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LINEAR EQUATIONS

Let us consider the following SDE:

dXt =/ 2A(Xf7 t)th + b(Xt, t) at.

The measures u+(B) = P(x; € B) satisfy the Cauchy problem
for the Fokker—Planck—Kolmogorov equation:

Otpie = OxOx(@pe) — O (b'pit), o = v =Law(xo). (1)

A.N.Kolmogorov, W.Feller, ...
Below we consider the case A = I:

at,ut == Aﬂt - diV(b/Lt).
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o If (b(x, 1), x) < C+ C|x|?, then there exists a unique
probability solution p; of the Cauchy problem (1).
(Hasminskii R.Z., Bogachev V.l., Da Prato G., M. Rdckner,
)

o If 1y is a solution of (1) and b € L'([0, T] x R, u¢dt), then
the corresponding martingale problem has a solution P, on
C[0, T] and

/ () pr(alx) = /C AR,

(L.Ambrosio, A.Figalli, D.Trevisan)
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e If ¢ and oy satisfy (1) with drifts b, and b, and initial
conditions g and og, then

t 5 1/2
It =iy < o = ollry+ (| [ 16, = b:2 dorat)

(Natile L., Peletier M.A., Savare G., Manita O.A., Bogachev
V.I., Réckner M, Shaposhnikov S.V.,...)

Bogachev V.I.,Krylov N.V.,Réckner M.,Shaposhnikov S.V.
Fokker—Planck—Kolmogorov Equations, Amer. Math. Soc.,
Providence, Rhode Island, 2015.
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Let us consider the Cauchy problem for probability measures ¢
on the R*>;

Orpie =Y Ox(@p) =D 0x(b'r),  po=v,
ij i
which means that for every d > 1 and ¢ € C5°(RY)

t I .
/@d,ut—/gody:/o /[Z a”@x,axj¢+2b'ax,¢] dus ds.
ij i

Examples:
g =a?,al = 0ifi#j, b(x)= - x;+ F(x).

It corresponds to SPDE of the form du = (Au + F(u))dt + dw;,
EDY ajewl, Aej = —)\]?ej. (Bogachev V.I., G.Da Prato,
M.Rockner, F.Flandoli, ...)
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Existence

Set Hy = {x: x=(xy,...,x,0,0,...)}. Let

V,0: R* — [0, +o0] such that ©, V are finite on H, and all the
sets {© < R} and {V < R} are compact. Assume that for
every x € Hy

Za’/ X) 03,0 V(X) + Zb’ )0, V(x) < V(x) — ©(x) V(x)
and for every x € R®
@ () HE ()] < C(1+(V(x)O())V(x)E(x)).  lim 5(s) = 0.
Then for every probability measure v on R* with
Wi = s%p/ VoPpdrv <oo, Pn(x)=(x1,...,Xn).
the Couchy problem has a solution y; such that

t
/Vder/ VO dus ds < 4W,.
0 JRe>
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Uniqueness

Let &/ = 67. Let P, be a convex set of measures 1;(dx) dt such
that 1;(R>°) = 1, satisfy the Cauchy problem with the initial
condition v and there exists an increasing sequence Ny — oo
and smooth bounded mappings Sx: [0, T] x RN — RN« such
that

i
| [ 160x.0) - bl Puo) Bt = 0,k .
0

The set P, c;ontains at most one element.
Example: b'(x, t) = —A\2x; + F'(x) and || F||2 € L"(u dt).

Bogachev V.I.,Da Prato G.,Réckner M.,Shaposhnikov S.V. An
analytic approach to infinite-dimensional continuity and
Fokker—Planck—Kolmogorov equations. Annali della Scuola
Normale Superiore di Pisa. 2015, V.14, N 3, P. 983—-1023.
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We consider the Cauchy problem for a nonlinear
Fokker—Planck—Kolmogorov equation

Orut = Apy — div(b(X, pe)e),  po = v.

and also the corresponding stationary equation
Ap —div(b(x, p)p) = 0.
It corresponds to the McKean—Vlasov equation
dxt = b(x¢, Law(x;))dt + dwy.

M.Kac, H.P. McKean, T. Funaki, ...
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The main question: the convergence p; — p if t — 4o00.

