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WHOA!  WE SHOULD GET INSIDE!

ITS OKAY! LIGHTNING ONLY KILLS
ABOUT Y5 AMERICANS A YEAR, SO
THE CHANCES OF DYING ARE ONLY
ONE IN 7000000. LETS GO ON!

THE ANNUAL DEATH RATE AMONG PEORLE
WHO KNOW THAT STATISTIC 1S ONE IN SIX.




Introduction

e Subsampling is a practical technique to extract useful information
with limited computational resources.

@ The key to success of subsampling methods is to specify
nonuniform sampling probabilities to include the “most
informative” data points.

e For this purpose, numerous approaches have been developed.
o Leveraging sampling: Ma, et al (2014, ICML; 2015 JMLR) [1, 2].
o OSMAC: Wang, et al (2017, JASA) [3]; Wang (2018) [4].
o IBOSS: Wang, et al (2018, JASA) [5].

e Optimal subsample are often biased

o The original data (x1,y1)s -y (XNyUN) ~ fF(x,y;8).
o An optimal subsample  (x7,¥y7), ..., (X5, yn) = f(x,y;3).

o Weighted estimator is often used to remove bias, but it may @
reduce estimation efficiency.
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Introduction

Logistic regression

e Given the covariate x € R?, logistic regression models are of the

form
X XT
Ply=1|x)=pB) = %’

where y € {0, 1} is the response variable
B € 0O is adx1 vector of unknown regression parameters.

o Let Dy = {(z1,91), ..., (xn,yn)} be the full data. The MLE is
N .
5 T BTx;
B = argmax g ix; B —log (1+e : 1
f & B {y g( )} (1)

@ There is no general closed-form solution to ,é' 7, and for massive f)
data (N is large), iterative calculations may take too long. @
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Introduction

General Subsampling Procedure

o Let 7, ..., mn be subsampling probabilities such that Z m; =1,
where 7m; can be dependent on the full data Dy.

Sample with replacement for a subsample of size n < N from
the full sample according to the probability {m;}% , denoted as
(x,y7),i=1,..,n.

Let the subsample estimator BZ) be the weighted MLE, i.e.,

n T T
A x ¥ —log (1+eP

B, = arg max E vih i g*( )
i=1

T

The inverse probability weighting is used to remove bias.
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© Optimal Subsampling Method under the A-optimality Criterion
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OSMAC

OSMAC

The BZJ is asymptotically normal, namely, conditional on Dy
V(B = By) A N(0,Vy), where Viy = My'V My
The Optimal Subsampling Method under the A-optimality
Criterion specifies
lyi — pi(B)[h(x:)
Sty — pi(B)|h(x;)

A-optimality: If h(x) = |[My'x||, then 70% minimize tr(Vy).
Denote it as ;"""

i

"%(8) =

. i=1,..,N. (2)

L-optimality: If h(x) = ||x||, then 7 minimize tr(V y.).

Denote it as 7"V,
Local Case-control: h(x) = 1. @
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OSMAC

The OSMAC estimator

e Since 77°(3) depend 3, a pilot estimate is required.
@ Let Bl be a data-dependent pilot estimator.
@ The original weighted OSMAC estimator is

Bx; —log (1+¢7)
772‘08(51)* '

n *
B, = arg mgxz Y
i=1
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OSMAC

Numerical results on rare events data

e Full data size N = 10,000, d =7, 3, is a 7 x 1 vector of 0.5.
o x ~ N(u,X), where X;; = 0.5779),
e Consider two values of p:

1) p = —2.14 so that 1.01% of the responses are 1’s.
2) p = —2.9 so that 0.14% of the responses are 1’s.
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OSMAC

Comparisons with deep learning (DL)

Consider a supersymmetric (SUSY) benchmark data set. !
e N = 5,000,000, d = 18.
@ The goal is to distinguish determine whether new SUSY particles
are produced using 18 kinematic properties.
e The DL method (Baldi et al. 2014) produced an AUC of 0.88.
@ Our method gives an AUC of about 0.85.

e Baldi et al.’s (2014) method requires special computing resources
and coding skills.

e Anyone with basic programming ability are able to implement our
method.

