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Introduction and seed bank models

Dormancy and seed banks in population genetics

° is an adaptive trait that has independently evolved multiple
times across the tree of life.
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Dormancy and seed banks in population genetics

° is an adaptive trait that has independently evolved multiple
times across the tree of life.

@ For example, many microorganisms can enter a reversible state of
. These dormant forms may stay inactive for
extended periods of time.

@ Dormancy allows a population to maintain a reservoir of genotypic and
phenotypic diversity (i.e., a ) that can contribute to the
long-term survival of a population. This “bet hedging” strategy has long
been of interest to ecologists.

@ However, in population genetics, comparatively little is known about how
dormancy influences the of genetic drift, mutation,
selection, recombination, and gene flow. See [LENNON & SHOEMAKER
2018] for a recent systematic overview.
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Figure: Percentage of inactive cells in microbial communities, data from [LENNON &

JONES, 2011])
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Introduction and seed bank models

Mathematical modeling of seed-banks

Many (empirical) studies. Only relatively recently, systematic derivation of
mathematical models. See e.g. (incomplete list)
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Introduction and seed bank models

Mathematical modeling of seed-banks

Many (empirical) studies. Only relatively recently, systematic derivation of
mathematical models. See e.g. (incomplete list)

[KAJ, KRONE & LAScoux 2001] (Wright-Fisher model with “weak seed bank”),

[TELLIER, LAURENT, LAINER, PAVLIDIS, STEPHAN 201 1] (inference of “seed bank
parameters” in wild tomatoe species),

[LENNON & JONES 2011] (overview and concepts for seed bank models in
microbial communities),

[BEGCKW 2015, BGCKW 2016,...] (“seed bank coalescent”, “seed bank
diffusion”, some properties and evolutionary parameters),

[KOOPMANN, MULLER, TELLIER, ZIVKOVIC 2017] (“weak” seed banks and
selection),

[DEN HOLLANDER & PEDERZANI 2017] (strong seed bank models on torus, IBD),

[SHOEMAKER & LENNON 2018] (systematic discussion of existing models and
interplay with evolutionary forces).
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Introduction and seed bank models

Aims of this talk

@ Review of known seed bank models in population genetics including
“ ” (introduced in previous
Luminy talk in 2015), based on “spontaneous switching”.
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Introduction and seed bank models

Aims of this talk

@ Review of known seed bank models in population genetics including
“ ” (introduced in previous
Luminy talk in 2015), based on “spontaneous switching”.

@ Report progress in understanding of of seed bank
diffusion and the relation between “weak” and “strong” seed bank models
via a .

@ Separation of timescales: Provide an application of the
to identify .

° to select seed bank model based on IMS data.

@ New seed bank model incorporating , further

extending the class of “
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Background: Classical Wright-Fisher model

Set-up: haploid population, discrete generations, fixed population size N(=5) J
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Forward — time - Backward
Fraction X" of ® Genealogy IT" of sample

1
Xﬁv == Z 1;in generation r is o}
i€[N]

Theorem 1.1 (Wright ‘31, Feller ‘51,...)

(XCI\IJ)&O = (Xt)tz()
for N — 00 0n Djg 0 ([0, 1]), where

dX, = vX,(1 -X,)dB,,

Wright-Fisher diffusion
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Introduction and seed bank models

Moment Duality

Fraction {X;} of @ Wright-Fisher diffusion,
Genealogy {II,} of sample Kingman coalescent,

Block counting process {N,}, given by N, = [TT,|,¢ > 0.
Theorem 1.3 (Moment Duality)

E"[x¥0] = B [x(1)"].
)
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Moment Duality

Fraction {X;} of @ Wright-Fisher diffusion,
Genealogy {II,} of sample Kingman coalescent,

Block counting process {N,}, given by N, = [TT,|,¢ > 0.

Theorem 1.3 (Moment Duality)

E"[M0] = E[X(1)"].

Here H(x,n) := x" is the “probability to sample n © individuals if fraction is x*

3y
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Introduction and seed bank models

Seed bank models with ancestral jumps

[KAJ, KRONE & LAScoux 2001]: One idea to introduce seed banks into a
Wright-Fisher model is to allow individuals to pick parents from the m ¢ N
(and not only from previous generation):

1 1
Picture: Pop size N = 4. Generations -2 -1 0
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Introduction and seed bank models

Known results, |

@ [KAJ, KRONE & LAsScoux 2001] show that if each individual
independently picks a random B € {1,...,m}, and then its parent from B
generations ago, then the ancestral process converges under the usual
rescaling to a , Where coalescence
rates are multiplied by

E[B]?
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@ This the coalescent, leading to an increase in the effective
population size. Note that B and m do not scale with N.
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Introduction and seed bank models

Known results, |

@ [KAJ, KRONE & LAscoux 2001] show that if each individual
independently picks a random B € {1,...,m}, and then its parent from B
generations ago, then the ancestral process converges under the usual
rescaling to a , Where coalescence
rates are multiplied by

@ This the coalescent, leading to an increase in the effective
population size. Note that B and m do not scale with N.