Note that it is often simpler, and in the case of a degenerate
diffusion matrix more natural, to consider convergence in the
Kantorovich metric. Results of this sort for non-gradient drift
coefficients were apparently first obtained by N.U. Ahmed and
X. Ding, and have been recently generalized by A. Eberle, A.
Guillin, R. Zimmer, A. Yu. Veretennikov, F.-Y. Wang. The
gradient case, where b = V'V, has been studied in many
papers, starting from D.A. Dawson, J. Gartner, Y. Tamura and
further studied in many papers on the theory of gradient flows
by L. Ambrosio, N. Gigli, G. Savaré, F. Bolley, I. Gentil, A.
Guillin, J.A. Carrillo, R.J. McCann, C. Villani, ...

Here we discuss convergence in variation.

(O.A. Butkovsky, A. Eberle, ...)
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Let us consider the following very typical example
demonstrating phenomena arising in the study of convergence
of solutions of a nonlinear Fokker—Planck—Kolmogorov
equation to the stationary distribution.

Let d =1 and b(x, u) = —x + eB(u), where

B(n) = /RXM(dX), e>0.
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In case ¢ < 1 the unique solution of the stationary equation is
the standard Gaussian measure n. One can show that the
transition probabilities 1; forming the solution to the Cauchy
problem (2), for every initial condition v (with a finite first
moment), converge exponentially to the stationary measure.
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Note that
&B(1) = (1 — )B(u) = Blyess) = & (- Blug).
Let 7 > 0. Set
oot = of + (xor),  oli=0 = pir-
We apply the following estimate:

t 5 1/2
lptar — ol < /0 [ 16 psi.) ~ bl 1) s )

where t € [0, 7].
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Then
| ptyr — otll7v < 7C(€)B(ptr).
It follows that

—(1—¢e)1/2 —C37
lp2r—plirv < llner—o-lrv+llor—pllrv < Cre~ (=912 Coe= %,

Thus
e — pll7v < a2l
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If ¢ = 1, then every measure p given by a density

1 2 d
X) = —exp(—|x—alc/2), aeRY
satisfies the stationary equation. It is readily seen that the
measures p; converge to that stationary measure which has
the same mean as v.
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Indeed, in the case under consideration the mean of ;; does
not depend on time and coincides with the mean of v.
Therefore, if the mean of v coincides with that of u, then the
mean of yu; coincides with the mean of y, i.e., B(ut) = B(),
and the measures i satisfy the linear
Fokker—Planck—Kolmogorov equation corresponding to the
Ornstein—Uhlenbeck type operator, for which convergence to
the solution of the stationary equation is well known.
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Finally, if e > 1, then a unique stationary solution is the
standard Gaussian measure and the solutions to the Cauchy
problem converge in the total variation to this measure only if
the initial condition v has zero mean.
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Thus, already in this very simple one-dimensional example we
see that convergence to the stationary distribution depends not
only on the form of nonlinearity, but also on the initial condition,
moreover, an important role is played by certain quantities
invariant along the trajectories of solutions to the
Fokker—Planck—Kolmogorov equation.
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Note that the existence of a stationary solution and
convergence to it are not stable under small perturbations of
the coefficients. For example, if b(x, u) = —x + 6 + eB(u) with
arbitrarily small 6 > 0, then for ¢ = 1 there are no stationary
solutions, because for the solution 1 we must have the equality

(1 =2)B(n) = 9.
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In the example considered above the coefficient b(x, i) has the
form
bo(X) + b1 (X, p).
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Convergence of solutions to the Cauchy problem for nonlinear
Fokker—Planck—Kolmogorov equations with drift coefficients of
such form have been studied in the paper

O.A. Butkovsky, On ergodic properties of nonlinear Markov
chains and stochastic McKean—Vlasov equations, Theory
Probab. Appl., 58 (2014), 661-674,

where it has been shown that convergence to the stationary
distribution takes place in case of a sufficiently small number ¢,
provided that the coefficients are Lipschitz in x and Lipschitz in
p with respect to the Kantorovich metric. In addition, the term
by has been assumed to be globally bounded.
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In the paper

A. Eberle, A. Guillin and R. Zimmer, Quantitative Harris type
theorems for diffusions and McKean—Vlasov processes,
ArXiv:1606.06012 (2016)

a close result has been obtained with the aid of the method of
coupling in the case where

(bo(x) = bo(¥), x —y) < —k(|x = y[)|x = yI,

br(x. ) = /}R K(xy)d

K(x,y) = K(X' )l < C(x = x|+ |y = ¥'I),

i.e., the global boundedness of by has been weakened by
means of the monotonicity condition for by.

