h2∂ lnW t+1

∂z̄t

θt+1 =ρθt +
√

1− ρ2ξt+1
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X i
t+1 = X i

t fi (Xt ,Yt , ξt+1) species/genotype #s w/Xt = (X 1
t , . . . ,X

k
t )

Yt+1 = g(Xt ,Yt , ξt+1) feedback variable

ξ1, ξ2, ξ3, . . . i.i.d.

Assume fi positive, continuous, g continuous

Assume Zt = (Xt ,Yt) remains in compact set M

Assume supz,ξ | log fi (z , ξ)| <∞ for all i

Extinction set M0 = {(x , y) : min xi = 0}
Coexistence set M+ = M \M0
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rj(µ) = 0 for any j “supported”
by µ
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"arbitrarily small chance of arbitrarily low densities"
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members of the same species, being very similar to each other, being 
machines for preserving genes in the same kind of place, with the same 
kind of way of life, are particularly direct competitors for all the resources 
necessary for life. - The Selfish Gene
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Gillespie’s SAS-CFF model with demography

k alleles at a single locus of a diploid population

f it+1 additive contribution of allele i to fitness

(f it+1 + f jt+1)/2 fitness of genotype AiAj

X i
t frequency of allele i for i ≤ k, and X k+1

t population density

Define average fitness of allele i and average fitness of population

W
i
t+1 =

∑
j

X j
t (ξit+1 + ξjt+1)/2 and W t+1 =

∑
i

X i
t W

i
t+1

If exp(−aX k+1
t ) is density-dependent survivorship, then

X k+1
t+1 = X k+1

t W t+1e
−aX k+1

t and X i
t+1 = X i

t

W
i
t+1

W t+1

State space ∆× [0,∞) w/ ∆ = {(x1, . . . , xk) : x i ≥ 0,
∑

i xi = 1}
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Gillespie’s SAS-CFF model with demography

Assume f it = 1 + s + σξit with ξit i.i.d. with mean 0 and variance 1.

µ with µ(∆× {0}) = 1 and supporting alleles I ⊂ {1, . . . , k}

ri (µ) ≈ σ2

4|I | for i ∈ {1, . . . , k} \ I

and rk+1(µ) ≈ s − σ2

6
(1 + 2/|I |)

For σ2 small, σ2

s < 6k
k+2 ⇒ population persists & alleles coexist

σ2

s > 6k
k+2 ⇒ population extinction
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Rock (1), paper (2), scissors (0) mod 3

W i
t > 1, 1, Lit < 1 payoff to i when interacts w/ i − 1, i , i + 1

W i
t identically distributed, Lit identically distributed

X i
t+1 =

X i
t

(
1 · X i

t + W i
t+1 · Xi−1 + Lit+1 · Xi+1

)∑2
j=0 X

j
t (X j

t + W j
t+1 · X

j−1
t + Ljt+1 · X

j+1
t )

X i
t frequency of i
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Collaborators: Michel Benäım, Gregory Roth, Kola Atchadé
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Collaborators: Michel Benäım, Gregory Roth, Kola Atchadé

the organizers and CIRM for this GREAT workshop

You for listening!

Questions?



Introduction Single population Multiple populations Finale

Environmental stochasticity

Can inhibit or promote population persistence

Can facilitate or disrupt genetic polymorphisms

Persistence/extinction determined by
∑

i pi ri (µ) for

discrete-time models S. et al. 2011; Roth & S, 2014; Benäım & S., in prep
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