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WILD NON-ABELIAN HODGE THEORY

Simpson '90, Biquard—Boalch '04: fix
» C: smooth projective curve over C
» r > 2 rank
> p1,...,Ppn € C irregular singularities
» a flag type and parabolic weights at each p;
» an irregular type and an adjoint orbit of the residue at each p;.

The space of solutions of Hitchin's equations

D% =0
Fp+1[0,6'] =0

for a unitary connection D on a rank r smooth Hermitian vector
bundle (V, h) and a field 6 : V — V ® QE° having prescribed
singular behaviour near p; ~ hyper-Kahler moduli space M}oq.
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DE RHAM AND DOLBEAULT STRUCTURES

Two Kahler structures on Mpoq with a geometric meaning:

> de Rham: Myr parameterising poly-stable parabolic
connections with irregular singularities

» Dolbeault: Mp, parameterising poly-stable parabolic Higgs
bundles with higher-order poles.

By non-abelian Hodge theory, M4r and Mp,, are diffeomorphic to
each other (via Mpyoq).
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IRREGULAR RIEMANN—HILBERT CORRESPONDENCE

» Mebkhout, Kashiwara, Birkhoff, Jurkat, Deligne-Malgrange:
equivalence between the categories of irregular connections
and Stokes-filtered local systems.

» Boalch '07: algebraic construction of wild character varieties
Mp parameterising Stokes data.

» Irregular Riemann—Hilbert correspondence: bi-analytic map
RH : MdR — MB.

Conclusion: Mygr, Mpe and Mg are all diffeomorphic to each
other, in particular they have the same cohomology spaces.
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PAINLEVE SPACES

From now on, we set C = CP! and we assume r = 2 and
dimg MHoq = 4. There exists a finite list

PI, Pil, PIII(D6), PIII(D7), PIlI(D8), PIV, PVgeg, PV, PVI

of irregular types with this property, called Painlevé cases. From
now on, we let

X € {1, 11, 111(D6), 11(D7), 11(D8), IV, Vieg, V, VI}

and we write PX to refer to one of the above Painlevé cases. We
therefore have smooth non-compact Kahler surfaces

PX PX PX
MdR ) MDolv MB

diffeomorphic to each other for any fixed X.
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MIDDLE PERVERSITY t-STRUCTURE

Given an algebraic variety Y, consider the derived category
D*(Y,Q)

of bounded complexes of Q-vector spaces K on Y with
constructible cohomology sheaves of finite rank.
Beilinson—Bernstein—Deligne '82: truncation functors

roi: DP(Y,Q) »PDS(Y, Q)

encoding the support condition for the middle perversity function,
giving rise to a system of truncations

0= =P )K= Pre piK— - = K
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PERVERSE FILTRATION ON DOLBEAULT SPACES

Hitchin '87: for Mpe a Dolbeault moduli space there exists a

surjective map
h:Mpe — Y =CN,

Consider
K =Rh.Q, € D*(Y,Q).

The perverse filtration P on
H*(Y,Rh.Q, ) = H*(Mpoi, Q)
is defined as
PPH*(Y,Rh.Q, ) = Im(H*(Y Fr<_,Rh.Q, ) — H*(Y,RA.Q,)).
We define the perverse Hodge polynomial of Mp by
PH(q,t) Zdlm(@ Gr MD0|,Q)qitk.
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FLAG FILTRATION ON DOLBEAULT SPACES

For an affine variety Y of dimension n consider a generic flag
Y ,C---CY1CY=Y,

where Y, are the intersections of Y with a fixed generic linear flag
under a fixed projective embedding. Given any K one may consider
the sequence of complexes

0C Ky\y,, € CKyy, CK.
It gives rise to the flag filtration F defined by
FIH(Y,K) = Ker(H'(Y,K) = H'(Yi_1, Kly._,)).