@ Since the overall coalescent tree structure is retained, this leaves the
normalized site frequency spectrum (nSFS) in the IMS model
unchanged. Hence, we speak of a
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Introduction and seed bank models

Seed banks in bacterial communities

Dormancy: Initiaton and resuscitation a la [LENNON & JONES 2011]

Reproduction
Dormant

(\ Reactivation rate cK
cells

l Dormancy rate ¢ l

Mortality Mortality
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Seed banks in bacterial communities

Dormancy: Initiaton and resuscitation a la [LENNON & JONES 2011]

Reproduction

(\ Reactivation rate cK

Dormant
cells

l Dormancy rate ¢ l

Mortality Mortality

Spontaneous switching - migration between active and dormant population!
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Introduction and seed bank models

A Wrigth-Fisher model with seed bank

Set-up: WF-type model, active (size N) and dormant (size M) subpopulations )

N plants c=2 M seeds
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OO:O
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Introduction and seed bank models

A Wrigth-Fisher model with seed bank

Set-up: WF-type model, active (size N) and dormant (size M) subpopulations )

N plants <%> M seeds

@ N plants produce N - ¢ plants by multinomial sampling

@ ¢ seeds are selected uniformly to germinate: one plant each
@ N plants produce ¢ seeds by multinomial sampling

@ N - ¢ seeds stay in the seed bank

@ Offspring inherit the type of their parents
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Introduction and seed bank models

Forward and backward in time

Forward: trace fractions of purple type Backward: trace sample to MRCA

N plants M seeds N plants

~0000!
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Introduction and seed bank models

Scaling limits

Forward: trace fractions of purple type Backward: trace sample to MRCA

1 Theorem 1.5 (BGKW 15
Xiv = N Z 1{[ in generation r is purple} Nk ( !
i€[N] (Hf\ryj))tzo = ()0
1
Y}{VI == Z l{jin generation r is purple}
jelm] t

Theorem 1.4 (BGKW '15)
c¢,K>0,M=M(N) =|KN|

X YKE?]))QO = (X1, Y1)rz0

for N - o0 0n Dy .)([0, 1]*), where

{dx, = (Y, - X,)dt + \/X,(1 - X,)dB;,

dy, =cK(X,-Y,)dr.

4
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Introduction and seed bank models

Adding bi-allelic mutation

Seed bank diffusion

{dxl = (Y, - X,)dr + /X, (1 - X,)dB,,

d); = C}(()Q _’Yy)dt.
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Introduction and seed bank models

Adding bi-allelic mutation

Seed bank diffusion with mutation

dX, = (=X +u:(1 - X,) +c(Y, - X,)) dt + /X, (1 - X,)dB,,
dY, = (=Y +ui(1-Y,) +cK(X, - ;) dr.

purple — white
white — purple
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Introduction and seed bank models

Adding bi-allelic mutation

“Two-island diffusion”

dX; = (- X; +u(1=X;) +c(Y; = X;)) dt + on/X:(1 - X;)dB;,
dy, = (Y, +ub(1-Y) +(X; - Y,))de + o/\/Y,(1 - Y,)dB,.
purple - white Seed bank: o’ =0, ¢’ = ¢K,

white — purple Two-island: o/ >0

Jochen Blath (TU Berlin) Seed bank models in population genetics June, 2018

17 /45



Introduction and seed bank models

Adding bi-allelic mutation

dX, = (~uX;+uw(1-X,)+c(Y,-X,))dr + /X, (1 - X,)dB,, 0
dy, = (=Y, +ui(1-Y,) +' (X, - Y,))dr + o/\/Y,(1 - Y,)dB..

purple - white Seed bank: o/ =0, ¢’ = ¢K,

white — purple Two-island: o’ > 0

Jochen Blath (TU Berlin) Seed bank models in population genetics June, 2018 17 /45



Introduction and seed bank models
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dX, = (~uX;+uw(1-X,)+c(Y,-X,))dr + /X, (1 - X,)dB,, 0
dy, = (—u\Y,+ub(1-Y,)+ (X, - Y,))dr+o/\/Y,(1-Y,)dB..
purple - white Seed bank: o/ =0, ¢’ = ¢K,
white — purple Two-island: o/ >0
We are now interested in the of these two-dim diffusions.

