A probabilistic view on the deterministic
mutation-selection equation

Ellen Baake

joint work with Fernando Cordero and Sebastian Hummel

Bielefeld University

PROBABILISTIC STRUCTURES
IN EVOLUTION
] DFG SPP 1590 Universitdt Bielefeld

A probabilistic view on the deterministic

mutation-selection equation Ellen Baake Bielefeld University



A probabilistic view on the deterministic mutation-selection

equation

2-type Moran model and its deterministic limit
m 2-type Moran model
m Deterministic limit: haploid mutation-selection equation
m Properties of deterministic solution

Ancestries in the Moran model and in the deterministic limit
m Ancestral selection graph
m Killed ancestral selection graph
m Pruned lookdown ancestral selection graph

A probabilistic view on the deterministic

mutation-selection equation Ellen Baake Bielefeld University



Moran model

A probabilistic view on the deterministic mutation-selection

equation

2-type Moran model and its deterministic limit

m 2-type Moran model
m Deterministic limit: haploid mutation-selection equation

m Properties of deterministic solution

A probabilistic view on the deterministic

mutation-selection equation Ellen Baake Bielefeld University



Moran model

Moran model with 2 types

Haploid population of fixed size N

Types: 0 ('fit') and 1 ("unfit’)

Individuals of type 1 reproduce at rate 1

Individuals of type O reproduce at rate 1 +s, s> 0

Single offspring inherits parent’s type and replaces uniformly
chosen individual

Mutation at rate u > 0

m Resulting type: 0 with probability v; 1 with probability v,
(v +rv=1)
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Graphical representation (interacting particle system)
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Graphical representation (interacting particle system)
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Graphical representation (interacting particle system)
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Graphical representation (interacting particle system)
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Deterministic limit of the Moran model

- vV

proportion of type 1 at time ¢ in MoMo
(Markov process on +{0,1,...,N})
m y(t;y,) proportion of type 1 at time ¢ in inf. pop. under MuSe

solution of haploid mutation-selection equation

¥ =—sy(l —y) —uyyy +uvy (1 —y)
y(0) =yy  foryyc0,1]

m If limy o0 Y = 3, then Ve, T > 0,
lim P(sup VY —y(tiyo)| > 6) =0
N—o00 t<T

m Convergence carries over to the stationary state (t — c0)

m No rescaling of time or parameters
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Properties of the deterministic solution y(¢; y,)
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y(t;yp) as a function of ¢

e — L - 1 = _1 -1 - L
Parameters: s = 155, ¥ = 3555 Y0 = Tooo> Y1 = 1 — 100
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Properties of the deterministic solution y(¢; y,)

m s = 0: unique equilibrium y = v, (stable)

m s > 0: two equilibria, y (stable) and y* (unstable)

_ 1 U w2 U
y—2(1+5_\/(1_5) +4SV0) 6[0,1]
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Moran model

The equilibria for s > 0
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Black: y (stable); grey: y* (unstable)

Transcritical bifurcation (‘error threshold’, ‘phase transition’)
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Ancestries
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Ancestries in the Moran model and in the deterministic limit
m Ancestral selection graph
m Killed ancestral selection graph
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Ancestral selection graph (ASG)

(Krone and Neuhauser 1997)
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Ancestral selection graph (ASG)
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Ancestral selection graph (ASG)
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Ancestral selection graph (ASG)

(Krone and Neuhauser 1997)
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Ancestral selection graph (ASG)

(Krone and Neuhauser 1997)
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draw types at time 0 from YO(N) and propagate them forward
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Ancestries

Pecking order

D=Descendant C=Continuing I=Incoming

C D C D

1 1 0 0
I |

1 1
C D C D

1 0 0 0
I |

0 0
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Ancestries

Pecking order

D=Descendant C=Continuing I=Incoming

C D C D

1 1 0 0
I |

1 1
C D C D

1 0 0 0
I |

0 0

Descendant type 1 < all potential ancestors type 1
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ASG in the deterministic limit