THEOREM (DE CATALDO-MIGLIORINI '10)

For Y affine we have

PPH!(Y,K) = FPHH!(Y, K).
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WEIGHT FILTRATION ON BETTI SPACES

As Mg is an affine algebraic variety, Deligne’s Hodge II. ('71)
shows that H*(Mg, C) carries a weight filtration /. We derive a
polynomial

WH(q,t) = dimc Gryf H*(Mg, C)q't*.
ik

Hausel-Rodriguez-Villegas '08: WH is indeed a polynomial.

P = W FOR PAINLEVE SYSTEMS SZILARD SZABO, BUDAPEST



HODGE THEORY, RIEMANN-HILBERT FILTRATIONS DOLBEAULT SIDE BETTI SIDE ExampLE: PIII(D7)

P =W CONJECTURE

THEOREM (DE CATALDO-HAUSEL-MIGLIORINI ’12)

For rank 2 Dolbeault and Betti spaces corresponding to each other
under non-abelian Hodge theory and the Riemann—Hilbert
correspondence, we have

PH(q,t) = WH(q, t).

CONJECTURE (DE CATALDO-HAUSEL-MIGLIORINI "12)

The same assertion holds for any rank r.
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P = W IN THE PAINLEVE CASES

Let us set

PHPX (q, t Zdlm(@ GrP HY(MEX, Q)q't*
ik

WHPX(q,t) = dime Gryf HX(MEX, C)q't".
ik

THEOREM (Sz ’18)
For each

X € {1, 11, 111(D6), (D7), 11(D8), IV, Veg, V, VI}

we have

PHPX(q,t) = g *WHPX(q, 1).

4
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HITCHIN FIBRATION
Irregular Hitchin map

h:-MEX - Y =CcC.

THEOREM (IVANICS—STIPSICZ—SZABO '17)

There exists an embedding
MEX < E(1) = CP?#9CP"
and an elliptic fibration
h:E@1)— CP?

extending h.

Denote by FX the non-reduced curve E(1)\ Mgﬁ = 77—1(00),
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EULER CHARACTERISTIC AND PERVERSE POLYNOMIAL

PROPOSITION

We have

d|m(@ Gr 3H0(MDO|7Q) = ].
d|m@ Gr 3H2(MD0|7Q) = 1
dimg GrPy, H2(MEX, Q) = 10 — x(F2X).

In particular, we have

PHPX(g,t) = q71 + (10 — x(FEX))q2t? + q 3¢
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TABLE OF PERVERSE POLYNOMIALS

(X  [FEX] PH™X(q,1) |
VI DV | g1+ ag=2¢2 4+ g 7312

)
v DV | g1 +3¢g722 + g 3¢
Vaeg | DV | gt +2g7%8 + g 3¢
)
)
)

1(D6) | D | g1 + 27242 + q~312
m(p7) | D | g4 g72¢2 + 312

1(ps) | D! g4 q 312
% ED [ g1 +2q212 4+ g3¢2
T E7(1) gl q 22+ g 3¢2
| Eél) g1+ q 32
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IDEA OF PROOF OF PROPOSITION

Analysis of Leray spectral sequence LE2k’I of h:

k=2 0 0 0
k=1 0 HY(Y, R h.Cy) 0
k=0 C b0 C

Standard algebraic topology shows that
> bl(M) = 0,
» dimc HY(Y, R*h,Cy) = 10 — x(FEX),

> the following map is surjective

H*(MEX,C) — H*(h~Y(Y_1),C) = C.
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END OF PROOF OF THE PROPOSITION

We get
Gr -3 H2(MD0I7 ) = |m(H2(Y,Rh*Q) - HZ(Y*LRh*QhCl))
= C,

Grf, HX(MEX, C) = Ker(H?(Y,Rh.C) — H?(Y_1,Rh.C|y ,))
~ C10-x(FE)
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BETTI SPACES AND AFFINE CUBIC SURFACES

Fricke—Klein 1926, van der Put—Saito '09: for each X there exists

a quadric

Q™ € Clx1, x2, x3]
such that

Mg~ = (F7) cc?
where

f:'DX(Xl7 X2,X3) = X1X2X3 + QPX(Xl7 X2, X3).
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COMPACTIFICATIONS OF BETTI SPACES

