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Moran model Ancestries

Moran model with 2 types
Haploid population of fixed size N
Types: 0 (’fit’) and 1 (’unfit’)
Individuals of type 1 reproduce at rate 1
Individuals of type 0 reproduce at rate 1 + s, s ≥ 0
Single offspring inherits parent’s type and replaces uniformly
chosen individual
Mutation at rate u > 0
Resulting type: 0 with probability ν0; 1 with probability ν1
(ν0 + ν1 = 1)
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Moran model Ancestries

Graphical representation (interacting particle system)
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Moran model Ancestries

Deterministic limit of the Moran model
Y

(N)
t proportion of type 1 at time t in MoMo
Y

(N)
t (Markov process on 1

N {0, 1, . . . , N})
y(t; y0) proportion of type 1 at time t in inf. pop. under MuSe
Y

(N)
t solution of haploid mutation-selection equation

ẏ = −sy(1− y)− uν0y + uν1(1− y)
y(0) = y0 for y0 ∈ [0, 1]

If limN→∞ Y
(N)

0 = y0, then ∀ε, T > 0,

lim
N→∞

P
(

sup
t≤T
|Y (N)
t − y(t; y0)| > ε

)
= 0

Convergence carries over to the stationary state (t→∞)
No rescaling of time or parameters
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Moran model Ancestries

Properties of the deterministic solution y(t; y0)
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Moran model Ancestries

Properties of the deterministic solution y(t; y0)

s = 0: unique equilibrium ȳ = ν1 (stable)
s > 0: two equilibria, ȳ (stable) and y? (unstable)

ȳ = 1
2

1 + u

s
−

√(
1− u

s

)2
+ 4u

s
ν0

 ∈ [0, 1]

y? = 1
2

1 + u

s
+

√(
1− u

s

)2
+ 4u

s
ν0

 ≥ 1

ν0 > 0:

ȳ ∈ [0, 1), y? > 1

ν0 = 0:

ȳ = min
{u
s
, 1
}
, y? = max

{
1, u
s

}
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Moran model Ancestries

The equilibria for s > 0
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Transcritical bifurcation (‘error threshold’, ‘phase transition’)
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Moran model Ancestries

Ancestral selection graph (ASG)

(Krone and Neuhauser 1997)
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Moran model Ancestries

Pecking order

D=Descendant C=Continuing I=Incoming
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Moran model Ancestries

ASG in the deterministic limit

No coalescence events, no collisions (rate O( 1
N ) per pair)

Branching at rate s per line
Mutation to type 0 at rate uν0 per line
Mutation to type 1 at rate uν1 per line

×

×
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Moran model Ancestries

The killed ASG
Type of randomly chosen individual at time t?
 Rr number of potential ancestors at time r that can
 Rr influence the type at present

Branching (rate s per line)
Pruning on deleterious mutation (rate uν1 per line)
Killing on beneficial mutation (rate uν0 per line)

qR(k, k + 1) = ks

qR(k, k − 1) = kuν1

qR(k,∆) = kuν0

×

×

Absorbing states: 0 ( type 1) and ∆ ( type 0)
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Moran model Ancestries

Theorem (Duality)

For t ≥ 0,

y(t; y0)n = E

[
yRt

0 | R0 = n
]

∀n ∈ N0 ∪ {∆}, y0 ∈ [0, 1],

where y∆ := 0.

0 t

t 0

×

×

blah

Stochastic representation of deterministic solution
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Moran model Ancestries

Equilibrium frequency and absorption probability
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100

ν0 = 0

ȳ = limt→∞E
[
yRt

0 | R0 = 1
]

= P(R absorbs in 0 | R0 = 1)

ν0 = 0: R birth-death process (birth rate s, death rate u per line)
ν0 = 0: u > s: dies out w.p. 1 ( absorbs in 0)
ν0 = 0: u < s: dies out w.p. u

s < 1; survives with probability
ν0 = 0: u < s: 1− u

s > 0, then grows to ∞ almost surely
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Moran model Ancestries

Mathematics genealogy project

Ellen Baake

7 7

Wolfgang Alt

6 13

Willi Jäger

95 285

Erhard Heinz

23 589

Franz Rellich

7 1514

Richard Courant

39 5605

David Hilbert

75 26454

Ferdinand Lindemann

48 37943

Felix Klein

63 50593
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Moran model Ancestries

Ancestral type

Definition
The ancestral type at backward time r, denoted by Ir ∈ {0, 1}, is
the type of the ancestor at backward time r of an individual
uniformly chosen at time 0.

Quantities of interest:
g(y0, r) := P (Ir = 1 | Y0 = y0)
g∞(y0) := limr→∞ g(y0, r)
asymptotic ancestral type
distribution
g∞(ȳ)
ancestral type distribution in
equilibrium

×

×

r

y0

0
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Moran model Ancestries

Pruned lookdown ASG (p-LD-ASG)
Idea:

Count potential ancestors of a single individual
Arrange ancestral lines in hierarchy according to pecking order
Prune lines upon mutation
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Moran model Ancestries

p-LD-ASG in deterministic limit

Lr number of potential ancestors at backward time r (Lr > 0)

qL(k, k + 1) = ks

qL(k, k − 1) = (k

− 1

)uν1

+ 1{k>1}uν0

qL(k, `) = uν0, ` ∈ {1, . . . , k − 2}

×
×

 ancestor of type 1 ⇔ all lines of type 1  bias towards type 0
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p-LD-ASG - exploiting the hierarchy

 
g(y0, r) = P (Ir = 1 | Y0 = y0)

= E[yLr
0 | L0 = 1]

g∞(y0) := limr→∞ g(y0, r) ??
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Asymptotic behaviour of L

Proposition

1 If s = 0, Lr ≡ 1, so, in particular, L∞ := limr→∞ Lr = 1.
2 If u 6 s and ν0 = 0, L∞ =∞ (a.s. for u < s, in probability

for u = s).
3 For s > 0 and either u > s or ν0 > 0, L∞ has the stationary

distribution Geo(1− p) with

p =
{

s
uν1

ȳ, if ν1 > 0,
s

u+s , if ν1 = 0.
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Intuition behind the geometric law

On {L∞ > n}: first event (from left to right)
on the first n lines

n+ 1

n

×

n+ 1

n+ 2

n+ 1  

First-step decomposition:

P (L∞ > n) = s

u+ s
P (L∞ > n− 1) + uν1

u+ s
P (L∞ > n+ 1)

 lack of memory property, p = . . .
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Asymptotic ancestral type distribution

g∞(y0, r) = limr→∞ P (Ir = 1 | Y0 = y0) = E[yL∞
0 | L0 = 1]

Theorem

1 If s = 0, g∞(y0) = y0 for all y0 ∈ [0, 1].

2 If u ≤ s and ν0 = 0, g∞(y0) =
{

0, if y0 ∈ [0, 1),
1, if y0 = 1.

3 If s > 0 and (u > s or ν0 > 0), g∞(y0) = 1−p
1−py0

y0.
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Ancestral type distribution in equilibrium
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The present and the past
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