NN
'P. Baldi, P. Sadowski, and D. Whiteson. Searching for exotic particles in @

high-energy physics with deep learning. Nature Communications, 5(4308), 2014.
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OSMAC

Our method DL
ni +n = 1000 N = 5,000,000

o A five-layer neural nets with
Logistic model 300 hidden units in each layer

Combinations of pre-training
methods, network architec-
Newton’s Method tures, initial learning rates,
and regularization methods

Machines with 16 Intel Xeon
cores, an NVIDIA Tesla
C2070 graphics processor,
A normal PC with an Intel I7 | and 64 GB memory. All
processor and 8 GB memory neural networks were trained
using the GPU-accelerated A
Theano and Pylearn2 soft-

ware libraries
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Unweighted estimation and Poisson sampling
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© More efficient unweighted estimation and Poisson sampling
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Unweighted estimation and Poisson sampling

Drawbacks of the weighting scheme

T _ B8Tx
B, = argmaxz vk lo(gﬁ(l):— ) i
1

o Intuitively, a larger 7°%(3,) means that the data point (x;,;)
contains more information about 3, but it has a smaller weight in
the weighted log-likelihood.

o The weighting reduce the contributions of more informative data
points to the likelihood function.

o An unweighted estimator may have better performance, but we

have to correct the bias.
l
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Unweighted estimation and Poisson sampling

Unweighted estimator

Let the pilot estimate be Bl, and subsampling probabilities be

’yi - pi(ﬂl)lh(xi)
SN Ty — pi(B)h(x))

where h(x) is a univariate function of x.
Use the subsample, calculate

795(3,) = i=1,..,N, (3)

= arg mgxfﬁ(ﬁ) = arg mgxzz; {BTijj —log (1 + eﬁTx:) JECO

the unweighted estimator is
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Unweighted estimation and Poisson sampling

Asymptotic normality

Theorem

Under mild assumptions, conditional on Dy and [31, as n, N — oo,

where Buz‘ 1s a weighted MLE based on the full data satisfying that

VN(Bus —By) ~5 N(0, Zyp). (7)

If n/N — 0, then

V(B — Br) —% N(0, Ep,). (8)

HaiYing Wang Subdata Selection 13 / 35



Asymptotic normality

N )
Bu;f = arg mgxz lyi — pi(Bl)‘h(Xi) [iniT(B - 51) — log{1 + ex?(ﬁ_ﬁl)}]
i=1

E{4(B)h(x)xxT}] !
Eﬁ‘[ 19(3) ]

®(B) = E{¢(B)h(x)}
#(B) = p(B){1 —p(B)}

_ BpE{(B,)h* (x)xx}3g

b -
! 1692(83)
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Unweighted estimation and Poisson sampling

Remarks

@ The naive unweighted estimator is biased, and 250.

~

e 3, varies around 3, ; with variance-covariance matrix /rlegt,

e 3, varies around 3, with variance-covariance matrix N Iy w-

@ Thus, both nilElgt and N°'3,, + should be considered in
accessing the quality of Buw in estimating the true parameter 3,.

o It is expected that n <« N for computational benefit. Thus,
n_lﬁﬂ , is the dominating term in quantifying the variation of 3,,,,.

HaiYing Wang Subdata Selection 15 / 35

e If n/N — 0, then the variation of B,“,f can be ignored.




Unweighted estimation and Poisson sampling

A/:}u/ ~ N(3[~ A'7712'10./’)
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Unweighted estimation and Poisson sampling

A/:}u/ ~ N(3[~ A'7712'10./’)

6 t ‘3 ww M
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Unweighted estimation and Poisson sampling

A/-A}u)‘ ~ N(3f~ A]712'10.)")
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Unweighted estimation and Poisson sampling

Weighted OSMAC estimator

For the weighted estimator, conditional on Dy and Bl, as n, N — oo,

VB, — B) i> N(0, V)
VN(B; - B,) -5 N(o,M™),
where VO = M~1VOSM 1, .
M = E{¢(8,)xx"} and VO = 4<I>(ﬁt)E{‘%}.

e Both n 'V° and N 'M ! should be considered in accessing the
quality of 3, in estimating 3,.

e Since typically n < N, n~'V°® is the dominating term.