Let
FPX € Clxo, x1, %2, X3]3

f PX

be the homogenization of and set

Mg = Proj(Clxo, x1, %0, x3] /(FPX)).
Projective cubic surface (possibly) with singularities at
P1=1[0:1:0:0], P,=[0:0:1:0], P3=[0:0:0:1].
Let
MEX 5 Ay
denote the minimal resolution of singularities.
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TOTAL MILNOR NUMBER AND WEIGHT POLYNOMIAL

. . ~—=PX
Define the total Milnor number of Mg" as

where 1i(P;) is the Milnor number of MSX at P;.
PROPOSITION

We have

WHPX(q,t) =1+ (4 — NPX)g~ 12 + 7242,
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TABLE OF WEIGHT POLYNOMIALS

‘ X ‘ Singularities of ﬁgx WHFPX(q, t) ‘
Vi 0 1+4q7 112 4+ g2t
% A1 14+ 3¢ 1t° + g 2¢t2
Videg Ao 14+ 2q71t° + g 2¢2
111(D6) | Az 1+2g 1% + g2t
(D7) | As 1+q 1?2+ g%t
11(D8) | A4 1+ q2%t°
1% AL + Ay 142 2 4+ g 212
11 A+ AL+ Ay 1+ g 124+ q 21
/ A+ A1+ A 1+q_2t2
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COMPACTIFYING DIVISORS

The divisor at infinity of MSX is
D=LUl,Ul;

where L; are lines pairwise intersecting each other in Py, Py, Ps.
The nerve complex of the divisor at infinity of MSX is

NPX — AE\}’ZX+2 = Inpx 3.
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THE FIRST PAGE OF THE WEIGHT SPECTRAL
SEQUENCE

Deligne: spectral sequence y E, abutting to Hk(MEX,(C) with
—nk+n .
wE; given by

ktn=4 DperpxH(p.C) perpxHH(L,C) H* (JW’X,C)
ktn=3 0 0 0
ktn=2 0 @, cxHO(L,C) H? (J%QX,C)
ktn=1 0 0 0
k+n=0 0 0 HO(J%gX,C)

—n=-2 —n=-1 —n=20
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THE FIRST DIFFERENTIALS OF THE WEIGHT
SPECTRAL SEQUENCE

The only non-trivial differentials dy on  E; are:
® penex HO(p, €) 2 @ enpx HA(L,C) 2 H* (MPX c)
D enpx HO(L,C) 2 H? (MPX,C) .
Algebraic topology of cubic surfaces shows that

b4 Dperpx HA(L,C) — H* (J%PX,C)

02+ @y enpx HO(L,C) — H? (J?[QX,C) =~ 7,
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DIMENSIONS OF GRADED PIECES FOR THE WEIGHT
FILTRATION

We derive
GrV HOMEX) = C
Gr'% H2(MEX, C) = ¢4
GrY, H2(WMEX C) = C.

NPX
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SINGULARITIES OF THE HIGGS FIELD

Let X =CPY, r=2,n=2, two irregular singularities:

» Katz-invariant % at z =0, i.e. of the form

(0 0\dz (0 b dz
with by # 0 fixed,;

» Katz-invariant 1 at z = oo, i.e. of the form

a 0 dz + b0 £+Iowerorderterms
0 —a 0 —-b) z

with a # 0, b € C fixed.
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SPECTRAL DATA OF IRREGULAR HIGGS BUNDLES

Refined version of Beauville—Narasimhan—Ramanan.
THEOREM (Sz ’15)

There exists a birational morphism
§:7Z— Hy=P(Ocpr ® Ocpi(2))

to the Hirzebruch surface Hy such that there exists an equivalence
of categories between the groupoids

1. parabolic Higgs bundles (&,0) of rank 2 on CP* with irregular
singularities as above, and a compatible parabolic structure,

2. R-parabolic pure sheaves S, of dimension 1 and rank 1 with
parabolic divisor

(po&) ({0, 00})

on Z, with support b2 satisfying a list of properties.
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HIRZEBRUCH SURFACE H, = P(Ocp: @ Ocpr(2))