Jochen Blath (TU Berlin) Seed bank models in population genetics June, 2018 17 /45



Introduction and seed bank models

Adding bi-allelic mutation

dX, = (~uX;+uw(1-X,)+c(Y,-X,))dr + /X, (1 - X,)dB,, 0
dy, = (—u\Y,+ub(1-Y,)+ (X, - Y,))dr+o/\/Y,(1-Y,)dB..
purple - white Seed bank: o/ =0, ¢’ = ¢K,
white — purple Two-island: o/ >0
We are now interested in the of these two-dim diffusions.

[KERMANY, ZHOU & HICKEY 2008] investigate the two island diffusion model,
but whether boundaries are hit remained open.
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Introduction and seed bank models

Boundary behaviour, known results

For the one-dimensional system (without seed bank),

dX, = [- w1 X (1) + ur(1-X())]dt + /X, (1 - X,)dB,, 2)

classical (based on speed masure, scale funtion)
shows that the boundary 1 (resp. 0) is hit /ff 2u; < 1 (resp. 2u, < 1).
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Introduction and seed bank models

Boundary behaviour, known results

For the one-dimensional system (without seed bank),

dX, = [- w1 X (1) + ur(1-X())]dt + /X, (1 - X,)dB,, 2)

classical (based on speed masure, scale funtion)
shows that the boundary 1 (resp. 0) is hit /ff 2u; < 1 (resp. 2u, < 1).

However, this method does not work in higher dimensions.

Comparison to the one-dim system (choosing Y; = 0 resp. Y, = 1) leaves open
what happens in intervals of type (u;,u; +¢).
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Properties

Boundary classification for the general model

Define
X ._ _ H H X Y Y
75 = inf{r > 0] X(¢) = 0} (and likewise 11", 7y, 77 )
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Properties

Boundary classification for the general model

Define
o =inf{r> 0| X(t) = 0} (and likewise 7, 7, 71.)

Theorem 2.1 (BBGW17+)
Letc,c’ > 0. For every initial distribution o = £(X(0),Y(0)) with 119((0,1)?) =1

PH (15 <00) =0 iff - 2up>a?

i.e. X will never hit 0 from the interior if and only if 2u, > o?.
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Properties

Boundary classification for the general model

Define
o =inf{r> 0| X(t) = 0} (and likewise 7, 7, 71.)

Theorem 2.1 (BBGW17+)
Letc,c’ > 0. For every initial distribution o = £(X(0),Y(0)) with 119((0,1)?) =1

PH (15 <00) =0 iff 2up > o,

i.e. X will never hit 0 from the interior if and only if 2u, > o?.

Analogous results hold for all other boundaries.
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Properties

Boundary classification for the general model

The proof relies on recent results for (see [FILIPOVIC &
LARSSON 2016] and [LARSSON & PULIDO 2017]).
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The proof relies on recent results for (see [FILIPOVIC &
LARSSON 2016] and [LARSSON & PULIDO 2017]).

Strategy of proof:
“=" Filipovi¢ and Larsson Polynomial diffusions and applications in finance (2016)

“"LetP:={x,1-xy,1 -y}, then [0,1]* = {(x,y) € R* | Vp € P: p(x,y) 2 0}.
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Properties

Boundary classification for the general model

The proof relies on recent results for (see [FILIPOVIC &
LARSSON 2016] and [LARSSON & PULIDO 2017]).

Strategy of proof:
“=" Filipovi¢ and Larsson Polynomial diffusions and applications in finance (2016)

“"LetP:={x,1-xy,1 -y}, then [0,1]* = {(x,y) € R* | Vp € P: p(x,y) 2 0}.
Pick p(x,y) = x. Check via Ito’s formula that for u, > %az

M(s) = log p(X(s), Y (5)) + rps

is local submartingale on [0, ;[ for some suitable constant x,, > 0,
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Boundary classification for the general model

The proof relies on recent results for (see [FILIPOVIC &
LARSSON 2016] and [LARSSON & PULIDO 2017]).

Strategy of proof:
“=" Filipovi¢ and Larsson Polynomial diffusions and applications in finance (2016)

“="LetP:={x,1-x,y,1-y},then [0,1]* = {(x,y) e R* | Vp e P:p(x,y) > 0}.
Pick p(x,y) = x. Check via Ito’s formula that for u, > %az
M(s) :=logp(X(s),Y(s)) + Kkps
is local submartingale on [0, ;[ for some suitable constant x,, > 0,

bounded from above on bounded intervals [0, 7[ N [0, ].
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Boundary classification for the general model

The proof relies on recent results for (see [FILIPOVIC &
LARSSON 2016] and [LARSSON & PULIDO 2017]).

