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The Michaelis-Menten model and its shortcoming

The Michaelis-Menten model is given by

o~ VS; .
Yi:n(siye)‘i‘fi:m-f—&‘, i=1,...,n
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The Michaelis-Menten model and its shortcoming

The Michaelis-Menten model is given by

i .
+ei, =1...,n

Y; =n(S:,0 Pi= e
n(Si,0) +e ST K.

o the dose levels S; € S = [Smin, Smax], 0 < Smin,
o = (V,Kn)T € R? is the unknown parameter,

° & i N(0,02), 02 > 0.
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The Michaelis-Menten model and its shortcoming

@ The Michaelis-Menten model is well justified in the absence of
enzyme inhibition.
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The Michaelis-Menten model and its shortcoming

@ The Michaelis-Menten model is well justified in the absence of
enzyme inhibition.

BUT:
@ Many diseases require co-administration of several drugs.

@ New drugs are often also screened for their inhibitory potential.
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The Michaelis-Menten model and its shortcoming

@ The Michaelis-Menten model is well justified in the absence of
enzyme inhibition.

BUT:
@ Many diseases require co-administration of several drugs.

@ New drugs are often also screened for their inhibitory potential.

» Adequate modeling has to reflect this fact.
» We extend the model by including the effect of inhibitor concentration.
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The non-competitive inhibition model

Instead of the Michaelis-Menten model

~ VS; .
Yi:n(si"g)‘f‘gizw—l—&, i=1,...,n

where
@ the dose levels S; € S = [Smins Smax),
0 0= (V,Km)T € R? is the unknown parameter,

S N(0,02), 02 > 0.
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The non-competitive inhibition model

We consider the non-competitive inhibition model

Yi =n(Si, 1i,0) +¢€i

V.S; .
= — tei, i=1....n
(Kim + S)(1+ %)

where

o (Sia Ii)7 €S = [Smim Smax] X [/mina Imax],
0 < 5min < Smax and 0 < Imin < ImaXv

o 0= (V,Kn,Kic)T € R3 is the unknown parameter,

o & "L N(0,02), 02 > 0.
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The non-competitive inhibition model

We consider the non-competitive inhibition model

Yi =n(Si,1;,0) +¢;

V.S .
= 7 +ei,i=1,...,n,
(Km+5i)(1+K_ic)

where

o (Sia Ii)7 €S = [Smina Smax] X [/mina Imax],
0 S 5min < Smax and 0 S Imin < ImaXv

o 0= (V,Kn,Kic)T € R3 is the unknown parameter,
o & "L N(0,02), 02 > 0.

» GOAL: Determine optimal designs for this model.
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The structure of the information matrix

Let £ be an approximate design with finite support in S, that is,

- ( (51671/1) (52;/0)‘
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The structure of the information matrix

Let £ be an approximate design with finite support in S, that is,

- ( (51571/1) (52(/k)>‘

The information matrix of the design & is then given by

_ [ 9n(S,1,0) (9n(S,1,0)\T
m(e.0) = [ FEZRE (FLD) ge(s.i.
where
on(S,1,0) ) 1 (_ % V-I/K,%)T
90 (Kn+S)(A1+1/Ke)\" Kp+ S 1+ 1/Ki)
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Considered optimality criteria

We are now interested in determining

@ D-optimal designs, that is designs such that

(DD{M(é-a 9)} = dEt{M(§7 9)}

is maximised with respect to &.
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Considered optimality criteria

We are now interested in determining

@ D-optimal designs, that is designs such that
®p{M(¢,0)} = det{M(&, 0)}
is maximised with respect to &.
@ ej-optimal designs, j = 1,2, 3, that is designs that that
b {M(&,0)} = (M~ (&, 0)e) ", j=1,2.3.
is maximised with respect to { under the condition that ¢; €

Range(M(¢,0)).
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The non-competitive inhibition model and optimal design

Main problem:

@ Model is highly non-linear and therefore the criteria are difficult to
analyse mathematically.

That is the reason why:

@ Not much literature on optimal designs for this type of models.
(see Youdim et al. (2010); Bogacka et al. (2011); Atkinson and Bogacka (2013);
Chen et al. (2017))

@ Most results exist for D-optimal and Ds-optimal designs.

@ In most cases optimal designs have to be found numerically.
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The non-competitive inhibition model and optimal design

Main problem:

@ Model is highly non-linear and therefore the criteria are difficult to
analyse mathematically.

That is the reason why:

@ Not much literature on optimal designs for this type of models.
(see Youdim et al. (2010); Bogacka et al. (2011); Atkinson and Bogacka (2013);
Chen et al. (2017))

@ Most results exist for D-optimal and Ds-optimal designs.