The smallness of the parameter ¢ is important not only for
convergence, but also for the existence of a stationary
distribution, which is seen from the example above.
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Let Ve C?(RY), V>1and lim V(x)= +oo. Let Py(RY)

|X] =400
denote the space of all probability measures 1 on R? such that

Vdu < oo.
Rd

Set
W(x)=V(x), ~e€(0,1/2].

Typical examples are V(x) = 1 + |x|?™.
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Set

M (V) = {M e Pv(RY): [ Vdu< a}.

Rd

Let [[ullw = [Wal 7v.
Suppose that for every ¢ € [0, 1] we are given a mapping

b.(-,-): RY x Py(RY) — RY

such that for every 1 € Py(RY) the mapping x — b.(x, 1) is
Borel. Let

L, cu(x) = Au(x) + (b-(x, 1), Vu(x)).
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Theorem

Suppose that there exist positive numbers Cy, C> and positive
functions Ny and N» such that for all e € [0,1], a > 0 and

n,o0 € Mo(V)wehavel, .V < Cy — GV and

[b-(x, )| < Ny(a) V1277 (x),

[b-(x, 1) = be(x, )| < eNa() V(x)/277 || — o |-

Then there exists ey > 0, such that, for each ¢ € [0,¢q) there
exists a stationary solution u. and for every measure
v € Py(RY) one has

lue - ullw < are™? Vt>o0,

where {1t} is a solution to the Cauchy problem (2) with the
initial condition v and a1, ao are positive numbers such that oo
does not depend on v.
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Example
Suppose that there exist numbers m> 1, v > 0, 72 > 0 and
positive functions Ny, N> such that

(be(x, 1), X) < 71 —=2lx[2, [b(x, )] < Ni(@)(1 + [x])™,

|b:(X, 1) = b=(x, 0)| < eNp(a) (1 + [x))7II(1 + |y )™ (1 — o)lI7v

foralle € [0,1], « > 0 and p,0 € My ((1 + [x[2™1).
Hence all conditions are fulfilled with V(x) = (1 + |x[2)™+1/2)
and W(x) = (1 + |x]2)™/2.
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In particular, the listed conditions are fulfilled if

b.(x.0) = bo(x) + | K(x.y) ),
where
(bo(x),%) < ¢~ Golx?, (K(x.y).x) < 03 + olxP, 05 < s

|bo(X)| < €4+ calx|™,  [K(x,y)l < es(1+ [x[™)(1 + [y|™)

with some positive numbers ¢y, ¢, C3, ¢4 and ¢s.
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For a function W as above, let I('J’V denote the set of functions
¥ € C?(RY) such that

sup ([v(x)| + [Vo(x)| + [DPU(x) )W) <00 (4)
and for every measure 1 € Py (R?) there holds the equality
[ L dn=o. (5)
Rd

It is clear that [}V is a linear space containing 1.
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Further for shortening of writing we use the notation

() == /Rd Y dp.

Proposition

i Ifye I(‘)’V and {u¢} is a solution to the Cauchy problem (2)
with the initial condition v, then u(¢)) = v(v).

(i) If u € Py(RY) is a solution to the stationary equation (3)
and

v(Y) # u¥)

for some function ¢ € I('{V, then the solutions i to the Cauchy
problem (2) with the initial condition » do not converge to p with
respect to the norm || - ||w.
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Let us consider an important example:
(0 == [ K(x.y) (),

where K is a vector-valued mapping.

Proposition

A function ¢ satisfying (4) belongs to IgV if and only if for all x, y
there holds the equality

Ap(x) + Ad(y) — (KX, y), Vi (x)) — (K(y, x), Vi(y)) =

In particular, if ¢ € IV, then Ay (x) — (K(x, X), Vib(x)) =
Moreover, if
(07 K(Xay)) = _(Oa K(y,X))

for some constant vector Q and W(x) is growing not slower
than |x|, then I(')’V contains all functions of the form
¥(x) = (Q, x) + g, where g is a constant number.
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Let /! denote the set of functions v € C2(R?) such that 1
satisfies condition (4) and there exists a number A = A(¢) > 0
such that

[ Luvdn=x [ v Ve Py, ©)
Rd RA

Proposition

i Ifye IJﬁV and p; is a solution to the Cauchy problem with
the initial condition v, then p;(v)) = v(v)e M),

(i) If € Py(RY) is a solution to the stationary equation and
¥ € I, then pu(y) = 0.