Strategy of proof:
“=" Filipovi¢ and Larsson Polynomial diffusions and applications in finance (2016)

“="LetP:={x,1-x,y,1-y},then [0,1]* = {(x,y) e R* | Vp e P:p(x,y) > 0}.
Pick p(x,y) = x. Check via Ito’s formula that for u, > %az
M(s) = log p(X(s), Y(5)) + rips
is local submartingale on [0, ;[ for some suitable constant x,, > 0,
bounded from above on bounded intervals [0, 7[ N [0, ].

Convergence Theorem: For every fixed ¢, we have lim,_, x M(s A1) € R.

0
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Properties

Boundary classification for the general model

The proof relies on recent results for (see [FILIPOVIC &
LARSSON 2016] and [LARSSON & PULIDO 2017]).

Strategy of proof:
“=" Filipovi¢ and Larsson Polynomial diffusions and applications in finance (2016)

“="LetP:={x,1-x,y,1-y},then [0,1]* = {(x,y) e R* | Vp e P:p(x,y) > 0}.
Pick p(x,y) = x. Check via Ito’s formula that for u, > %az
M(s) :=logp(X(s),Y(s)) + Kkps
is local submartingale on [0, ;[ for some suitable constant x,, > 0,
bounded from above on bounded intervals [0, 7[ N [0, ].

Convergence Theorem: For every fixed ¢, we have lim,_, x M(s A1) € R.

0

But there is explosion at 7', hence 7 > ¢ for every t and thus 7 = o a.s.
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Boundary classification for the general model

The proof relies on recent results for (see [FILIPOVIC &
LARSSON 2016] and [LARSSON & PULIDO 2017]).

Strategy of proof:
“=" Filipovi¢ and Larsson Polynomial diffusions and applications in finance (2016)

“="LetP:={x,1-x,y,1-y},then [0,1]* = {(x,y) e R* | Vp e P:p(x,y) > 0}.
Pick p(x,y) = x. Check via Ito’s formula that for u, > %az
M(s) :=logp(X(s),Y(s)) + Kkps
is local submartingale on [0, ;[ for some suitable constant x,, > 0,
bounded from above on bounded intervals [0, 7[ N [0, ].

Convergence Theorem: For every fixed ¢, we have lim,_, x M(s A1) € R.

0

But there is explosion at 7', hence 7 > ¢ for every t and thus 7 = o a.s.

“ ”
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Properties

Weak vs strong seed banks: Delay representation

In the model of [KAJ, KRONE & LAScoux 2001], there was no explicit seed
bank (in form of an “island”).
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Weak vs strong seed banks: Delay representation

In the model of [KAJ, KRONE & LAScoux 2001], there was no explicit seed
bank (in form of an “island”).

Instead, types of individuals have been directly chosen from the past “active”
population:
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Properties

Weak vs strong seed banks: Delay representation

In the model of [KAJ, KRONE & LAScoux 2001], there was no explicit seed
bank (in form of an “island”).

Instead, types of individuals have been directly chosen from the past “active”
population:

Perhaps surprisingly, there is a similar interpretation for the seed bank
diffusion model.
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Properties

Weak vs strong seed banks

An application of the integration by parts rule for semimartingales yields

Proposition 2.2 (BBGW18)

The seed bank diffusion solving (2) withc =K =1, startedin Xy =x=y =Y,
agrees with the unique strong solution of the

equations
t
X (1) = (xe™ + f e IX(s)ds - X(1) )t + /X (1) (1~ X(1)) B (1),
0
t
ay ()= -ye' - f e X(s)ds + X(1) ) . 3)
0
Jochen Blath (TU Berlin) Seed bank models in population genetics June, 2018 22/45




Properties

Weak vs strong seed banks

An application of the integration by parts rule for semimartingales yields
Proposition 2.2 (BBGW18)

The seed bank diffusion solving (2) withc =K =1, startedin Xy =x=y =Y,
agrees with the unique strong solution of the
equations

A (1) = (e + [ X (s)ds - X(1))d-+ VX () (T =X (1)) aB(),

dr(i)=(-ye - fo e CIX(5)ds+ X (1)) (3)

Interpretation: The of any “infinitesimal” resuscitated individual is
determined by choosing an ancestor from the pop an exp-distributed
time ago (on the “evolutionary timescale”, with cutoff at 0).
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Properties

The seed bank coalescent

In the II,, > 0, lines can be “ ” (black lines) or
“ ” (dotted lines).