@ In most cases optimal designs have to be found numerically.

Our idea:

@ Use a non-linear transformation of the variables (S, /) to achieve
multivariate polynomial regression model.
» Then the analysis of the model becomes much easier.
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Transformation of the variable (S, /)

We define a one-to-one transformation of the variable (S, /) by

S
(X)zuz(s,/):( Ko )
Y T+1/Kie

where (X,Y) cX = [Xmin;Xmax] X [Ymina)/max]-
The boundary points of the two intervals are defined by

— Sm'n . — Sma . — 1 . _ 1
Xmin = Km+lsmin 1 Xmax = Km+5xma><’ Ymin = Tt e /Kic ! Ymax = T in /Kic *

Note that Xmin» Xmaxs Ymins Ymax € [O? ]‘]
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Transformation of the gradient

Using the transformation the gradient

ons,e) _ s v V-I/K,%)T

1
a0 = (KmtS) (1+1/Ki) (1’ T Kmt+S? 1+1/K.

can be represented by
on(S,1,0
n(ag L= A0 (x,y),

where the non-singular matrix A(#) and the vector f(x,y) are given by

1 0 0 1

AO)=| & ® O , flxy)=xy | x
v 90 Y y
ch Kic
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Transformation of the gradient

Using the transformation the gradient

;
onsle) _ s v V~I/K,-2c>

1
a0 = (KmtS) (1+1/Ki) (1’ T KmtS? 1+1/Ki.

can be represented by
on(S,1,0
n(ag L= A0 (x,y),

where the non-singular matrix A(#) and the vector f(x,y) are given by

1 0 0 1

A =| % ® O , flxy)=xy|x
v 0 X y
ch Kic

The vector f(x,y) corresponds to the regression function of a multivariate

polynomial regression model.
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Transformation of the design and the information matrix

We transform the design &, that is,

¢ design on S g 5 induced design on X.
¥1(xy)
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Transformation of the design and the information matrix

We transform the design &, that is,

¢ design on S g 5 induced design on X.
¥1(xy)

The information matrix can then be represented by

M(g,0) = A(B)M(E)AT (6),
where the matrix M(€) is defined by

W(E) = /X Fx )T (x, y)dE(x, ).
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Transformation of the criteria

maximising ®(M(€,6)) < maximising ®(A()M(E)AT (6)).
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Transformation of the criteria

maximising ®(M(£, 6)) < maximising ®(A(Q)M(E)AT (6)).

In the case of D-optimality, we get:

®p(M(€,6)) = ®p(AB)M(E)AT(9)) = (det A(6))*(det ((£)).
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Transformation of the criteria

maximising ®(M(£, 6)) < maximising ®(A(Q)M(E)AT (6)).

In the case of D-optimality, we get:

®p(M(€,6)) = ®p(AB)M(E)AT(9)) = (det A(6))*(det ((£)).

In the case of ej-optimality, we get for j = 1,2, 3:

e (M(E,0)) = (&f (AO)M(OAT(0) &) "
= (A7(9)e) I ()(%\_1(9))_1%’))_1
= (&' M (O™
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Transformation of the criteria

maximising ®(M(£, 6)) < maximising ®(A(Q)M(E)AT (6)).

In the case of D-optimality, we get:

®p(M(E.0)) = Pp(AB)M(E)AT (8)) = (det A(9))*(det M(E)).
In the case of ej-optimality, we get for j =1,2,3:
Se(M(E,0)) = (¢ (AOIMEAT(6)) ¢)

= (A7(9)e) I ()(%\_1(9))_1%’))_1
= (&' M (O™
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Structure of D-optimal designs |

Theorem

— . . 0 _ Xmi 0 _ Ymi
Let X = [Xmlnyxmax] X [Ymmv}/max] and Xmin = er:uar;, Ymin = ﬁ

The D-optimal design is supported at three points if and only if
(x% ,¥0. ) is within the set D C R2.
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Structure of D-optimal designs Il
— Theorem

Let X = [Xmin, Xmax] X [Vmin, Ymax] and xl?ﬁn — Xmin yr?.ﬁn — Ymin

Xmax Ymax

If (x2,,,¥2.,) € D C R, the D-optimal design is given by

& 1 1

3 3 3

Fx _ ((max{xminal)%a}v)/max) (Xmaxa max{l%y)/min}) (Xmaxal}/max))

V.

1.0

0.8

0.4

0.2

0.0
I
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Remarks to D-optimal designs

@ Bogacka et al. (2011) stated that the D-optimal design is always
supported by three points.
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Remarks to D-optimal designs

@ Bogacka et al. (2011) stated that the D-optimal design is always
supported by three points.

