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Building blocks: 1) Base Kcsc or extremal Orbifold



2) Local ALE scalar flat resolutions of singularities

We assume the existence of  
local resolutions: 

1) ALE 
2) Kähler 
3) Scalar flat

Such models are known to 
exist for any finite subgroup of  
U(2) [Kronheimer-Calderbank- 
Singer-Lock-Viaclovsky] and  

SU(3) [Nakajima] 
plus some sporadic examples.



Generalized connected sums



Final output



The above strategy has been described for the first time 
in the 70’s by the Cambridge physicists applied to the 

Calabi-Yau equation (KE, Ricci flat), in the case when the 
base orbifold is a flat torus quotient by an involution.

A rigorous proof in this case was given by Topinwala-
LeBrun-Singer.

It was then used in 1997 by Joyce to construct, starting 
again from quotients of flat 7-tori, the first compact 

manifolds with holonomy G2 and Spin(7).

By this procedure one gets some feeling of how a  
Ricci-flat metric actually looks like at least on  

some special K3 surfaces, and it has then  
been called “Kummer construction”.



The Extremal case A.-Lena-Mazzieri

This fits well with the deformation theory of LeBrun-Simanca for extremal  
metrics on smooth manifolds when keeping the complex structure fixed  

and moving the Kähler class.





The Kcsc case: the PDE approach



The extremal case is unsensitive of the geometry of the  local 
models. But the Kcsc is not. We need to distinguish two very 

different cases:



The following improvement of the classical estimates for 
ALE Ricci-flat is essential to solve the zero mass case:



“Zero Mass” Singularities 
A.-Della Vedova-Lena-Mazzieri



On the Futaki invariant for generalized 
connected sums A.-Della Vedova-Mazzieri





Moral: our “balancing conditions” are the first order terms 
in the expansion of the Futaki invariants of the 

resolved orbifolds.
So Fut = 0 at first order iff =0 at any order for small perturbation of 

cohomology classes.



Outputs:

1) New Proofs of the existence Theorems via the extremal 
construction.

2) Non existence results:



Applications:
1) Examples:





Extensions to non-compact spaces 

(work in progress with C. Spotti)

Interesting problem:  
how does this construction 

depend on the distance  
from the exceptional divisor?


