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Introduction

Introduction

e Catalog of the optimal controls = _

in cancer chemotherapy for the Gompertz model
depending on PK/PD and the integral constraint,
Discrete Contin. Dyn. Syst. Ser. B, 19 (2014), 1563-1588.

e Optimal control problems for the Gompertz model
Discrete Contin. Dyn. Syst. Ser. B (in press).

@ A PK equation for the drug concentration.
OPTIONS: o PD: SKIPPER (linear) model or EMAX model

@ The side effects as constraints or through a penalty term
The influence of all these variants is analysed.

We've characterized the optimal solutions for all the problems.
We've got some unexpected results.

References: Skipper et al (1964), Norton and Simon (1977), Swan

(1990), Fister and Panetta (2003), Swierniak et al (2009), Clairambault
(2009) Ledzewicz and Schattler (2015)) Benzekrv et al (2014-2015) =



Mathematical models for PK/PD

v(t) ORI (or tumor size)

G(V,u) Growth-inhibitory influence of the [therapy ( KILL TERM)

L(t) Level of therapy
u(t) Infusion rate of the drug

V/(t) = »(V(t)) — [G(V(2), u(t) < PDterm J

Liy(u)= ku or kic  Skipper model

k1u k1C
= or
k2+u k2+C

where c'(t) = —Xe(t) + u(t), ¢(0)=0 PK equation

E nax model




Problem formulation
L 1)

Optimal control problems - Introduction

min J(u) = V(T) , 1=1,2,3

(OPi){ ue U;d

Problem

Characteristics

constraint

-
/ u(t)dt < Ymax
0

o
/ C(t) dt S Ymax
(1]

u infusion rate of the drug

¢ drug concentration
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Problem formulation
L 1)

Optimal control problems - Introduction

N minJ(u)=V(T)+aPT, i=1,2,3
(OP’){ ue U,

Problem Characteristics

constraint Penalty Term
(=0) (a>0)

/OTu(t)dt < Ymax /OTu(t)dt

/OTc(t) dt < Ymax /O.Tc(t) dt

y

u infusion rate of the drug ¢ drug concentration



Problem formulation
L 1)

Optimal control problems - Introduction

minJ(u) = V(T) +aPT, i=1,2,3

(OPi){ ue U;d

Problem Characteristics
constraint Penalty Term
(a =0) (@ > 0)
T T
(OPy) u=c / u(t)dt < Ymax / u(t)dt
Q JQ
T T
(OP,) () = —re(t) + u(t) / 4(t) dt < ymox / u(t) dt
Q JQ
T T
(OPs) | ¢(t) = —Ac(t) + u(t) / <(t) dt < Yomar / o(t) dt
0 [4]

y

u infusion rate of the drug

¢ drug concentration




Problem formulation
oe

Admisible control sets, U;d

for problems with an integral constraint

-
(U € L0, T):0< u(t) < umax, ace. t € (0, T),/ u(t)dt < ymax ),
0

fori=1,2.
i
(0 e L0, T): 0 < u(t) < tmax, ace. t € (0, T),/ c(£)dt < ymax )
0
for i = 3.

ASSUMPTION for avoiding the trivial solution T = up,y:

Tumax > Ymaxs fori=1,2

(AT 4 exp (=AT) — 1)tmax > A2y max, for i = 3.

for problems with a penalty term

{vel>(0,T):0<u(t) < uma, a.e. t €(0,T)}.




Optimal controls

Optimal controls for LOG-KILL and Skipper PD model

Emn En
1 1690 1 20
R4 /
Vi(t) = (v (1) — [Ea(u(®)) V(E)
205|__ pimm =T 0845 05 e -1531 0<u(t)<u
-7 ) = > Umax
0 0 0 -3.063 Ly(u) | Constraint
0 2 T o ; T "
E E
OP4): k t)dt <
1 = 0 1 = 0.05 (OP1) iy /0“( )dt < ymax
[l
- i -
T ! Sl .
105 \'\‘ ii -1.680 0.5 Sl 0 § (OP2): ki c /ou(t)dt < Ymax
T
0 -3359 0 -0.05 (OPs): kic / c(t) dt < Ymax
0 10 T o 5 = A
time time

Problem  Examples | Optimal controls

(OPy) Einn 0/ Umax

(Opz) E211, E212 u,,,,,x/O 0/umax/0
(OPs) Esnn 0/ Umax




Optimal controls
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Optimal controls for LOG-KILL, E.x PD model with (OP;)

En
1 0.550

VI(t) = ¢(V(1) — [Ea(u(®)) V()

1205 0.275

sw

0< U(t) S Umax

Lo(u) Constraint

ki u

-
_ u(t) dt < ymax
s /0 (t) dt <y,

Optimal controls
(OPI) Usin usin/umax 0/usin O/Usin/umax
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Optimal controls for LOG-KILL, E.x PD model with (OPs)