@ Therefore, the relative performance between Buw and Bw are
mainly determined by the relative magnitude between V°° and L
5, &/

t
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Unweighted estimation and Poisson sampling

Comparison with weighted estimator

Proposition

Suppose that M, VZ°, and Xg, are finite and positive definite
matrices. We have that

B, <V, 9)

where the inequality is in the Loewner ordering, i.e., for positive
semi-definite matrices A and B, A > B if and only if A — B is
positive semi-definite. If h(x) =1, then the equality in (9) holds.

@ This means that the unweighted estimator has a smaller
variance-covariance matrix.
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Unweighted estimation and Poisson sampling

Combine the two stage estimates

=

= {g*l( ) + g;kuu( )}_1{8:1( )Bl + g:;w( ) uw}

)

where £71( Z ¢* (3,)x; (x)T and

i )=Z¢>*( )x; (x;)T
i=1

The variance-covariance matrix of 3,,, can be estimated by

V(Buw) = {023 (3,) + B(B,0,)} ! (10)
o To combine B3, and 3,,, using £*1(3,) and ¢*(/3,,), the
inconsistent estimators and should be used.

e This is an advantage for implementation using existing software to

fit logistic regression
@ Just use the inverse of the estimated variance-covariance matri@

from the software to replace the second derivative of the likeliho
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Unweighted estimation and Poisson sampling

Sampling with replacement vs Poisson sampling

N1y — pi(/@l)[h(xi)
N1 Zjvzl ly; — p;i(B1)|h(x;)

e Sampling with replacement
o Advantages
@ The subsample are i.i.d conditional on the full data.
o It is faster to compute than sampling without replacement.
e Disadvantages
o Need to calculate sampling probabilities all at once.
o The subsample are not independent unconditionally.
@ Poisson sampling
e Advantages

o The subsample are independent unconditionally.
e No need to calculate sampling probabilities all at once.

o It is fast to compute. )
e Disadvantage @
e Subsample size is random.

Subdata Selection 20 / 35
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i=1,..,N,




Unweighted estimation and Poisson sampling

Algorithms based on Poisson sampling

o Let @1 be pilot estimates of 3;
U, be pilot estimates of ¥(8) = E{|y — p(B)|h(x)}.
@ Fori=1,..., N,
e calculate Wf(Bﬁ = s _pi&jﬁl)m(){i)%
1

o generate u; ~ U(0,1);
o if u; < nnf(B), include {x;,y;, 7} in the subsample;

o For the obtained subsample, calculate

*

n
= argmase Y (" v 1{B"x7y] +log(1 + 7))},

=1

and let ,Bpm» = + ,Bl.
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Unweighted estimation and Poisson sampling

Asymptotic normality

Theorem

Under mild assumptions, conditional on Dy and Bl, asmn — oo and
N — o0, if n/N — 0

2 d
\/’E(ﬁpoi - Bt) — N(07 Eﬁt), (11)
if n/N — p € (0,1), then
A A d
\/E(ﬁpoi - Bwf) — N(()’ EﬁtApzﬂt) (12)
Furthermore,
EﬁtAngt < th, (13)

under the Loewner ordering.
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Unweighted estimation and Poisson sampling

Unconditional asymptotic normality

Poisson subsampling produce unconditionally independent sample, so
it is possible to obtain unconditional asymptotic distribution.

Theorem

Under some mild assumptions, as n — oo and N — oo, if n/N — 0

V(B = B,) = N, Zp,); (14)
if n/N — p € (0,1), then
V(B — By) — N(0, Zg,A,Sg,). (15)
Furthermore,
g, Ay, > X, > g, A,32g,, (16)
~r

HaiYing Wang
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Numerical Examples
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Subdata Selection 24 / 35



Numerical Examples

Simulation setup

Here we used the same simulation setup as in Wang et al (2017)

e Full data of size N = 10,000 are generated from a logistic model
with 3 being a 7 x 1 vector of 0.5.

o Consider the following distributions for x
1) mzNormal. x ~ N(0,X), where 2;; = 0.5/77),