No coalescence events, no collisions (rate O(+) per pair)

[
m Branching at rate s per line

m Mutation to type O at rate uy, per line
[

Mutation to type 1 at rate uv; per line
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The killed ASG

Type of randomly chosen individual at time ¢?
~> R, number of potential ancestors at time r that can
influence the type at present
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The killed ASG

Type of randomly chosen individual at time ¢?
~> R, number of potential ancestors at time r that can
influence the type at present

m Branching (rate s per line)

qr(k,k+1) =ks
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Ancestries

The killed ASG

Type of randomly chosen individual at time ¢?
~> R, number of potential ancestors at time r that can
influence the type at present

m Branching (rate s per line)

m Pruning on deleterious mutation (rate uv; per line)

qr(k,k+1) =ks

ar(k, k — 1) = kur,
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Ancestries

The killed ASG

Type of randomly chosen individual at time ¢?
~> R, number of potential ancestors at time r that can
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m Branching (rate s per line)

m Pruning on deleterious mutation (rate uv; per line)
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Ancestries

The killed ASG

Type of randomly chosen individual at time ¢?
~> R, number of potential ancestors at time r that can
influence the type at present

m Branching (rate s per line)
m Pruning on deleterious mutation (rate uv; per line)

m Killing on beneficial mutation (rate uv,, per line)

qp(k,k+1) =ks
ar(k, k — 1) = kur,
qr(k,A) = kuv,
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Ancestries

The killed ASG

Type of randomly chosen individual at time ¢?
~> R, number of potential ancestors at time r that can
influence the type at present

m Branching (rate s per line)
m Pruning on deleterious mutation (rate uv; per line)

m Killing on beneficial mutation (rate uv,, per line)

qp(k,k+1) =ks
ar(k, k — 1) = kur,
qr(k,A) = kuv,

Absorbing states: 0 (~ type 1) and A (~~ type 0)
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Ancestries

Theorem (Duality)
Fort > 0,

y(t:yo)" =Byl | Ro=n|  ¥neNoU{A}, g, €[0,1],

where 3y := 0.
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Ancestries

Theorem (Duality)

Fort > 0,
y(tyo)" =By |Ro=n]  V¥neNoU{A}, y€0,1],

where 3y := 0.

Stochastic representation of deterministic solution
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Ancestries

Equilibrium frequency and absorption probability

12

08

= 06F _ -0
04f

0.2r

o 02 04 06 08 1 12 14
u/s

7 = limy_ o0 E[y(fft | Ry = 1} — P(R absorbs in 0 | Ry = 1)

vy = 0: R birth-death process (birth rate s, death rate u per line)
u > s: dies out w.p. 1 (~ absorbs in 0)
u < s: dies out w.p. ¥ < 1; survives with probability
1 — % >0, then grows to oo almost surely
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Ancestries

Mathematics genealogy project

23] 589

Erhard Heinz

48 | 37943

6 |13

Wolfgang Alt

39 | 5605

Richard Courant

‘ Ferdinand Lindemann ‘

Willi Jager
95 | 285
Franz Rellich

7 | 1514

Felix Klein
63 | 50593

David Hilbert

75 | 26454
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Ancestries

Ancestral type

Definition

The ancestral type at backward time r, denoted by I, € {0, 1}, is
the type of the ancestor at backward time r of an individual
uniformly chosen at time 0.
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Ancestries

Ancestral type

Definition

The ancestral type at backward time r, denoted by I, € {0, 1}, is
the type of the ancestor at backward time r of an individual
uniformly chosen at time 0.