Eas 326
1 0.05 0.02
08| jmomemmiomim 0 o V() = w(v() - [V
/ !
s |f g
N 0 (0) < s
0 -0.2 -0.06
0 5 T
Exr
1 0.05 Lo(u) Constraint
08 == =rem < 0
AN (0Py): | 1€ /T (t) dt <
3 . N
\,‘.' 3 k2 T ¢ 0 C S Ymax
0 -0.2
0 10 T
time
Problem Optimal controls
(OPI) Usin Usin/umax O/Usin O/Usin/umax
(OP3) Usin Usin/umax O/Usin O/Usin/umax
Umax/usin Umax/usin/umax O/Umax




Optimal controls
(e]e] le]e]

Optimal controls for LOG-KILL, E.x PD model with (OP;)

EZZl EZZZ EZZS EZZG
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H I
/ ' 5 ! 5
=04 "1-0250 05 [-00483 305 0175 05 emememld (0154
- " '
‘ 1
, !
0 0500 0 0 o097 0 0350 o' -0.159
T 0 0 T 0 10 T 0 10 T
Eu Exr Eps
08 0 1 0 1 0 1 ] 0
‘
~ ; 075 et {0106
! i N ! P
. f i . N 1 Es 5
1304 1-0250 05( =y, ; -0.048 5 1505 ~y 1170013 ’ 3
\\ 1 N ! !
N .
\
N
0 -0500 0 = —d-0,007 0 -0.026 0 -0.425
0 20 T 0 10 T 0 10 T 0 0T
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Problem Optimal controls
(OPZ) Usin/o Usin/umax/o O/Usin/o O/USin/umax/O
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Optimal controls
(e]e]e] Jo]

Optimal control problems - EDOs with NORTON-SIMON -|

(OP,-){ min =V o =123
ad

V(1) = $(V(1)) — L(u(2))y(V (), tel0,T],

V(0) = Vo, BV (1)) = ¢log (v ) V(©)

v

Admissible controls @

-
{u e L0, T):0< u(t) < tnpax, a-e. te(0, T),/ u(t)dt < Ymax}s
0
fori=1,2.
-
(U € L0, T): 0 < u(t) < tupax, ace. t € (0, T),/ c(£)dt < ymax )
0
for i = 3. )




Optimal controls
Q000e

Optimal control problems - EDOs with NORTON-SIMON -1

T
(OP)) { min J(u) = V(T) + 04/0 u(t)dt  for i=1,2
u€ Usg '
T
(OP3){ min J(u) = V(T) Jra/o c(t)dt
u€ U,y ‘

VI(t) = ¢(V(t)) — L(u(t))p(V (1), tel0,T],

V(0) = Vo, V(1)) = €log () V(1)

Usg ={u € L®(0,T):0 < u(t) < umax,a.e. t € (0, T)}
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Optimal controls for NORTON-SIMON

PD model: Skipper (L) Vi(t) = ¢(V(t)) — [b(V(E))La(u(t))
4 0 < u(t) < Umax

ESAIaZ ! ESSlaZ ! ESGlaZ

0.05
5004 Li(u) Penalty term
5003 T
0.02 (OPy): kiu O‘/ u(t)dt
[ — 0
0 0.5 1
time T
Ve Control for ES _, (Opz)i kic a/ u(t)dt
; 0
15 1
* 1 (OP3) kic Oé/ C(t) dt
05 ‘
0
0 05 1

time

’ Problem ‘ Non-trivial optimal controls (L) ‘ ‘

(OPy) Infinite optimal controls
(OP2) | Umax/0
(OP3) Infinite optimal controls
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Optimal controls for NORTON-SIMON

PD model: Skipper (L) Vi(t) = ¢(V(t)) — [b(V(E))La(u(t))
4 0 < u(t) < Umax

ESAIaZ ! ESSlaZ ! ESGlaZ

0.05
5004 Li(u) Penalty term
5003 T
0.02 (OPy): kiu O‘/ u(t)dt
[ — 0
0 0.5 1
time T
Ve Control for ES _, (Opz)i kic a/ u(t)dt
; 0
15 1
* 1 (OP3) kic Oé/ C(t) dt
05 ‘
0
0 05 1

time
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Optimal controls
L o)

Optimal controls for NORTON-SIMON

PD model: Skipper (L) Vi(t) = ¢(V(t)) — [b(V(E))La(u(t))
4 0 < u(t) < Umax

ESAIaZ ! ESSlaZ ! ESGlaZ

0.05
g0 Ly(u) Penalty term
;0.03 T
0.02 (OP]_): kiu a/ u(t)dt
[ — (1]
0 0.5 1
time T
- Control for ES, . (OPQ): kic oz/ u(t)dt
, 0
15 T
* 1 (OP3) kic Oé/ C(t) dt
0.5 =
0
0 05 1
time
’ Problem ‘ Non-trivial optimal controls (L) ‘ !‘
(OP1) | Infinite optimal controls 0/ Umax
(OPZ) Umax/o umax/o O/Umax/o