(iii) If () # 0 for some ¢ € IJKV, then the solutions p; to the
Cauchy problem do not converge to the stationary solution with
respect to the norm || || w.
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Suppose that for every measure v € Py (RY) with u\,zv = 0 there
exist numbers C > 0, A > 0 and ¢ € [0, 1] and a positive
function N; on [0, +o0) (thus for different v these objects can be
different) such that

(H;) foralle € [0,1], « > 1 and pu € M, (V) satisfying the
conditions M|,Kv =0 and u\,ow = u\,ow, there holds the inequality

L..V(x)<(1-68)C+AJda— V(x)) ¥xecRY
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(Hy) foralle € [0,1], « and u € M, (V) satisfying the
conditions uwv =0and m,ow = z/\,ow, there holds the inequality

Ib-(x, 11)| < Ni(2)V(x)2™ v¥x € RY.
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Suppose that there exists a positive function N> on [0, +o00)
such that

(H3) foralle € [0,1], all « and all u, 0 € M, (V) satisfying the
conditions ;L|,Kv = O'|,Kv =0 and u],gv = U|/(|)A/, there holds the
inequality

1b-(x, 12) — b-(x.0)| < eNe(@)V(X)2 [~ ollw ¥x € R



MAIN RESULTS

For example, this is the case where d = 1 and
b.(x.p0) = —x+ [ yul(dy),

Here b. does not depend on e. The function x belongs to /¥
and for every measure  satisfying the equality

/xu(dx) :/Xl/(dX) =Q

R R

there hold the estimates L, (1 + [x|?) <3+ Q> — (1 + |x|?) and
[b(x, )| < 1QI + x| < (1 +]QN(A + [x[?)/2,

i.e., conditions (H;), (H,) and (Hs) are fulfilled with

C=2+Q@ 6=0, A=1, ~v=1/2, Ny=(1+|Q|), N> =0.
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Theorem

Suppose that conditions (H;), (Hz) and (Hs) are fulfilled. Let
v € Py(RY), v|w =0 and a > 0. Then there exist positive
numbers g, oy and ap (depending on v and «) such that,
whenever e € [0, ), we have

lue - pllw < are™2 Vt>o0,

where p; is the solution to the Cauchy problem (2) with the
coefficient b. and initial data v and 1. is the stationary solution
to equation (3) with the coefficient b. such that

M‘I(')’V:V‘/gv and RdVdMSO[.
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Example
Letd >1and

b.(x.s) = —Rx-+ [ vy u(aphee [ Hxy)(ay),
where R is a constant matrix, v and h are constant vectors and
R'v=2Av, (v,hy=X\ (H(x,y),v)=0.

Suppose also that

(Rx,x) > q|x?>, g>0, sup|H(x,y)| < .
X,y
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For example, for d = 2 one cantake R =2/, v=(1,1) and
h=(1,1):

B (x, 1) = —2x; + / (1 + y2) pldly) + ¢ / H(x. y) u(dy).
R2 R2

B =20+ [ (1 + o) uldy) —= [ HOxy) ().

R2
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Then, for every number Qg > 0, there is a number g9 > 0,
depending only on Qy, such that for every ¢ € [0,¢9) and
Q € (—Qu, Qp) there exists a stationary solution p for which

/ (v.y) u(dy) = Q

Moreover, for every probability measure v such that |x|?> € L'(v)
and

/ (v.y) v(dy) = Q

the solutions 1 to the Cauchy problem (2) with initial data v
converge to y as t — +oo and

(e — )+ XDl 7v < 1€t aq,a2 > 0.

where a4 and a; depend only on Qp and [|x||;2(,)-
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The talk is based on the joint paper with V.I.Bogachev and
M.Rdckner

Convergence in variation of solutions of nonlinear

Fokker—Planck—Kolmogorov equations to stationary measures.
2017, Preprint 17027 (CRC 2183) Bielefeld University.
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Infinite dimensional nonlinear Fokker—Planck—Kolmogorov
equations:

e Existence (Bogachev V.I., Da Prato G., Réckner M., Manita
OA...)
¢ Uniqueness and estimates (Manita O.A.)

L.Zambotti,...
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