-2

Go

o
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BASE POINTS ON H,

2x

2x 2x

Co
ZfO ‘l'

¢!l

CP?
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BASE POINTS ON THE FIRST BLOW-UP

2x

4 2x 2x

Co

:0 pr—
— - CP!
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THE SECOND BLOW-UP

2x

Z> 2x 2x

Co

z=0

— CP
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BASE POINT ON THE SECOND BLOW-UP

2x

2> 2x 2x

Co
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— - CP!
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THE THIRD BLOW-UP

2x

Z> 2x 2x

Co

z=0

— CP
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BASE POINT ON THE THIRD BLOW-UP

2x

2> 2x 2x
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:0 pr—
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THE FOURTH BLOW-UP

2x

~ =<0 ~1x
0x
Z> 2x 2x

Co

:0 pr—
— . CP
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Es

/W-\Es

Co

z=0
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THE ELLIPTIC FIBRATION

We consider the linear system X of elliptic curves % on Z such that
5] [Bo] = (2] [E] = [£]- [E2] =[] [Es] = [2] - [Ea]
=[] -[Es] = [2] - [E7] = [X] - [Es] = O,
[X] - [Eo] = [X] - [Ero] = 1
[Z] - [Ee] = 2.
Properties of this family:
> no base points;
» 1-dimensional, parameterized by CP?;

» the fiber over co € CP! is a degenerate elliptic curve of type
piM = 1z

FENOON =2 By 42 B +2-Ex+2 B3+ Es+ Es + Er + Eg
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SINGULAR FIBERS OF THE FIBRATION

Introduce
B =CP!\ {oc} C CP.

and let
X\B — B

be the restriction of X to B. Set
A = a°b; (16b° — 54aby) .

Then, the singular fibers of X|g are
1. if A =0, then a type I/ and an /; fibers;
2. if A #0, then three 1 fibers.
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RELATIVE PICARD

The fibration has sections
o:B—=X.
Abel-Jacobi: for any smooth Y = Xp, get
¥ =~ Pic’(%)
x = (x — a(b)).
For b € B such that X, is of type h or /I, D'Souza '79 and

Altman—Kleiman '90 show that the compactified Jacobian exists
and is biregular to Xj.
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STOKES MATRICES AND MONODROMY NEAR 00

van der Put-Saito: let V be an irregular connection in the
corresponding de Rham space. Near oo, with respect to some
trivialization fi, f, the formal monodromy and the Stokes matrices

read as )
ghima 0 10 1 o
0 e %ma)> aq 1)’ 0 1

for some c1, o € C. The topological monodromy is then

gtima 0 1 0\ /1 o
MOO_( 0 e‘”’”’) <c1 1) <0 1
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STOKES MATRICES AND MONODROMY NEAR 0

Near 0, with respect to some trivialization e1, e; the formal
monodromy and the Stokes matrix are

G o) ()

for some e € C. The topological monodromy is then

w3 0) (-0 )
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LINK AND AFFINE CUBIC

The trivializations e1, ex and fi, f, are related by a matrix
_(h h
- ( : /4> |

MoL Mo L = 1.

We then have the relation

After some eliminations and changes of variables, this gives the
relation
X1X0X3 + X12 + x22 + ax; +x» =0.

for some oo € C*.
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—PIII(DT7)
DETERMINING THE SINGULARITIES OF Mg

The only singular point of ME’”(D”

equation

is[0:0:0:1], of local
2 2 2 2
X1X2 + XoX{ + X0X5 + axgXxy + XyXo.
We extract its homogeneous terms of degree 3:
f3 = on12 + X0X22 + axgxl + ngz.
We plug x1 =0,x9 =1 in f3:
fg(Xg, 0, X2) = X22 + X.

This has non-vanishing linear term in x». Similarly, plugging xo =0
and xg = 1 in f3 we get a non-vanishing linear term axq;.
Bruce—Wall '79: the singularity is then of type As.
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