N

Transitions: If there are currently n active and m dormant lines, then
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The seed bank coalescent

In the II,, > 0, lines can be “ ” (black lines) or
“ ” (dotted lines).

N

Transitions: If there are currently n active and m dormant lines, then
@ Each pair of active lines merges at rate 1 (overall rate (}))
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“ ” (dotted lines).
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Transitions: If there are currently n active and m dormant lines, then
@ Each pair of active lines merges at rate 1 (overall rate (}))
@ Each active line becomes dormant with rate ¢ (overall rate cn)
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Properties

The seed bank coalescent

In the II,, > 0, lines can be “ ” (black lines) or
“ ” (dotted lines).

N

Transitions: If there are currently n active and m dormant lines, then
@ Each pair of active lines merges at rate 1 (overall rate (}))
@ Each active line becomes dormant with rate ¢ (overall rate cn)
@ Each dormant lines becomes active with rate cK (overall rate ¢cKm)
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The seed bank coalescent

In the II,,¢ > 0, lines can be “ ” (black lines) or
“ ” (dotted lines).
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Properties

The seed bank coalescent

In the II,,¢ > 0, lines can be “ ” (black lines) or
“ ” (dotted lines).

i

Its (N;, M,) (active lines, dormant lines) satisfies the
classical moment (sampling) duality with the seed bank diffusion (X, Y,):

E,[X], ¥ =E"" [, 1>0.
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Properties

The seed bank coalescent

In the II,,t > 0, lines can be “ ” (black lines) or
“ ” (dotted lines).

1
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Properties

The seed bank coalescent

In the II,,t > 0, lines can be “ ” (black lines) or
“ ” (dotted lines).

1

Some properties:
@ Does not come down from infinity.
@ Elevated TMRCA - E[T(l’l)] X loglogn.
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Properties

The seed bank coalescent with mutation

can be distributed on active branches, say with rate u; /2.

? [ ]

e

1 2 3 4 5 6 7 8

Modeling choice whether mutations on dormant branches should be possible
(perhaps at reduced rate u,/2).
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Properties

Inference and model selection

So far, we have encountered the following models:

K . The standard model of genetic ancestry in the
absence of a seed bank.

Populations under K and w have same stationary distribution, tree topology
identical. Estimate for mutation rates (Watterson’s estimate) will differ.
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bank effect™.
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effect”.

Populations under ¥ and w have same stationary distribution, tree topology
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bank effect™.
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Properties

Inference and model selection

So far, we have encountered the following models:

K . The standard model of genetic ancestry in the
absence of a seed bank.
W . Arises in [KKL 2001] model, “weak seed
bank effect™.
S , dual to seed bank diffusion, “strong seed bank
effect”.
TI , dual to two island diffusion.

Populations under K and w have same stationary distribution, tree topology
identical. Estimate for mutation rates (Watterson’s estimate) will differ.

Populations under s and TI should produce unique patterns of variability.
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Properties

Inference and model selection

@ Under all models, classical quantities such as expected
(segregating sites), (singletons), can easily
be computed/simulated.
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Properties

Inference and model selection

@ Under all models, classical quantities such as expected
(segregating sites), (singletons), can easily
be computed/simulated.

@ According to [SHOEMAKER AND LENNON, 2018], seed banks should
stratify a population. Indeed, is elevated under s, though
less pronounced than for T1 (with otherwise identical model parameters).
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Properties

Inference and model selection

@ Under all models, classical quantities such as expected
(segregating sites), (singletons), can easily
be computed/simulated.

@ According to [SHOEMAKER AND LENNON, 2018], seed banks should

stratify a population. Indeed, is elevated under s, though
less pronounced than for T1 (with otherwise identical model parameters).
° has been investigated for s on a torus by [DEN

HOLLANDER, PEDERZANI 2017].
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Properties

Inference and model selection

@ Under all models, classical quantities such as expected
(segregating sites), (singletons), can easily
be computed/simulated.

@ According to [SHOEMAKER AND LENNON, 2018], seed banks should
stratify a population. Indeed, is elevated under s, though
less pronounced than for T1 (with otherwise identical model parameters).

° has been investigated for s on a torus by [DEN
HOLLANDER, PEDERZANI 2017].

° of data (say under IMS model) can in principle be
computed (recursively or by simulation).
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Properties

Distinguishing the scenarios K, W, S, and TI

Apply Metropolis-Hastings type algorithm of [ANDRIEU & ROBERTS, 2009] for
model selection and parameter inference simultaneously among 7 = {K, S, T1}
in the IMS model. Target distributions is posterior ; on model space I (and
parameter space, omitted for simplicity).