) nzNormal. x ~ N(1.5,%). About 95% of responses are 1.
) ueNormal. x ~ N(0,3,,.); diagonal elements of ¥, are unequal.
4) mixNormal. x ~ 0.5N(1,X) + 0.5N(-1,X).
) Ts. x ~ T3(0,X)/10.
)

EXP. Components of x are independent and z; ~ EXP(2). About
84% of responses are 1. A

@
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Numerical Examples

MSE: performance on parameter estimation

We calculate the estimation efficiency of B, relative to 3, as

MSE(3,,)

Relative Efficiency = .
MSE(B,y)

We consider
o B, = By for subsampling with replacement

° Buw = Bpm- for Poisson subsampling

o w08 = xMSE (A optimality)

mVce (

o m% =] L-optimality)

e We calculate empirical MSEs from S = 1000 subsamples using

MSE(3 12 18 - B>
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Numerical Examples

Relative Efficiency: n; = 200, n varies.

Relative Efficiency

Relative Efficiency
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Numerical Examples

MSE(B) and estimated MSE, tr{V(3)}.

2 ’5\\ —— mVe-MSE(8,,,) = 7; —+ m\CMSE(ﬂuu) 3 mVe-MSE(3,,,)
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Numerical Examples

SUSY benchmark dataset

Consider a SUSY benchmark data set in Baldi et al. (2014).

The sample size N = 5,000,000 and the data file is 2.4GB.

The goal is to distinguish between a process where new
supersymmetric particles are produced and a background process.

There 18 features that are kinematic properties in the data set.
N —+— mVe-8,,

= -0 ch—Bpgi
EN B " -3 mMSE-B,,,
= PR "~ -4+ mMSE-,,,
M — 4= == _. 4
Q _
2
Ll 2
] B
-
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o T l l l l l

NN
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Numerical Examples

Computing time

Table: CPU seconds when the full data are generate and kept in the RAM.
Here ny = 200, n = 1000, and the full data size N varies; the covariates are
from a d = 50 dimensional multivariate normal distribution.

Method N

10t 10° 108 107
mVe, 3, 0.14 0.13 045 5.24
mVe, B, 008 011 041  3.71
mVe, B, 0.08 011 043  3.88
mMSE, 3, 0.13 032 331 3515
mMSE, 8,, 0.12 031 329 34.98
mMSE, 3,,; 0.12 031 3.29  35.06

Full 0.15 1.62 15.05 247.89
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Numerical Examples

Computing time

Table: CPU seconds when the full data are scanned from hard drive. Here
n1 = 200, n = 1000, and the full data size N varies; the covariates are from a
d = 50 dimensional multivariate normal distribution.

Method N

10% 10° 108 107
mVe, 3, 4.26 41.60 441.46 4374.94
mVe, B,., 4.13 41.42 413.09 4384.99
mVe, B, 2.77 27.58 272.32 2699.13

mMSE, 3, 4.43 41.75  434.96 4393.38
mMSE, 8,, 410  41.83  417.55  4369.04
mMSE, 3, 2.88 27.93 273.24 2719.51
Full 139.46 1411.78 14829.63 138134.69
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Outline

@ Information-Based Optimal Subdata Selection
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IBOSS

D-OPT IBOSS algorithm

2
Let wi(8) = ¢;/*(B)x;, where 6,(8) = pi(B){1 - pi(B)}-
@ Use pilot estimate Bl to calculate w; = wi(Bl), fori=1,...,N.
@ Let s = [r/(2d)]. Using a partition-based selection algorithm,
perform the following steps:

@ For w;1, 1 <17 < n, include s data points with the s smallest w;;
values and s data points with the s largest w;; values;

@ For j =2,...,d, exclude data points that were previously selected,
and from the remainder select s data points with the smallest ;;
values and s data points with the largest w;; values.

and associated statistics

HaiYing Wang Subdata Selection 31/ 35

@ Calculate the parameter estimator, 3
using the selected subdata.

@ Combine Bl and Biboss'

iboss?
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IBOSS

Challenge of statistical inference

e For light-tailed covariates, OSMAC can be better than IBOSS
because it use information in responses.

e How to remove bias if we let IBOSS to be dependent on the
responses.

o Asymptotic properties of IBOSS estimators are complicated.

o The data dependent pilot estimator ,@1 makes it harder.
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