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The pivotal category of the unrestricted quantum group

2w/ —1

Let g=e 7 € C be the [ root of unity. Set r = % if [k even
and r = [if [k odd.

e The unrestricted quantum group Ugsl(2) is a C-algebra given by
generators K1, E, F and relations:

_ k-1
KEK™! = q°E, KFKl'=q2F, EF-FE= KoK

g—qt’
e Ugsl(2) is a Hopf algebra where the coproduct is defined by
A(K) = K®K, A(E) = 1QE+EQK, A(F) =K '@F+F®1

e Representation theory studied by C. De Concini, V. Kac, C.
Procesi, N. Reshetikhin, M. Rosso and others.
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2. Algebra

Pivotal Category

By a Ug-weight module we mean a finite-dimensional module over
Ug which restrict to a semi-simple module over Z;.

Let ¢ be the tensor category of Ug-weight modules.
% is a pivotal C-category: V* = Hom¢(V,C) and
W/ =coevy:C — V@ V* is given by 1 —~ > v; @ v,
mV:EV: V*®V — Cis given by f @ w — f(w),
Vf"\ =evy: V@ V* > Cisgiven by v®f — f(Klfrv),
vvzcﬁvv: C— V*® Visgiven by 1 — Z vj* ® Kr_l\/j,

where {v;} is a basis of V and {v'} is the dual basis of V*.
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Definition: modified trace

There exists a modified trace on the ideal of projective modules
Proj of €: a family of linear functions

{tv : Endg V — C}veproj
such that the following two conditions hold:

e Cyclicity If V, W € Proj, then for any morphisms f : V — W
and g : W — V in € we have

tv(gf) = tw(fg).

e Partial trace properties If V € Proj and W € & then for any
f € Endg(V® W) and g € Endy (W ® V) we have

tvow (f) = tv ()
twev (8) = tv () :
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4. Holonomy Braiding

The holonomy braiding

Theorem (Kashaev-Reshetikhin)

The conjugation by the h-adic universal R-matrix specializes at
root of unity to an algebra morphism

R : Ugsl(2) @ Uysl(2) — (Ugsl(2) ® Ugsl(2)) W1
where W = (1 ®1- {(1}¥*KE'® FW) € 2® 2.
This map on Zy ® 2y is given by:
ZK ®1) =Ko)W, RZ1K)=(1xK )W
RE Q@) =E®K Z1QF)=K 'QF"
A1RE) =K QE +E'®1(1-(1®K>*)W)
ZF @) =FQK '+1F (1-(K*®1LWw!)
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B:XxX— Xx X s a biqundle :
1. B is a bijection,
2. B is sideway invertible (3S*! : X x X = X x X),
3. B satisfy the set-theoretic Yang-Baxter equation

(idxB)o (B xid)o(idxB) = (B xid)o(idxB)o (B x id),

4. there exists a bijection a : X — X such that
S(x,x) = (a(x), a(x)) for all x € X.
Sideway invertible means:

if B(x1,x2) = (xa, x3) then S(xa, x1) = (x3, x2).

We use B to color edges of a tangle diagram with color in X:
X4 X3 X1 Xo

NN
NN
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5. (Bi)quandles

Reidemeister moves

Theorem

Any tangle isotopy from Ty to T, induce a canonical bijection
between X-coloring of the diagrams of their regular projections D;
and D,. The bijection is obtained by a sequence of colored
Reidemeister moves.

/\/ @0

Rill, 4+
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5. (Bi)quandles

Colorings

Theorem (V. Lebed, L. Vendramin)

Any biquandle (X, B) induces a “quandle” Q and there is a
bijection between X-colorings and Q-colorings of diagrams.

The case Ugsl(2) : (X, B) nduce @ ~ (SL2(C), conjugation)

Fundamental quandle: Given a tangle I, let Q(T, %) be the set of
homotopy classes of continuous paths y : [0,1) — M such that

Y(0) = = and lim;_,1 Y(t) exist and is equal to some point of the
tangle I'.

If Q is a quandle then a Q-tangle is a quandle morphism

Q=) — Q.



6. Main Theorem

Key lemma

Lemma
For any B-colored diagram and for generic x € X, this chain of
B-colored Reidemeister moves is not broken:

| 4 . ~ . ,
C\JD ) e

\ X \ \ // 7\ [~

—

X



6. Main Theorem

Proof of the invariance

Let D and D’ be two B-colored diagrams representing isotopic
Q-tangles. Then it is possible that D and D’ are not related by
sequence of colored Reidemeister moves but:

Proposition

For generic x € X, id(, ) ®D and id, ) ®D' are related by a
sequence of B-colored Reidemeister moves.

Corollary

F(D) = F(D).

Furthermore, we can prove that the modified trace is gauge
invariant so that the property also hold for closed diagrams.
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Thank you and Happy Birthda
Kolya!
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