Specifics of the method will be available in [BBKW18+] (in progress). For
moderate sample size (n = 100) and u = 10, and flat prior on model space, we
get
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Properties

Distinguishing the scenarios K, W, S, and TI

Apply Metropolis-Hastings type algorithm of [ANDRIEU & ROBERTS, 2009] for
model selection and parameter inference simultaneously among 7 = {K, S, T1}
in the IMS model. Target distributions is posterior ; on model space I (and
parameter space, omitted for simplicity).

Specifics of the method will be available in [BBKW18+] (in progress). For
moderate sample size (n = 100) and u = 10, and flat prior on model space, we
get

7Tl(K‘tan) 7T](S|t7n) 7TI(TI|t7n)

K 0.98 0.00 0.02
S 0.00 1.00 0.00
TI 0.09 0.12 0.79

True model can be recovered from a moderate amount of data, particularly in
the case of K and s. Data generated under T1 is also somewhat adequately
explained by either of the other two model classes.
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Scaling limits

Scaling limits and separation of timescales

Useful application of duality: Identify diffusion limits in certain
scaling scenarios.
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Scaling limits

Scaling limits and separation of timescales

Useful application of duality: Identify diffusion limits in certain
scaling scenarios.

For example, for the seed bank diffusion (2), consider the following

@ Let the migration rate ¢ — 0,
@ speed up time by a factor 1/¢ —» .
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Scaling limits

Scaling limits and separation of timescales

Useful application of duality: Identify diffusion limits in certain
scaling scenarios.

For example, for the seed bank diffusion (2), consider the following

@ Let the migration rate ¢ — 0,
@ speed up time by a factor 1/¢ —» .

While exchange of ancestral lineages between active and dormant states thus
becomes in the original timescale, in the new timescale, migration will
happen at rate 1, while coalescences in the active population now occur “

” (with rate o).
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Scaling limits

Scaling limits and separation of timescales

Rare resuscitation regime, on slow timescale (let K = 1 for simplicity):

{dx, = o(Y, - X,)dt + /X, (1 - X,)dB, @

d¥, =c(X,-Y,)ds

Seed bank diffusion

Jochen Blath (TU Berlin) Seed bank models in population genetics June, 2018 31/45



Scaling limits

Scaling limits and separation of timescales

Rare resuscitation regime, on slow timescale (let K = 1 for simplicity):

dy, =1(X,-v)d

F& = 1(Y, - X,)dr + /X, (1 - X,)dB, @
t

Seed bank diffusion,
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Scaling limits

Scaling limits and separation of timescales

Rare resuscitation regime, on slow timescale (let K = 1 for simplicity):

{dx, = (Y - X,)dt + co\/X,(1 - X,)dB, @)

dy, =(X,-Y,)dr

Seed bank diffusion, sped up time by % limit , existence of scaling limit?
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Scaling limits

Scaling limits of the seed bank coalescent

To understand the limit, we work with the seed bank coalescent.
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Scaling limits

Scaling limits of the seed bank coalescent

To understand the limit, we work with the seed bank coalescent.

dual seed bank coalescent as ¢ — 0, with time sped up by }

Figure: In the limit, at time 0+ all lines in the active population have coalesced. At
times 7 and r, (with rate 1) a seed awakens and coalesces.
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Scaling limits

Scaling limits of the seed bank coalescent

To understand the limit, we work with the seed bank coalescent.

dual seed bank coalescent as ¢ — 0, with time sped up by }

0

Figure: In the limit, at time 0+ all lines in the active population have coalesced. At
times 7 and r, (with rate 1) a seed awakens and coalesces.

Limit can be computed explicitly and has transition semigroup
II(¢) := Pe'° t > 0, where P is a projection. P and G can easily be determined,
see e.g. [MOHLE & NOTOHARA, 20186].
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Scaling limits

Scaling limits of the seed bank diffusion

Convergence of the dual seed bank coalescent gives us convergence of the
of the corresponding seed bank diffusion:

n ym n,m ARAN " n,m
Ex,y[xtvyt] E [NM]C E® [XNY']-
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Scaling limits

Scaling limits of the seed bank diffusion

Convergence of the dual seed bank coalescent gives us convergence of the
of the corresponding seed bank diffusion:

n ym n,m ARAN " n,m
Ex,y[xtvyt] E [NM]C E® [XNY']-

Moment dual uniquely characterizes original diffusion ( on
[01]* has unique solution).
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Scaling limits

Scaling limits of the seed bank diffusion

Convergence of the dual seed bank coalescent gives us convergence of the
of the corresponding seed bank diffusion:

n ym n,m ARAN " n,m
Ex,y[xtvyt] E [NM]C E" [XNY']-

Moment dual uniquely characterizes original diffusion ( on
[01]* has unique solution).