Quantities of interest:
® g(yo,7) == P, =1|Yy =y) K

B goo(Y0) = limy—,00 9(0,7) -
asymptotic ancestral type :
distribution x

= oo (7) ©
ancestral type distribution in Yo
equilibrium
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Ancestries

Pruned lookdown ASG (p-LD-ASG)

Idea:
m Count potential ancestors of a single individual
m Arrange ancestral lines in hierarchy according to pecking order

m Prune lines upon mutation
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p-LD-ASG in deterministic limit

L, number of potential ancestors at backward time r (L, > 0)
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p-LD-ASG in deterministic limit

L, number of potential ancestors at backward time r (L, > 0)
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Ancestries

p-LD-ASG in deterministic limit

L, number of potential ancestors at backward time r (L, > 0)

qr.(k,k+1) =ks
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Ancestries

p-LD-ASG in deterministic limit

L, number of potential ancestors at backward time r (L, > 0)

qr(k,k+1) =ks
qr(k,k—1)=(k  uy
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Ancestries

p-LD-ASG in deterministic limit

L, number of potential ancestors at backward time r (L, > 0)

qr(k,k+1) =ks
qr(k,k—1)=(k  uy
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p-LD-ASG in deterministic limit

L, number of potential ancestors at backward time r (L, > 0)

qr(k,k+1) =ks
qr(k,k—1) = (k= 1)uy

[\ o —
A"
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Ancestries

p-LD-ASG in deterministic limit

L, number of potential ancestors at backward time r (L, > 0)

qr(k,k+1) =ks
qr(k,k—1) = (k= 1)uy
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Ancestries

p-LD-ASG in deterministic limit

L, number of potential ancestors at backward time r (L, > 0)
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Ancestries

p-LD-ASG in deterministic limit

L, number of potential ancestors at backward time r (L, > 0)
qr(k,k+1) =ks

qr(k,k—1) = (k— 1Dury + Ligs1yuro
qr(k, ) =ury, Le{l,....k—2}

]

|
vV

v__1 |
v__|

O
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Ancestries

p-LD-ASG in deterministic limit

L, number of potential ancestors at backward time r (L, > 0)
qr(k,k+1) =ks

qr(k,k—1) = (k— 1Dury + Ligs1yuro
qr(k, ) =ury, Le{l,....k—2}

]

e

A

v

J A

~> ancestor of type 1 < all lines of type 1 ~~ bias towards type 0
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Ancestries

p-LD-ASG - exploiting the hierarchy

9o, ) = P(I, = 1| Yy = yo)
=Ely)" | Lo = 1]

u QOO(ZJO) = limy 00 9(1/077") 7
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Ancestries

Moran model

Asymptotic behaviour of L

Ifs=0, L. =1, so, in particular, Lo, := lim, oo L, = 1.

Ifu<sandvy=0, Lo =00 (a.s. foru < s, in probability
foru = s).

For s > 0 and either u > s or vy > 0, Lo, has the stationary
distribution Geo(1 — p) with

_ {le if vy >0,

S H —
Tl if vy = 0.
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Ancestries

Intuition behind the geometric law

m On {Lo > n}: first event (from left to right)
on the first n lines

’—n+2
n+1—\_ n+1 n+1
L] ‘

—
L] : L] .
_ _ L —
m First-step decomposition:

urq

P(Loo >n) = P(Lo >n—1)+

P(L 1
U+ S U+ s (°°>n+)

m ~> lack of memory property, p = ...
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Ancestries

Asymptotic ancestral type distribution

Joo(Yo,7) = limy 00 P(I, = 1| Yo = y) = E[yéoo | Lo = 1]

If s =0, go(yo) = yo for all yo € [0, 1].
0, ifyy € [0, 1),
1, ifyy=1.

Ifu<sandvyy=0, goo(yO):{

If >0 and (u>s or vo > 0), goo (Y0) = 1555 Yo-

A probabilistic view on the deterministic

mutation-selection equation Ellen Baake Bielefeld University



Ancestries

Ancestral type distribution in equilibrium

17 __________
0.8
= 06f
\—é N " VO 100
SO — =0
0.2
-------- T"'----- |
05 05 1 15 2
u/s

Bielefeld University
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The present and the past

121
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Ancestries
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