(OPs) | Infinite optimal controls 0/ Umax




Optimal controls

o] ]

Optimal controls for NORTON-SIMON

PD model: Skipper ([ L1|) Emax ([ L2])
ESAlaZ’ESSIaZ'EsﬁlaZ ESAZal'ESSZOZ'ES6202
0.05 0.05
> >
~0.04 >0.04
€ S
5003 5003
0.02 0.02
0.01 0.01
0 0.5 1 0 05
time time
Control for ES, . ES 1.1'ESr02'ES a0z
25 25 5=
[}
2 21
15 15r !
3 s !
1 1 1
1
05 05F 4
0 ot trrsrrsss
0 05 1 0 05

time

time

(OPy):

(OP2):

(OP3):

VI(t) = $(V(1)) — (V) E(u(t))

0 S U(t) S Umax

Ly(u) Lo(u) Penalty term
k T
kiu g a/ u(t)dt
k2 +u Q
ki ¢ T
kic - a/ u(t)dt
kg + ¢ 0
k T
kic 1€ a/ c(t) dt
ko + ¢ 0

| Problem [ Non-trivial optimal controls (L) |

Non-trivial optimal controls (L2) |

(OP1) | Infinite optimal controls Usin
(OPZ) Umax/o Umax/o Umax/usin/o
(OPs) | Infinite optimal controls Umax / Usin
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Conclusions

Comparison objectives

@ The log-kill hypothesis and the Norton-Simon hypothesis.

@ Several formulations for the level of therapy.

@ Integral constraints and penalty terms to control the side effects.

4

Conclusions

@ We've done a detailed study, filling a gap between the medical field
and the mathematical one.

@ We've charaterized the optimal controls in terms of the problem
data in all our cases.

e We've given explicit optimal controls in the case of uniqueness.
@ There are fewer and simpler cases under Norton-Simon hypothesis.

@ “Late-intensification" proposed by Norton and Simon (1977) does
not seem to be justified in this framework.




Conclusions

The most realistic optimal control problem -

NORTON-SIMON hypothesis, En.x PD, PK ODE and
penalty term

V(t) tumor volume (or tumor size), L(t) Level of therapy,

u the infusion rate of the drui, c drui concentration

-
{ min J(u) = V(T) + a/o c(t)dt
u€e Uyg
where V is the solution of the Cauchy problem.
V(1) = (V(1))(1 = L(u(1))), V(0) = V;{J, te[0,T],
where  (V(t)) = {log (%) V(t), L(u)= A :—Cc
c(t) = —Ac(t) + u(t), c(0) =0,

Usg ={u e L0, T):0<u(t) < upax,a.e. t €(0,T)}

where Umax and ymax are given positive real numbers.



>duct P nt Conclusions

Let us assume Lg € (0,6) and that T is an optimal control for (OPs) for
some value o > 0. Then, there exists t, € [0, T] such that

i\ ) Umax, if telo0,t,),
o(t) = { Unax(1 — et if t € (ta, T].

The value t, € [0, T] can be determined as the solution of the problem:
min F,(t) = F(t) + aG(t),
telo,T],
where  F(t) = fexp <Iog (‘?) exp (E(kllzl(t) - T))),
e ko (/\kZ + Umax)e)\t — Umax
H(t)=1t- I
(B == St i 8 ( My -

(T = a1 = &)
ko X + Umax(1 — e—“) ’

and
um X —
G(t)= Tg (e ML+ At —T))+AT -1),
that depend only on the parameters defining the control problem.
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Conclusions

Ingredients of the proofs

Existence of optimal solutions is standard

o
@ Sometimes, there is a unique solution; in other, there are infinite.
@ Pontryagin Maximum Principle,

@ Explicit solution of generalized Gompertz ODE including L*°
coefficients,

First order optimality conditions and “ad hoc" argumentations.




Conclusions

Optimal control for (OP3) under log-kill and Skipper model

Let us assume that @ is a non-trivial optimal control for (OP3). Then,

_.\_ |0, if tel0,t),
u(t){ Umax, I t€(t, T],

where t; is the unique solution in (0, T) of the nonlinear equation

2
Ay —exp(A(ty — T)) = AT — 1 - 2Ymex,

Umax



Conclusions

Optimal control for (OP3) under log-kill and E,,ax model

Let us assume that @ is a non-trivial optimal control for (OP3).Then, it
has the following general structure

0, if (0 tl)
[l(t) _ Umax, if (tlatQ)v
k3(>\+§/2)exp(£t/2)f)\k2, if (t2,t3),
Umax, if (t4a T]7
for some unknowns ty, ty, t3, ty and k3 > 0 with t;(t, — t;) =

Moreover, u verifies

/0 0(t) (1 — exp (A(t — T))) dt = Aymax.
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