Together with Markov property, this yields fdd-convergence.
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Scaling limits

Identification of scaling limit?

Heuristically, the limiting process should be a (X, Y7°) with
dynamics as follows:
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Scaling limits

Identification of scaling limit?

Heuristically, the limiting process should be a (X, Y7°) with
dynamics as follows:

@ X*isa between the states 0 and 1 with the
seed-bank dependent rates ¥; for jumps from 0 to 1, and (1 - ¥;°) for
jumps from 1 to 0.

Indeed, this is the correct limit, as we can verify via duality.
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Scaling limits

Identification of scaling limit?

Heuristically, the limiting process should be a (X, Y7°) with
dynamics as follows:

@ X*isa between the states 0 and 1 with the
seed-bank dependent rates ¥; for jumps from 0 to 1, and (1 - ¥;°) for
jumps from 1 to 0.

@ Y still follows the migration equation d¥;° = (X;° - Y;°)d:.

Indeed, this is the correct limit, as we can verify via duality.
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Scaling limits

Scaling limits of the seed bank diffusion

Let
f(x7y)(n7m) = xnym.
The generator of the candidate process is
Af(x,y)(n,m) = (x—y)g(x,y)(mm)+y(f(17y)(n»m) =f(0,y)(n,m))1:=0
+(1=y)(f(0,y)(n,m) = f(1,y)(n,m)) L.

Can be simplified to

Af (x,y)(n,m) = Y ! - y"(mx" + nx) + ny™*!.
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Scaling limits

Scaling limits of the seed bank diffusion

We need to check that this generator satisfies a duality relation with the
limiting block counting process (N;/°,M;°). Here, we choose the reduced form
that already lives in the subspace {0, 1} x Ny, with (effective) jump rates

(0,m) - (1,m - 1) rate m,
(1,m) - (1,m-1) rate m,
(1,m) - (0,m+1) rate 1,
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Scaling limits

Scaling limits of the seed bank diffusion

We need to check that this generator satisfies a duality relation with the
limiting block counting process (N;/°,M;°). Here, we choose the reduced form
that already lives in the subspace {0, 1} x Ny, with (effective) jump rates

(0,m) - (1,m - 1) rate m,
(1,m) - (1,m-1) rate m,
(1,m) - (0,m+1) rate 1,

We get

A%f(x,y)(n,m)

m—1 _xOym)lnzo +m(x1ym—l _xlym)ln:]

+(xOym-%—l _xlym)ln:1
= m(1=n)(y" " = y") + mn(xy" ! - xy™)
+n(ym+1 _xym)

m—1

V" mx = y"(m(1 = n + nx) + nx) + ny™"' = Af (x,y) (n,m).

m(xly
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Scaling limits

Technicalities

@ Note that from duality we can only infer of the diffusion.

@ The limit is a jump diffusion, hence we have weak convergence
wrt Skorohod topology (since this would yield continuity of paths of the
limit - continuous paths from a closed subset of cadlag paths).

@ Claim: We have convergence in the

@ Strictly speaking, we have checked duality of the limits only in
(but all mass concentrates there).

If available, duality seems to be a good tool to characterize limits in scenarios
with “degenerate diffusion limits”.

Jochen Blath (TU Berlin) Seed bank models in population genetics June, 2018 37/45



Seed banks with responsive switching

Last part: Seed bank models with responsive
switching

@ So far, we have modeled our seed banks according to the
which amounts to continuous “migration” between
resevoirs.
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Seed banks with responsive switching

Last part: Seed bank models with responsive
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Last part: Seed bank models with responsive
switching

@ So far, we have modeled our seed banks according to the
which amounts to continuous “migration” between
resevoirs.
@ However, dormancy seems to be intiated by to exogenous
(change in temperature, pH, resources, antibiotics treatment etc.)
@ Similarly, one could think about large-scale as
result of mass extinction events (e.g. forest fires,...)
Hence one may wish to incorporate “discontinuous” large-scale simultaneous
migration between active and dormant population.

We sketch this in a simple setup (to keep notation at a minimum). This is also
work in progress.
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Let z1,z2 € (0, 1). Consider a Wright-Fisher model with seed bank as before.