@ Chen et al. (2017) found a parameter combination where the
corresponding design with three support points fails to be D-optimal.
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Remarks to D-optimal designs

@ Bogacka et al. (2011) stated that the D-optimal design is always
supported by three points.

@ Chen et al. (2017) found a parameter combination where the
corresponding design with three support points fails to be D-optimal.

@ Because of the transformation we were able to derive explicit
conditions under which the saturated design is D-optimal.
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Example

Let § = (V,Km, Kic)T = (1,4,2)7 and S = [7,30] x [30, 60].

Then the regression function is given by n(S,/,0) = (“-FS)SW'
2

30 30
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Example (continued)

Let 0 = (V, Km, Kic)T = (1,4,2)7 and S = [7,30] x [30, 60].

The transformed design space is then given by: ' = [171 B x [3l 1—16]
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Example (continued)

Let § = (V,Km, Kic)T = (1,4,2)7 and S = [7,30] x [30, 60].
The transformed design space is then given by: X' = [%, i—?] X [%, 1—16]

119
Therefore: x%, = Ig2 and yo. = 2% and (x%,,, ¥%.) € D.
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Example (continued)

Let 0 = (V, Km, Kic)T = (1,4,2)T and S = [7,30] x [30, 60].

The transformed design space is then given by: X = [11 1?] X [31, lﬁ]

119
Therefore: x%, = Ig2 and yo. = 2% and (x%,,, ¥%.) € D.

The D-optimal design is (using the
transformation to the original space):

g*:((7’130) (30,30) (30,160)>' .

3 3 3
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Example (continued)

Let 0 = (V, Km, Kic)T = (1,4,2)T and S = [15,30] x [30, 60].

15 15

The transformed design space is then given by: X' = [13, 13] X [37, 16]-

Therefore: x°. = ; and yr?,in = % and (Xr(y)qimyr?ﬂn) ¢ D.

min
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ej-optimality in the transformed model

In the case of ej-optimality, we get for j = 1,2, 3:

o (M(E0) = ((A(0)e) 1 (E)(A1(0)) M)
o RCLAGL

What does &; look like for the different cases?
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ej-optimality in the transformed model

In the case of ej-optimality, we get for j = 1,2, 3:

b (M(E,0)) = ((A1(0)e) M (E)(AT1(0)) )
= (&M (Hg) .
What does &; look like for the different cases?

1Ly, j=1

~ K .

& =1 Ve, j=2.
K. .
\}Ce37 J =
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ej-optimality in the transformed model

In the case of ej-optimality, we get for j = 1,2,3:

O (M(E,0)) = ((A(0)e) "M (E)(A1(6)) "))
= (&M (©g)
What does &; look like for the different cases?

(L,1,1n)",  j=1

= K,

& =1 e, Jj=2
Kic -
v €3 j=3
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Optimal designs for &

Theorem
The optimal design maximising (& M~ (€)&)~" is of the form
2 (Xmam)/max) (73 }’max)
£= X 1)
T+x I+x
where X = max {Xmin, (V2 — 1)Xmax } -
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Optimal designs for &

Theorem

The optimal design maximising (& M~ (€)&)~" is of the form

g: ((XmaX7Ymax) (77 {max)) :

X 4
1+x 1+x

where X = max {Xmin, (V2 — 1)Xmax } -

» We have to transform the design ¢ to the original space S to get the
optimal design for estimating the Michaelis-Menten constant Kj,.
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Optimal design for estimating the parameter K,

Corollary

The optimal design for estimating the Michaelis-Menten constant K, is
given by

1—w w

€= ((Smax, Ty 1S, /min)) ’

where

KmSmax(\/E — 1) }
Kin + (2 = V2)Smax )

min V2 = 1)Smax 1\~
o = (rme{ )

S = max{Smin,

v
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Example(continued)

Let 0 = (V, Km, Kic)T = (1,4,2)T and S = [7,30] x [30, 60].

Then the design for estimating the constant K, is given by

~ ((7,30) (30,30)
&= ( 061 1 —0.61) ‘

30 30
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Conclusion and further comments

@ The non-linear transformation is useful to make the optimisation
problem more tractable.

@ Similar transformations are possible for other inhibition models and
can simplify the (numerical) optimisation problem.

e For instance, we can use the algorithm presented by Fabrice Gamboa
today.
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Conclusion and further comments

@ The non-linear transformation is useful to make the optimisation
problem more tractable.

@ Similar transformations are possible for other inhibition models and
can simplify the (numerical) optimisation problem.

e For instance, we can use the algorithm presented by Fabrice Gamboa
today.

Thank you very much for your
attention!
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