@ Assume that for (with prob. 1 - %), reproduction
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Seed bank models with responsive switching

Let z1,z2 € (0, 1). Consider a Wright-Fisher model with seed bank as before.

@ Assume that for (with prob. 1 - %), reproduction
occurs according to our previous mechanism.
@ However, with probability ﬁ a occurs: Each

individual in the active population is replaced independently with
probability z; by a uniformly chosen individual from the seed bank (with
replacement).

@ Similarly, again with probability zi each indidividual in the seed bank
independetly with probability z, is replaced by the offspring of an active

individual.
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Forward in time

Consider two types (purple and white). Forward: again trace fractions of
purple type:

_ 1 - 1
Xiv == Z l{i in generation r is purple}» Yf/[ = M Z l{j in generation r is purple}
ie[N] Jjelm]

Theorem 4.1 (BGKW18+)
c>0,M=M(N)=N

(Xiv\'rjv Y{V{Ej\]) )is0 = (Xtv ?t)tzo
for N - o0 0n Dy .)([0, 1]*), with generator (including jumps!)
Af(x,y) =f(x+z21(y = x),y) +f(x,y + 22(x = y)) = 2f (x,y)

0 0 1 &?
+C(y—x)af(x,y) +C(X—y)8*yf(%y) + Ex(l —x)@f(xa)’),

Jochen Blath (TU Berlin) Seed bank models in population genetics June, 2018 40 /45



Seed banks with responsive switching

Backward in time

Genealogy is gven by a seed bank coalescent with initiation of /
resuscitation from dormancy!
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Backward in time

Genealogy is gven by a seed bank coalescent with simultaneous initiation of /

resuscitation from dormancy!

Theorem 4.2 (BGCK 18 (in progress))
We have
(H(N k))t>0 = (H )t>0

The corresponding block-counting process (N, M,)so has transitions

(n-1,m+1) atrate (c+z;(1-z)"")n,
(n-k,m+k) atrate ()25(1-z1)"*2<k<n,

(n,m) > (n+1,m-1) atrate (c+z(1-2)""m,
(n+lLm=1) atrate (})h(1-z)"*2<i<m,
(n—1,m) at rate (}).
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Seed banks with responsive switching

Moment duality

Theorem 4.3
For every (x,y) € [0,1]%, every n,m ¢ Ny and every t > 0

E.,[X/ Y] = B [y ]. (6)

Proof: Let f(x,y;n,m) := x"y". We get
Af (x,y) :f(“m(y—x) y) +f(x y+Zz(x—y)) -2f(x,y)
+e(y- X) f(x y)+ X(l —x) f(x y)+e(x - y) f(x y)

n

:Z( )Z1(1 =) Yy +i(l)z§(1 - 2)" Ty -y

k=1 =1
+Cn(x” 1. m+1 xnym) + (Z)(Xn—lym n m) +C’n(erl m—1 xnym)7
as required.
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The seed bank coalescent with simultaneous
migration
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A zoo of on/off coalescents

For people who like to investigate coalescent processes / ancestral influence
graphs:
@ Kingman coalescent with individual on/off events (seed bank coalescent /
peripatric coalescent)
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A zoo of on/off coalescents

For people who like to investigate coalescent processes / ancestral influence
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@ Kingman coalescent with individual on/off events (seed bank coalescent /
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A zoo of on/off coalescents

For people who like to investigate coalescent processes / ancestral influence
graphs:
@ Kingman coalescent with individual on/off events (seed bank coalescent /
peripatric coalescent)

@ Kingman coalescent simultaneous on/off events

@ A-, =-coalescents with individual on/off events

@ A-, =-coalescents with simultaneous on/off events

@ Also: Structured coalescent with simultaneous migration

@ All of above combined with selection, recomination, etc: all kinds of on/off
graphs...
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Finally...

... thank you for your attention!

Talk mostly based on:

@ B., ELDON, GONZALEZ CASANOVA, KURT, WILKE BERENGUER: Genetic
variability under the seed bank coalescent, Genetics 200, 2015

@ B., GONZALEZ CASANOVA, KURT, WILKE BERENGUER: A new coalescent for
seed bank models, Annals of Applied Probability, 2016

@ B., BuzzONI, GONZALEZ CASANOVA, KURT, WILKE BERENGUER: The seed
bank diffusion, and its relation to the two-island model, SPP 1590 (p)reprint 106,
2017

@ B., BuzzoNi, WILKE BERENGUER, KOSKELA: Statistical tools for seed bank
detection, manuscript, 2018

@ B., GONZALEZ CASANOVA, KURT: The seed bank coalescent with large
migration events, manuscript, 2018
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